
2.1 IN TRO D U CTIO N

A  p o ly n o m ia l is a n  a lg e b r a ic  e x p r e s s io n  c o n s is tin g
o f a  f in ite n u m b e r  o f te r m s  w ith w h o le  n u m b e r
e x p o n e n ts  o n  th e  v a r ia b le s . S o m e  e x a m p le s o f
p o ly n o m ia ls a r e

3 x  + 2 , x 4 –  5 x 2 +  3 x  + 4 , a n d  3 x 2 y  –  6 x y  –  7 .

T h e  f irs t tw o  e x a m p le s a r e  c a lle d  p o ly n o m ia ls in x
a n d  t h e  t h i r d i s a  p o l y n o m i a l  i n x  a n d  y . A
p o ly n o m ia l c o n ta in in g  e x a c tly o n e  te r m  is  c a lle d  a
m o n o m ia l, o n e  w ith e x a c tly tw o  te r m s is a  b in o m ia l,
a n d  o n e w ith e x a c tly  th re e  te r m s is a  trin o m ia l. T h u s ,
2 x 2 is a  m o n o m ia l, 2 x 2 +  1 1 x  a  b in o m ia l, a n d  2 x 2 +
1 1 x  + 1 3  a  trin o m ia l.

A lg e b ra ic  e x p re s s io n s w h o s e  v a ria b le s  d o  n o t c o n ta in
w h o l e  n u m b e r e x p o n e n t s , s u c h  a s 3 x – 2 +  7
a n d  5 x 3 /2 +  9 x 1 /2 +  2 a r e  n o t p o ly n o m ia ls .

Equation and Solution Sets
A n e q u a tio n  is  a s ta te m e n t in d ic a tin g  th a t tw o
a lg e b r a ic  e x p r e s s io n s a r e  e q u a l.

E x a m p le s o f e q u a tio n s in x  :
2 x  –  3  = 5 x 2 –  3 x  = 2 2 x  + 3 x  = 5 x .

T h e  th ir d e q u a tio n  in  th e  lis t is tru e  n o  m a tte r  w h a t
v a lu e  th e  v a r ia b le  x  r e p r e s e n ts . A n e q u a tio n  th a t is
tru e  f o r a ll re a l n u m b e r s  f o r  w h ic h  b o th  s id e s a r e
d e fin e d  is  c a lle d  a n  id e n tity .
T h e  f irs t tw o  e q u a tio n s in o u r lis t a r e tru e  f o r o n ly
s o m e n u m b e r s .
S o lv in g  a n  e q u a tio n  in  x  m e a n s d e te r m in in g  a ll v a lu e s
o f x  w h ic h  w h e n  s u b s titu te d  in to  th e  e q u a tio n  r e s u lt
in a  tr u e  s ta te m e n t. S u c h  v a lu e s a r e  c a lle d  s o lu tio n s
o r r o o ts  o f th e  e q u a tio n . T h e s e  v a lu e s a r e  s a id  to
s a tis f y th e  e q u a tio n . T h e  s e t o f a ll s u c h  s o lu tio n s is
c a lle d  th e  e q u a tio n 's  s o lu tio n  s e t.

F o r e x a m p le , th e  e q u a tio n  2 x  –  3  = 5 . b e c o m e s a  tr u e
s ta te m e n t if w e  s u b s titu te 4  f o r x , r e s u ltin g  in  2 ( 4 ) –
3  = 5  ( o r 8  –  3  = 5 ) , a tru e  s ta te m e n t. S in c e  4  is  th e
o n ly  n u m b e r th a t r e s u lts in a  tr u e  s ta te m e n t f o r th is
e q u a tio n , th e  e q u a tio n 's  s o lu tio n  s e t is { 4 } .

Linear equation
A  lin e a r o r f ir s t- d e g r e e  e q u a tio n  in  o n e v a r ia b le  x  is
a n  e q u a tio n  th a t c a n  b e  w r itte n  in  th e  s ta n d a rd  fo r m  a x
+  b =  0
w h e r e  a  a n d  b  a r e  r e a l n u m b e r s  a n d  a  0 .
A n e x a m p le  o f a  lin e a r e q u a tio n  in  o n e  v a r ia b le  is
4 x  + 1 2  = 0 .
T h e  s o lu tio n  is  x =  – 3 .

Q uadratic Equations2
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2.2 Q U A D RATIC EQ U ATIO N

A n e q u a t io n  th a t c o n t a i n s a  v a r i a b le  w i t h a n
e x p o n e n t o f 2 , b u t n o  h ig h e r  p o w e r, is c a lle d  a
q u a d r a tic e q u a tio n .

A  q u a d r a tic e q u a tio n  in  x  is  a n  e q u a tio n  th a t c a n  b e
w r itte n  in  th e  s ta n d a r d  f o r m

a x 2 +  b x  + c  = 0

w h e r e  a , b  a n d  c  a r e  r e a l n u m b e r s  w ith a   0 . A
q u a d r a tic e q u a tio n  in  x  is  a ls o  c a lle d  a  s e c o n d - d e g re e
p o ly n o m ia l e q u a tio n  in  x .

I n  t h e  d e f i n i t i o n  o f a  q u a d r a t i c
e q u a tio n , w e m u s t s ta te a   0 . I f  w e
a llo w e d  a  to  b e c o m e  0  in  a x 2 +  b x  + c  = 0

th e  re s u ltin g  e q u a tio n  w o u ld  b e b x  + c  = 0  w h ic h  is
lin e a r, a n d  n o t q u a d r a tic .

Solving Quadratic Equations by Factoring
F a c to r in g  is  th e  p r o c e s s  o f  w ritin g  a  p o ly n o m ia l a s
th e  p r o d u c t o f tw o  o r m o re p o ly n o m ia ls . W e  g e n e ra lly
fa c to r o v e r th e  s e t o f r e a ls , m e a n in g  th a t th e  n u m e ric a l
c o e f fic ie n ts  in  th e  f a c to r s  a r e r e a ls . F o r e x a m p le ,

x 2 –  5  = ( x +  5 )  ( x –  5 )

a n d
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W e s a y  th a t x 2 +  4 c a n n o t b e  f a c to r e d  u s in g  r e a l
c o e f fic ie n ts . S u c h  p o ly n o m ia ls a r e  ir r e d u c ib le  o v e r
re a ls .
T h e  g o a l in f a c to r in g  a  p o ly n o m ia l is to u s e  o n e  o r
m o r e f a c t o r i n g  t e c h n i q u e s  u n t i l  e a c h o f t h e
p o ly n o m ia l's  f a c to r s  is   irre d u c ib le . I n th is s itu a tio n ,
th e  p o ly n o m ia l is s a id to b e  a  f a c to r e d  c o m p le te ly .
I f  t h e  tr i n o m ia l a x 2 +  b x  + c  c a n  b e  f a c to r e d , th e n
a x 2 +  b x  + c  = 0  c a n  b e  s o lv e d  b y  u s in g  th e  z e r o
p r o d u c t p r in c ip le .

The zero product principle

L e t A a n d  B b e  r e a l n u m b e r s , v a r ia b le s , o r  a lg e b r a ic
e x p re s s io n s . If  A B  = 0 , th e n A  = 0  o r B  = 0  o r A  a n d  B
a re  b o th  0 . In w o r d s , th is s a y s th a t if a p r o d u c t is z e ro ,
th e n  a t le a s t o n e  o f th e  f a c to r s  is  e q u a l to z e r o .

Factoring ax2 + bx + c by
Grouping

A n E x a m p le  : 6 x 2 +  1 9 x  –  7
1. M u ltip ly a  a n d  c 6 ( – 7 ) =  – 4 2

2. F in d  th e  f a c to r s  o f  a c  w h o s e  s u m is b .
2 1  a n d  – 2  a r e  f a c to r s  o f  – 4 2  w h o s e  s u m is 1 9 .

3. R e w r ite th e  m id d le  te r m , b x  a s a  s u m o r
6 x 2 +  1 9 x  –  7

d if f e r e n c e  u s in g  th e  f a c to r s  f r o m  s te p  2 .

=  6 x 2 +  2 1 x  –  2 x  –  7

4. F a c to r b y  g r o u p in g .
=  3 x  ( 2 x  + 7 ) –  1 ( 2 x  + 7 )
=  ( 2 x  + 7 ) ( 3 x  –  1 ) o r ( 3 x  –  1 ) ( 2 x  + 7 )

The quadratic formula
T h e   s o lu tio n   o f th e   q u a d r a tic e q u a tio n  ,

a x ² +  b x  +  c =  0

is g iv e n   b y   x  =  
  b b a c

a
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2
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I f  w e  s e t b /2  = k , th e n   th e  f o r m u la w ill ta k e  th e  f o r m

x  =  
2k k a c

a

- ± -
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T h is f o r m u la  is  a d v is a b le  to  b e  u s e d  in  th e  c a s e s
w h e n  th e  c o e ffic ie n t b  is  a n  e v e n  n u m b e r.

The Discriminant
T h e  e x p r e s s io n  u n d e r th e  r a d ic a l in th e  q u a d r a tic
fo rm u la , b 2  –  4 a c  = D , is c a lle d  th e  discriminant. T h e
v a lu e  o f th e  d is c rim in a n t d e te r m in e s w h e th e r th e
q u a d r a tic e q u a tio n  h a s tw o  r e a l s o lu tio n s , o n e  r e a l
s o lu tio n , o r n o  r e a l s o lu tio n s d e p e n d in g  o n  w h e th e r
D  is  p o s itiv e , z e r o  o r n e g a tiv e . I n th e  la tte r  c a s e ,
th e r e  w ill b e  tw o im a g in a r y  r o o ts .

I f  D =  0 , b o th  r o o ts  r e d u c e  to  –  
b

2 a
, a n d  a r e  th u s

e q u a l to o n e  a n o th e r. I n  th is  c a s e  w e  d o  n o t s a y  th a t
th e  e q u a tio n  h a s o n ly  o n e  r o o t, b u t th a t it h a s tw o
e q u a l r o o ts . It is c le a r th a t th e  r o o ts  w ill b e  u n e q u a l
u n le s s  D =  0 . W h e n  D =  0 , th e  e x p r e s s io n  a x 2 +  b x  +
c  is  a p e r f e c t s q u a r e  o f a  lin e a r e x p r e s s io n  in  x .

Special Forms of Quadratic Equation
W e w ill n o w c o n s id e r s o m e s p e c ia l f o rm s  o f  q u a d ra tic
e q u a tio n s , in w h ic h  o n e  o r m o r e o f th e  c o e f fic ie n ts
v a n is h .

A. I f  c =  0 , th e  e q u a tio n  r e d u c e s to
a x 2 +  b c  = 0 ,

o r x  ( a x  + b ) =  0 ,

th e  r o o ts  o f  w h ic h  a r e  0  a n d  –  
b

a
.

B. If c =  0 a n d  a ls o b  = 0 , th e  e q u a tio n  re d u c e s to a x 2

=  0 , b o th  r o o ts  o f  w h ic h  a r e  z e r o .

C. I f  b =  0 , th e  e q u a tio n  r e d u c e s to a x 2 +  c =  0
( c a lle d  a s  pure q u a d r a tic e q u a tio n ) , th e  r o o ts

o f w h ic h  a r e  ±  
c

a
- . T h e  r o o ts  a r e th e r e f o r e

e q u a l a n d  o p p o s ite w h e n  b  = 0 , th a t is w h e n  th e
c o e f fic ie n t o f x  is  z e r o .

D. I f  a , b a n d  c  a r e  a ll z e r o , th e  e q u a tio n  is  c le a r ly
s a tis fie d  f o r a ll v a lu e s o f x .

E. I f  a a n d  b  a r e  z e r o  b u t c  n o t z e r o ,

p u t x  =  
1

y
in th e  e q u a tio n  a x 2 +  b x  + c  = 0 ;

th e n  w e  h a v e , a f te r  m u ltip ly in g  b y  y 2 ,
c y 2 +  b y  + a  = 0 .

N o w  o n e  r o o t o f th is q u a d r a tic in y  is  z e r o  if  a =  0 ,
a n d  b o th  r o o ts  a r e z e r o  if  a =  0 a n d  a ls o b  = 0 .

B u t s in c e  x  =  
1

y
, x is in fin ity w h e n  y  is  z e r o . T h u s

o n e  r o o t o f a x 2 +  b x  + c  = 0  is  in f in ite if a =  0 ; a ls o
b o th  r o o ts  a r e in fin ite if a =  0 a n d  a ls o b  = 0 .

T h u s th e  q u a d r a tic e q u a tio n

( a –  a ) x 2 +  ( b  –  b )  x +  c –  c  =  0

h a s  o n e  ro o t in fin ite , if a  = a ; it h a s tw o  r o o ts  in fin ite ,
if a =  a  a n d  a ls o b  = b ; a n d  th e  e q u a tio n  is  s a tis fie d
f o r  a ll v a lu e s o f x , if a =  a , b =  b  a n d  c  = c .
A g a in , th e  e q u a tio n

a ( x  +  b ) ( x +  c )  + b  ( x  + c ) ( x +  a )  = c  (x  + a ) ( x +  b ) ,

is a  q u a d r a tic e q u a tio n  f o r a ll v a lu e s  o f  c e x c e p t o n ly
w h e n  c  = a  + b , in w h ic h  c a s e  th e  c o e f fic ie n t o f x 2 in
th e  q u a d r a tic e q u a tio n  is  z e r o . W h e n  c  = a  + b  w e
m a y  s till h o w e v e r c o n s id e r th a t th e  e q u a tio n  is  a
q u a d r a tic e q u a tio n , b u t w ith o n e  o f its r o o ts  in f in ite .

It is h o w e v e r to b e  r e m a r k e d  th a t s in c e
in fin ite r o o ts  a r e n o t o f te n  o f p r a c tic a l
i m p o r t a n c e  i n  A l g e b r a , t h e y a r e
g e n e r a lly n e g le c te d u n le s s  s p e c ia lly
r e q u ire d .

METHODS OF SOLVINGA QUADRATIC EQUATION

Description and Form of Most Efficient
the Quadratic Equation Solution Method Example

a x 2 +  c =  0 S o lv in g  f o r x 2 a n d 4 x 2 –  7  = 0
T h e  q u a d r a tic e q u a tio n  h a s th e  s q u a r e  r o o t m e th o d 4 x 2 =  7

n o  lin e a r ( x ) te r m . x 2 =  
7

4
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x  = ±  
7

2

( a x  + b ) 2 =  d T h e  s q u a r e  r o o t m e th o d ( x +  4 ) 2 =  5

x  + 4  = ±  5

x  = – 4  ±  5

a x 2 +  b x  + c  = 0  w h e r e F a c to r in g  a n d  th e 3 x 2 +  5 x  –  2  = 0
a x 2 +  b x  + c  c a n  b e z e r o  p r o d u c t p r in c ip le ( 3 x  –  1 ) ( x +  2 )  = 0
e a s ily fa c to r e d . 3 x  –  1  = 0  o r x  + 2  = 0

x  =  
1

3
x  = – 2

a x 2 +  b x  + c  = 0  a n d T h e  q u a d r a tic f o r m u la  : x 2 –  2 x  –  6  = 0

a x 2 +  b x  + c  c a n n o t b e  e a s ily x  =  
2b b 4 a c

2 a

- ± -
x  =  

2 4 4 (1 ) ( 6 )

2 (1 )

± - -

f a c to r e d =  
2 2

2

8±

=   1 ±  7

A quadratic equation cannot have more than two roots.

F o r, if p o s s ib le , le t th e  e q u a tio n  a x 2 +  b x  + c  = 0  h a v e
th r e e  d if f e r e n t r o o ts  , , . T h e n  s in c e  e a c h o f th e s e
v a lu e s m u s t s a tis f y th e  e q u a tio n , w e h a v e

a 2 +  b  +  c =  0 , ...(1 )

a 2 +  b  +  c =  0 , ...(2 )

a 2 +  b  +  c =  0 . ...(3 )

F r o m ( 1 )  a n d  ( 2 ) , b y  s u b s tra c tio n ,

a (2 –  2 )  + b ( –  )  = 0  ;

d iv id in g  b y   –   w h ic h  is  n o t z e r o , w e g e t ;

a ( +  )  + b  =  0

S im ila rly f r o m  (2 ) a n d  ( 3 )

a ( +  )  + b  = 0  ;

 b y  s u b tr a c tio n

a ( –  )  = 0  ;

w h ic h  is  im p o s s ib le , s in c e  a  is  n o t z e r o .

ä Example 1. S o lv e  th e  e q u a tio n  x 2 –  7 x  + 1 2  = 0

ä Solution L e t x 1 a n d  x 2 b e  r o o ts  o f th e  g iv e n
e q u a tio n  . T h e n  x 1 x 2 =  1 2 , th a t is x 1 a n d  x 2 a re  n u m b e rs
h a v in g  th e  s a m e  s ig n . F u rth e r, x 1 +  x 2 =  7 a n d , h e n c e ,
x 1 a n d  x 2 a r e  p o s itiv e  n u m b e r s . T h u s , w e  n e e d  to
fin d  tw o p o s itiv e  n u m b e r s  w h o s e  s u m is e q u a l to 7 ,
a n d  th e  p r o d u c t to 1 2 . It is  e a s y  to  g u e s s  th a t th e s e
n u m b e rs  a r e  3 a n d  4 . T h u s , th e  r o o ts  o f th e  g iv e n
e q u a tio n  a re  x 1 =  3 , x 2 =  4 .

ä Example 2. S o lv e  th e e q u a tio n  ( x  –  1 ) (x – 2 ) ( x – 3 )
( x – 4 ) =   3 .

ä Solution W e  h a v e  ( x  –  1 ) ( x –  4 ) =  x 2 –  5 x
+  4 a n d  ( x  –  2 ) ( x –  3 ) =  x 2  –  5 x  + 6 . T h e  g iv e n
e q u a tio n  c a n  b e  r e w ritte n  a s f o llo w s :

( x 2 –  5 x  + 4 ) ( x 2 –  5 x  + 6 ) =  3 .

W e n o w in tro d u c e  a  n e w v a r ia b le  s e ttin g

x 2 –  5 x  + 4  = y ;

n o te  th a t x 2 –  5 x  + 6  = ( x 2 –  5 x  + 4 ) +  2 =  y +  2 .
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W e o b ta in

y(y + 2) = 3 y 2 +  2 y  –  3  = 0  y 1 =  – 3 , y 2 =  1 .

It re m a in s  n o w to s o lv e  th e  fo llo w in g  tw o e q u a tio n s :

x 2 –  5 x  + 4  = – 3 , x 2 –  5 x  + 4  = 1 .

T h e  f i r s t  e q u a t i o n  h a s n o  s o l u t i o n , w h i l e f r o m

t h e  s e c o n d  e q u a t i o n  w e  f i n d x 1 =  (5  +  1 3 )/2 , x 2

=  ( 5  –  1 3 )/2 .

W h e n e v e r a n  e q u a tio n  c o n -
ta in s  f r a c tio n s in w h o s e  d e -

n o m in a to r s  th e  u n k n o w n  q u a n tity o c c u r s , th e  e q u a -
tio n  m a y  b e  m u ltip lie d  b y  th e  lo w e s t c o m m o n  m u l-
tip le o f th e  d e n o m in a to r s .

ä Example 3. S o lv e th e  e q u a tio n  
3 2 x

x 5 x 3
+

- -
=  5 .

ä Solution M u ltip ly b y  ( x  –  5 ) ( x –  3 ) , th e  L .C .M .
o f th e  d e n o m in a to r s ; th e n  w e  h a v e

3 ( x  –  3 ) + 2 x  ( x  –  5 ) =  5 ( x –  5 ) ( x –  3 ) ;
 3 x 2 –  3 3 x  + 8 4  = 0 .

x  = 4  o r x  = 7 .

ä Example 4. S o lv e  th e e q u a tio n

2 1 4
0

2 x 2 x ( 2 x )
+ - =

- -
ä Solution T h is e q u a tio n  c o n ta in s th e  v a r ia b le  in
th e  d e n o m in a to r.  L e t u s tra n s p o s e  a ll th e  te r m s o f
th e  g iv e n  e q u a tio n  in to  a  c o m m o n  f r a c tio n  .

0
)x2(x

4

2

1

x2

2
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)x2(x

8)x2(xx4




=  0 ;
)x2(x

8x6x 2




=  0 .

S in c e  th e  f r a c tio n  is  e q u a l to z e r o , w e g e t








0)x2(x

08x6x 2

.

F r o m th e  e q u a tio n  x 2 –  6 x  + 8  = 0 , w e fin d  : x  = 2 ,
x  = 4 . T h e  s ta te m e n t 2 ( 2  –  2 )   0  is  f a ls e ; h e n c e , 2  i s
n o t a r o o t o f th e  g i v e n  e q u a tio n  ( s in c e  f o r x  = 2
t h e  d e n o m i n a t o r v a n i s h e s ) . T h e  s t a t e m e n t

2 ( 4 –  2 ) 0 is tru e ; h e n c e , 4  is  th e  o n ly  r o o t o f th e
g iv e n  e q u a tio n .

ä Example 5. S o lv e  th e e q u a tio n

1x

1
2

1x

x3x
2

2







=  0 .

ä Solution M u ltip ly b y  x 2 –  1 , th e  L .C .M . o f th e
d e n o m in a to r s ; th e n  w e  h a v e

x 2 –  3 x  + 2 ( x 2 –  1 ) +  x +  1 =  0 ,
w h ic h  r e d u c e s to 3 x 2 –  2 x  –  1  = 0 ,
th a t is ( 3 x  + 1 ) ( x –  1 ) =  0 .

T h u s th e  r o o ts  a p p e a r to b e –  
3

1
a n d  1 ; th e  la tte r ro o t

is h o w e v e r d u e  to  th e  m u ltip lic a tio n  b y  x 2 –  1 .
S in c e

1x

1x

1x

)1x(

1x

1xx3x

1x

1

1x

x3x
2

2

2

2

2

2




















,

th e  e q u a tio n  is  e q u iv a le n t to

1x

1x




+  2 =  0 .

w h ic h  h a s o n ly  o n e  r o o t, n a m e ly  x  = –  
3

1
.

F r o m th e  a b o v e  e x a m p le  it
w ill b e  s e e n  th a t w h e n a n

e q u a tio n  h a s b e e n  m a d e  in te g r a l b y  m u ltip lic a tio n ,
s o m e o f th e  r o o ts  o f th e  re s u ltin g  e q u a tio n  m a y h a v e
to b e  r e je c te d .

P ra c tic e  P ro b le m s

1. S o lv e  f o r x  in  th e  e q u a tio n

2 m ( 1 +  x 2 )  – (1 +  m 2 ) (x +  m )  = 0 .

2. F in d  th e  r o o ts  o f th e  e q u a tio n

( b –  c ) x 2 +  ( c  –  a ) x  + ( a –  b ) =  0 .

3. S o lv e  th e  e q u a tio n  ( x 2 –  3 x ) 2 +  3 x 2 –  9 x  –  2 8  =
0  f o r r e a l r o o ts .

4. S o lv e  th e  e q u a tio n  





 







 

x

1x
3

x

1x
2

–  4

=  0 .
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5. S o lv e  th e  e q u a tio n  1  –  
1x

3x

x3

3

x5

x23











.

2.3 SU M  A N D  PRO D U CT O F RO O TS

Vieta's Theorem
I f    &   a r e   th e r o o ts   o f   t h e   q u a d r a tic e q u a tio n
a x ² +  b x  + c  = 0  , th e n

( i )   +  =  – b /a ( i i )   =  c /a

P r o o f :
L e t th e  q u a d r a tic e q u a tio n   a x ² +  b x  +  c =  0 b e
w r itte n  a s

a

1
( a x 2 +  b x  +  c )  = 0

x 2 +  
a

b
x  +  a

c
=  0 ...( 1 )

I f    &   a r e   th e r o o ts   o f   t h e   q u a d r a tic e q u a tio n
a x ² +  b x  + c  = 0  th e n

( x – ) ( x – )  = 0

x ² – (+ ) x +  =  0 ...( 2 )

C o m p a r in g  th e c o e f f i c ie n ts  o f  s im ila r  p o w e r s  o f  x
in ( 1 )  & ( 2 )  w e  h a v e

s u m  o f   r o o ts  =  + –
a

b

p r o d u c t o f r o o ts  =   =   a
c

–   =  2( )a - b = 2( ) 4a + b - ab

=  
2

2

b 4 a c

a

-
=  

D

| a |

Formation of Quadratic Equation
A lth o u g h  w e  c a n n o t in a ll c a s e s fin d  th e  r o o ts  o f  a
g iv e n  e q u a tio n , it is v e r y  e a s y  to  s o lv e  th e  c o n v e r s e
p r o b le m , n a m e ly  th e  p ro b le m o f fin d in g  a n  e q u a tio n
w h ic h  h a s g iv e n  r o o ts .

F o r  e x a m p le , to f in d  th e  e q u a tio n  w h o s e  r o o ts  a r e 4
a n d  5 .

W e w a n t to fin d  a n  e q u a tio n  w h ic h  is  s a tis fie d  w h e n
x  = 4 , o r w h e n  x  = 5 ; th a t is w h e n  x  –  4  = 0 , o r w h e n
x  –  5  = 0 ; a n d  in  n o  o th e r  c a s e s . T h e e q u a tio n  r e q u ir e d
m u s t b e

( x –  4 ) ( x –  5 ) =  0 ,

th a t is ,

x 2 –  9 x  + 2 0  = 0 .

S u p p o s e   a n d   a r e  th e  ro o ts  o f  a q u a d r a tic e q u a tio n

a x 2 +  b x  + c  = 0
T h e n , w e h a v e

( x –  )  ( x –  )  = x 2 –  ( +  ) x +  

=   x ² – ( s u m  o f   r o o ts ) x  +  ( p r o d u c t o f r o o ts )

=  x 2 +  
a

b
x  +   a

c
=  

a

1
( a x 2 +  b x  + c ) .

T h is le a d s to th e  f a c to r iz a tio n ,

a x 2 +  b x  + c  = a ( x  –  )  ( x –  ) .

T h u s , if w e k n o w th e  r o o ts  o f  a q u a d r a tic e q u a tio n ,
th e n  w e  c a n  w r ite d o w n  a  f a c to r iz a tio n  o f th e
c o r r e s p o n d in g  q u a d r a tic f u n c tio n .

C o n v e r s e ly , if   a n d   a r e  tw o n u m b e r s   ( r e a l o r
c o m p le x ) , th e n  th e  m o s t g e n e r a l q u a d r a tic e q u a tio n
h a v in g   a n d   a s its r o o ts  is  g iv e n  b y

a ( x  –  )  ( x –  )  = 0 ,

w h e r e  a  is  a n o n - z e ro , r e a l o r c o m p le x  n u m b e r. I f w e
r e s tric t th e  c o e f fic ie n t o f x 2 to b e  1  th e n  w e  g e t a
u n iq u e  q u a d r a tic e q u a tio n

( x –  )  ( x –  )  = 0 .

T h is is th e  s a m e  a s x 2 –  ( +  )  x +   =  0 .

A  q u a d r a ti c p o ly n o m ia l in
w h ic h  th e  c o e f fic ie n t o f x 2 is

1  is  c a lle d  a  m o n ic  q u a d r a tic p o ly n o m ia l (o r  a r e -
d u c e d  q u a d r a tic ) .

ä Example 1. S e t a q u a d r a tic e q u a tio n  w ith th e
g iv e n  n u m b e r s  a s  its r o o ts  7 a n d  – 3
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ä Solution W e  s h a ll s e e k  th e  d e s ir e d  e q u a tio n  in
th e  f o r m  x 2 –  p x  + q  = 0 . W e h a v e  p  = ( 7 –  3 ) =  4 , q =
7  ( – 3 ) =  – 2 1 ; th e n  x 2 –  4 x  –  2 1  = 0 .

ä Example 2. A  q u a d r a tic p o ly n o m ia l p ( x )  h a s 1  +

5 a n d  1  –  5 a s  r o o ts  a n d  it s a tis f ie s p ( 1 ) =  2 . F in d
th e  q u a d r a tic p o ly n o m ia l.
ä Solution s u m  o f th e  r o o ts  = 2

p r o d u c t o f th e  r o o ts  = –  4
 le t p ( x )  = a ( x 2 –  2 x  –  4 )

p ( 1 ) =  2
 2  = a ( 1 2 –  2  · 1  –  4 )

 a  = –  2 /5
 p  ( x ) =  – 2 /5  ( x 2 –  2 x  –  4 )

ä Example 3. L e t a n d  b e  r o o ts  o f th e  e q u a tio n
2 x 2 –  3 x  –  7  = 0 . W ith o u t c o m p u tin g   a n d  , s e t a
q u a d r a tic e q u a tio n  w ith  a n d  a s its r o o ts .
ä Solution W e  s h a ll s e e k  th e  r e q u ir e d  e q u a tio n  in
th e  f o r m  x 2 –  p x  + q  = 0 , th e n

p  =  
2 2a b a + bÊ ˆ+ =Á ˜Ë ¯b a ab

q  =  





=  1 .

S in c e  a n d  a r e  r o o ts  o f th e  e q u a tio n  2 x 2 –  3 x  –  7
=  0 ,

=  –
2

7
,  +   =  

2

3
.

2 +  2 =  
4

3 7
7

4

9

2

7
2

2

3
2
















h e n c e , p  =  
2 2 3 7 / 4 3 7 .2 3 7

7 / 2 4 .7 1 4

a + b
= = - = -

ab -
T h u s , th e  c o e ff ic ie n ts  p a n d  q  o f th e  d e s ire d  q u a d ra tic
e q u a tio n  h a v e  b e e n  f o u n d  : p  = – 3 7 /1 4 , q  = 1 . T h e
e q u a tio n  h a s th e  f o r m

x 2 +  
1 4

3 7
x  + 1  = 0 , o r 1 4 x 2 +  3 7 x  + 1 4  = 0 .

ä Example 4. If  a n d   a r e  th e ro o ts  o f th e  e q u a tio n

x 2 +  2 x  + 3  = 0 , fin d  th e  m o n ic  q u a d r a tic h a v in g

z e r o s

2 +  2 a n d  2  .

ä Solution T h e  m o n ic  q u a d r a tic h a v in g  2 +  2

a n d  2  a s its r o o ts  is  g iv e n  b y

x 2 –  (2 +  2 +  2 )  x +  2 (2 +  2 ). ...(1 )

H o w e v e r, w e  k n o w th a t

 +   =  –  2 ,  =  3 .

H e n c e , 2 +  2 =  ( +  ) 2 –  2  =  2 –  6  = –  4

T h is g iv e s , 2 +  2 +  2  =  2

a n d  2  (2 +  2 )  = –  2 4 .

H e n c e , fro m  (1 ) th e  re q u ire d  q u a d ra tic is x 2 –  2 x  –  2 4  = 0

ä Example 5. T h e  q u a d ra tic e q u a tio n  x 2 +  m x  + n  =
0  h a s r o o ts  w h ic h  a r e  tw ic e  th o s e  o f x 2 +  p x  + m  = 0

a n d  m , n  a n d  p   0 . F in d  th e  v a lu e  o f  
n

p
.

ä Solution x 2 +  m x  + n  = 0  

2

2

a

b

a n d x 2 +  p x  + n  = 0  

a

b
2 ( +  ) = –  m ....(1 )
4   =  n ....(2 )

a n d  +   =  – p ....(3 )
 =  m ....(4 )
 ( 1 )  a n d  ( 3 )  2 p  = m

a n d ( 2 )  a n d  ( 4 )  4 m =  n


n

p =  
4 m

m 2
=  8

ä Example 6. F in d  th e  v a lu e s o f a  f o r w h ic h  o n e
o f th e  r o o ts  o f   x 2 +  ( 2 a  + 1 ) x  + ( a 2 +  2 )  = 0  is  tw ic e
th e  o th e r r o o t. F in d  a ls o th e  ro o ts  o f th is e q u a tio n  f o r
th e s e  v a lu e s o f a .
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ä Solution  +  2  =  – ( 2 a  + 1 )

a n d 2 2 =  a 2 +  2 .

T h e  f irs t re la tio n  g iv e s
3

)1a2( 


S u b s titu tin g  th is  v a lu e  o f   in th e  s e c o n d  r e la tio n ,
w e g e t

2 ( 2 a  + 1 ) 2 =  9 ( a 2 +  2 ) .

T h is is th e  s a m e  a s

a 2 –  8 a  + 1 6  = 0 .

T h u s w e g e t a  q u a d r a tic e q u a tio n  f o r a  a n d th is
e q u a tio n  h a s c o in c id e n t r o o ts  a =  4 . T h u s th e r e  is  a
u n iq u e  v a lu e  o f a  f o r w h ic h  th e  c o n d itio n s o f th e
p r o b le m a r e  f u lfille d . C o rre s p o n d in g  to  th is  v a lu e  o f
a , th e  g iv e n  e q u a tio n  r e d u c e s to

x 2 +  9 x  + 1 8  = 0

N o w x 2 +  9 x  + 1 8  = ( x +  6 )  ( x +  3 )

s o th a t th e  r o o ts  a r e   =  – 6 ,  =  – 3 .

ä Example 7. L e t  b e  th e r o o ts  o f  a x 2 +  b x  +  c =
0 , 1 , –   b e th e  r o o ts  o f a 1 x

2 +  b 1 x  +  c 1 =  0  th e n  f in d
a  q u a d r a tic e q u a tio n  w h o s e  r o o ts  a r e  1 .

ä Solution G iv e n   =  – b /a ...(1 )
=  c /a ...(2 )

A ls o 1 –  =  – b 1 /a 1 ...(3 )
– 1  =  c 1 /a 1 ...(4 )

N o w  ()  + (1 –  1 )  = –  
1

1

a

b

a

b


 1 =  
1

1

a

b

a

b
 ...(5 )

F o rm  ( 1 ) &  (2 ),

c

b

a/c

a/b11












 ...(6 )

S im ila rly fro m  ( 3 ) &  ( 4 ) ,

1

1

1 c

b11 






...(7 )

F r o m ( 6 ) + (7 ),

1

1

1 c

b

c

b11








1

1

1

1

c

b

c

b








...(8 )

N o w  th e  e q u a tio n  w h o s e  r o o ts  a r e  1 is
x 2 –  (1 ) x +  1 =  0


1

1

1

2

x
x





 =  0

























1

1

1

1

2

c

b

c

b

1
x

a

b

a

b

x
=  0

ä Example  8. If  is a  ro o t o f 4 x 2 +  2 x  –  1  = 0  p ro v e
th a t 4 3 –  3  is th e  o th e r r o o t.
ä Solution L e t th e  o th e r r o o t b e   th e n

=  –  
2

1

4

2


  =  –
2

1
–   ...(1 )

a n d  4 2 +  2  –  1  = 0 , b e c a u s e  is a  ro o t o f 4 x 2 +  2 x  –  1
=  0 .
N o w 4 3 –  3  =  ( 4 2 –  3 )

=  ( 1 –  2  –  3 ) { s in c e 4 2 +  2  –  1  = 0 }

=  – 2 2 –  2  =  –  
2

1
(4 2 ) – 2  =  –

2

1
(1 –  2 ) – 2 

=  –  
2

1
–   =   { fr o m  ( 1 ) }

P ra c tic e  P ro b le m s

1. S u p p o s e  th e s u m  o f  th e  ro o ts  o f  a x 2 –  6 x  + c  = 0
is –  3  a n d  th e ir p ro d u c t is 2  , fin d  th e  v a lu e s o f a
a n d  c .

2. G iv e n  th a t  a n d   a re  th e  ro o ts  o f 6 x 2 –  5 x  –  3  = 0
f in d  th e  r e d u c e d  q u a d r a tic e q u a tio n  w h o s e
r o o ts  a r e

 –  2  a n d  –  2 .
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3. F in d  a  q u a d r a tic in x  w h ic h  is  d iv is ib le b y  x  –
2  a n d  a s s u m e s  v a lu e  – 7  a n d  3  f o r x  = 1  a n d  – 1
r e s p e c tiv e ly .

4. F in d  th e  v a lu e s o f m , f o r  w h ic h  th e  e q u a tio n
5 x 2 –  2 4 x  + 2  + m  ( 4 x 2 –  2 x  –  1 ) =  0 h a s
(a ) e q u a l r o o ts

(b ) th e  p r o d u c t o f th e  r o o ts  is  2

(c ) th e  s u m o f th e  r o o ts  is  6

5. S u p p o s e  x 1 a n d  x 2 a r e  r o o ts  o f th e  e q u a tio n

x 2 +  x –  7  = 0 . F in d

(a ) x 1
2 +  x 2

2

(b ) x 1
3 +  x 2

3

(c ) x 1
4 +  x 2

4 w ith o u t s o lv in g  th e  e q u a tio n .

6. I f  o n e  r o o t o f k ( x  –  1 ) 2 =  5 x  –  7  is  d o u b le  th e
o th e r r o o t, s h o w th a t k  is  e ith e r 2  o r – 2 5 .

7. F o r w h a t v a lu e s o f a  is  th e  r a tio o f th e  r o o ts  o f
th e  e q u a tio n  x 2 +  a x  + a  + 2  = 0  e q u a l to 2  ?

8. F o r w h a t v a lu e  o f a  is  th e  d if f e r e n c e  b e tw e e n
th e  r o o ts  o f th e  e q u a tio n  ( a  –  2 ) x 2 –  ( a  –  4 ) x  –
2  = 0  e q u a l to 3  ?

9. I f  th e  d if f e r e n c e  o f r o o ts  o f th e  e q u a tio n  2 x 2 –
( a +  1 ) x  + a  –  1  = 0  is  e q u a l to th e ir p ro d u c t, th e n
p ro v e th a t a  = 2 .

10. T w o  c a n d id a te s a tte m p t to s o lv e  a  q u a d r a tic
e q u a tio n s o f th e  f o r m , x 2 +  p x  + q  = 0 . O n e
s ta r ts w ith a  w r o n g  v a lu e  o f ‘ p ’  a n d  f in d s th e
r o o ts  to  b e  2  & 6 . T h e  o th e r s ta r ts w ith a  w r o n g
v a lu e  o f ‘ q ’  a n d  f in d s th e  r o o ts  to  b e  2  & –  9 .
F in d  th e  c o r r e c t r o o ts .

11. I f  a n d  a r e  th e  r o o ts  o f th e  e q u a tio n  x 2 +  p x
+  q =  0 , th e n  s h o w th a t / is a  r o o t o f th e
e q u a tio n  q x 2 –  ( p 2 –  2 q ) x  + q  = 0 .

12. F in d  b  I  f o r th e  e q u a tio n  5 x 2 +  b x  –  2 8  = 0  if

th e  r o o ts   a n d  s a tis f y 5 +  2 =  1 .

13. I f  th e  r o o ts  o f th e  e q u a tio n s a x 2 +  b x  + c  = 0  a r e

k

1k 
a n d  

1k

2k




, p r o v e  th a t ( a +  b +  c ) 2 =

b 2 –  4 a c .

14. I f   b e  th e  r o o ts  o f th e  e q u a tio n  a x 2 +  b x  + c
=  0 a n d   th o s e  o f e q u a tio n  lx 2 +  m x  + n  = 0 ,
th e n  f in d  th e  e q u a tio n  w h o s e  r o o ts  a r e  
a n d  .

15. L e t p ( x )  b e  a  q u a d r a tic p o ly n o m ia l s u c h  th a t
f o r  d is tin c t r e a ls   a n d  , p ()  =  , p ()  =  
s h o w th a t  a n d   a r e  r o o ts  o f  p [ p ( x ) ]  – x  = 0  .

2.4 ID EN TITY

A n  identity in x  is  s a tis fie d  b y  a ll p e r m is s ib le  v a lu e s
o f x , w h e r e  a s a n  equation in x  is  s a tis fie d  b y  s o m e
p a rtic u la r v a lu e  o f x . F o r e x a m p le , (x +  1 ) 2 =  x 2 +  2 x  + 1
is a n  id e n tity in x . It is  s a tis fie d  f o r a ll v a lu e s o f x .

A  q u a d ra tic e q u a tio n  is  s a tis f ie d  e x a c tly tw o  v a lu e s
o f ‘x ’ w h ic h m a y  b e  re a l o r im a g in a r y . W e s h o u ld  n o te
th a t th e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  c a n n o t
h a v e  m o r e  th a n  tw o d iffe re n t r o o ts , u n le s s  a =  b =  c =
0 ; a n d  w h e n  a , b , c  a r e  a ll z e r o  it is c le a r th a t th e
e q u a tio n  a x 2 +  b x  + c  = 0  w ill b e  s a tis fie d  f o r a ll
v a lu e s o f x , th a t is to s a y th e  e q u a tio n  is  a n  id e n tity .If
a  q u a d r a tic e q u a tio n  is  s a tis fie d  b y  th r e e  o r m o r e
d is tin c t v a lu e s o f ‘ x ’ , th e n  it is a n  id e n tity .

1. T w o  e q u a tio n s a r e  s a id  to  b e  equivalent if th e y
h a v e  th e  s a m e  r o o ts .
2. T w o  e q u a tio n s in x  a r e  identical if a n d  o n ly  if
th e  c o e f fic ie n t o f s im ila r  p o w e r s  o f  x in th e  tw o
e q u a tio n s a r e  p r o p o r tio n a l. I d e n tic a l e q u a tio n s h a v e
th e  s a m e  r o o ts .
3. A n e q u a t i o n  r e m a i n s u n c h a n g e d  if  i t  i s
m u ltip lie d  o r d iv id e d  b y  a  n o n - z e r o  n u m b e r.
T h u s ,  a x 2 +  b x  + c  = 0  a n d  a 1 x 2 +  b 1 x  + c 1 =  0 a r e

id e n tic a l, if  
1 1 1

a b c

a b c
= =

x 2 –  5 x  + 4  = 0  a n d  2 x 2 –  1 0 x  + 8  = 0  a r e  id e n tic a l
e q u a tio n s .
B o th th e s e  e q u a tio n s h a v e  s a m e  r o o ts  1 a n d  4 .
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T h e  e q u a tio n  a x 2 +  b x  + c  =
0  is  :

a  q u a d r a tic e q u a tio n  if a   0 T w o  R o o ts
a  lin e a r e q u a tio n  if a  = 0 , b   0 O n e  R o o t
a  c o n tr a d ic tio n  if a  = b  = 0 , c   0 N o R o o t
a n  id e n tity if a  = b  = c  = 0 I n fin ite R o o ts

ä Example 1. S o lv e  th e  e q u a tio n
ä Solution

a 2 2

2 2

( x b ) ( x c ) ( x c )( x a )
b

( a b ) (a c ) ( b c )( b a )

( x a ) ( x b )
c x

( c a ) ( c b )

- - - -
+ +

- - - -
- -

=
- -

T h e  e q u a tio n  is  s a tis fie d  is  s a tis fie d  b y  x  = a , b y  x  =
b , o r b y  x  = c . S in c e  it is o n ly  o f th e  s e c o n d  d e g r e e  in
x , it m u s t b e  a n  id e n tity .

ä Example 2. S o lv e th e  e q u a tio n  a 2

2( x b )( x c ) ( x c ) ( x a )
b

( a b )( a c ) ( b c ) ( b a )

- - - -
+

- - - -
=  x 2 .

ä Solution T h e  e q u a tio n  is  c le a r ly s a tis fie d  b y  x  =
a , a n d  a ls o b y  x  = b ; h e n c e  a , b  a r e  r o o ts  o f th e
e q u a tio n , a n d  th e s e a re  th e  o n ly  r o o ts  o f th e  q u a d ra tic
e q u a tio n . T h e  e q u a tio n  is  n o t a n  id e n tity , f o r it is n o t
s a tis fie d  b y  x  = c .

ä Example 3. If  a +  b +  c  =  0  ; a n 2 +  b n  + c  = 0  a n d
a  + b  n  + c n 2 =  0  w h e r e    n   0  , 1 ,  th e n  p r o v e  th a t
a  =  b  =  c  =  0  .
ä Solution N o te th a t a  x 2 +  b  x  +  c  =  0   is
s a tis f ie d  b y

x  =  1  ;   x  =  n   & x  =  
1

n
w h e r e    n  

1

n
 T h e  q u a d r a tic e q u a tio n   h a s  3  d is tin c t r e a l
r o o ts  w h ic h  im p lie s  th a t it m u s t b e  a n  id e n tity .

ä Example 4. S h o w th a t

)cb) (ca(

)bx) (ax(

)ba) (bc(

)ax) (cx(

)ac) (cb(

)cx) (bx(












=  1

is a n  id e n tity .

ä Solution T h e  g i v e n  e q u a t i o n  i s  q u a d r a t i c
e q u a tio n  in  x .
p u t x  = – a  in  th e  g iv e n  e q u a tio n

 L .H .S . =  )ac) (ab(

)ac) (ab(




=  1 =  R .H .S .

P u t x  = – b  in  g iv e n  e q u a tio n

 L .H .S . =  )ba) (bc(

)ba) (bc(




=  1 =  R .H .S .

P u t x  = – c  in  g iv e n  e q u a tio n

 L .H .S . =  )cb) (ca(

)cb) (ca(




=  1 =  R .H .S .

S o , g iv e n  e q u a tio n  is  s a tis fie d  b y  3  v a lu e s . S o it is a n
id e n tity .

ä Example 5. S h o w th a t v a lu e s o f a , b , c  e x is t
s u c h  th a t 2 x 2 –  5 x  –  1   a  ( x  + 1 ) ( x –  2 ) +  b ( x –
2 ) ( x –  1 ) +  c ( x –  1 ) ( x +  1 )  a n d  f in d  th e s e  v a lu e s .
ä Solution T h e  r ig h t- h a n d  s id e

=  a ( x 2 –  x  –  2 ) +  b ( x 2 –  3 x  + 2 ) +  c ( x 2 –  1 )
=  ( a  + b + c ) x 2 –  ( a  + 3 b ) x  –  ( 2 a  –  2 b  + c ) .

T h is is e q u a l to th e  le f t - h a n d  s id e  f o r a ll v a lu e s  o f
x , i f  v a lu e s f o r  a , b , c c a n  b e  f o u n d  s u c h  th a t

a  + b  + c  = 2 , a  + 3 b  = 5 , 2 a  –  2 b  –  c  = 1 .
T h e s e  e q u a t io n  h a v e  o n e  s o lu tio n , n a m e ly ,

a  = 2 , b  = 1 , c  = – 1 .

I n a  q u e s tio n  o f th is k in d  if it
h a s b e e n  s h o w n  th a t a n  id e n -

tity o f th e  s p e c ifie d  f o r m  e x is ts , th e  v a lu e s o f th e
c o n s ta n ts  m a y  b e  f o u n d  b y  g iv in g  s p e c ia l v a lu e s to
th e  v a r ia b le s .
T h u s , a s s u m i n g  th a t a n  id e n tity o f t h e  s p e c if i e d
f o r m e x is ts , w e c a n  f in d  a , b , c , b y  p u ttin g  x  = 1 ,
– 1 , 2  in  s u c c e s s io n .

2.5 TRA N SFO RM ATIO N  O F
EQ U ATIO N

F r o m th e  e q u a tio n  f ( x )  = 0  w e  m a y f o r m a n  e q u a tio n
w h o s e  r o o ts  a r e c o n n e c te d  w ith th o s e  o f th e  g iv e n
e q u a tio n  b y  s o m e  a s s ig n e d  r e la tio n .
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L e t y b e  a  ro o t o f th e  re q u ire d  e q u a tio n  a n d  le t (x , y ) =  0
d e n o te  th e  a s s ig n e d  r e la tio n  ; th e n  th e  tr a n s f o r m e d
e q u a tio n  c a n  b e  o b ta in e d  e ith e r b y  e x p r e s s in g  x  a s a
f u n c tio n  o f y  b y  m e a n s o f th e  e q u a tio n  ( x , y )  = 0
a n d  s u b s titu tin g  th is  v a lu e o f x  in  f ( x )  = 0 ; o r b y
e lim in a tin g  x  b e tw e e n  th e  e q u a tio n s f ( x )  = 0  a n d
( x , y )  = 0 .

L e t ,  b e  th e  r o o ts  o f  a x 2 +
b x  + c  = 0 , a n d  s u p p o s e  th a t

w e r e q u ir e th e  e q u a tio n  w h o s e  r o o ts  a r e a  u n if o r m
f u n c tio n  o f  ,  s a y  () , () , w h e r e  f ( x ) is a  g iv e n
f u n c tio n  o f x .
L e t y =  ( x )  a n d  s u p p o s e  th a t f r o m  th is  e q u a tio n  w e
c a n  fin d  x  in  te r m s o f y ,
w h ic h  w e  d e n o te  b y  x  =  – 1 ( y ) .
T r a n s f o r m in g  th e  e q u a tio n  a x 2 +  b x  + c  = 0  b y  th e
s u b s titu tio n  x  =  – 1 ( y ) , w e o b ta in  a  n e w e q u a tio n  in
y , w h ic h  c o n ta in s th e  r o o ts  () , () .

To find the equation whose roots are the squares of
those of a proposed equation.
L e t f(x ) = 0  b e  th e  g iv e n  e q u a tio n  ; p u ttin g  y  = x 2 , w e

h a v e x  =  y ; h e n c e  th e re q u ire d  e q u a tio n  is  f ( y ) = 0 .

ä Example 1. F in d  th e  e q u a tio n  w h o s e  ro o ts  a r e th e
s q u a r e s o f th o s e  o f th e  e q u a tio n  x 2 +  a x  + b  = 0 .

ä Solution P u ttin g  x  =  y , a n d  tr a n s p o s in g , w e

h a v e

( y +  b )   = –  a y ;

w h e n c e y 2 +  2 b y  + b 2 =  a 2 y  ,

o r y 2 +  ( 2 b  –  a 2 ) y +  b 2 =  0

To transform an equation into another whose roots
exceed those of the proposed equation by a given
quantity.

L e t f(x )  = 0  b e  th e  p r o p o s e d  e q u a tio n , a n d  le t h  b e
t h e  g i v e n  q u a n t i t y ;  p u t y  = x  + h , s o t h a t
x  = y  –  h  ; th e n  th e  r e q u ir e d  e q u a tio n  is  f ( y –  h ) =  0 .

S im ila rly f ( y +  h )  = 0  is  a n  e q u a tio n  w h o s e  r o o ts  a r e
le s s  b y  h  th a n  th o s e  o f f ( x )  = 0 .

ä Example 2. R e m o v e  th e  s e c o n d  te r m  f r o m  th e
e q u a tio n  p x 2 +  q x  + r  = 0

ä Solution L e t ,  b e  th e  r o o ts , s o th a t  +   =

– p

q
. T h e  if  w e  in c r e a s e  e a c h  o f th e  r o o ts  b y  

q

2 p
, in

th e  tr a n s f o r m e d  e q u a tio n  th e  s u m o f th e  r o o ts  w ill b e

e q u a l to  
p

q

p

q
 ; th a t is , th e  c o e f fic ie n t o f th e

s e c o n d  te r m  w ill b e  z e r o .

H e n c e  th e  r e q u ir e d  tr a n s f o r m a tio n  w ill b e  e f f e c te d

b y  s u b s titu tin g  
q

x
2 p

- f o r  x in th e  g iv e n  e q u a tio n .

0r
p2

q
xq

p2

q
xp

2




















ä Example 3. L e t a n d   b e  th e  ro o ts  o f   x 2 –  3 x  + 1

=  0 . F in d  a q u a d r a tic e q u a tio n  w h o s e  ro o ts  a r e   
2



a n d  2


. H e n c e  o r o th e r w is e fin d  th e  v a lu e  o f

2


· 2


.

ä Solution L e t y =  
x

x 2-
w h e r e  x  c a n  ta k e  v a lu e s

, 

 x y  –  2 y  = x  x  =  
2 y

y 1-
....(1 )

s u b s titu tin g  th e  v a lu e  o f x  in   x 2 –  3 x  + 1  = 0  a n d
s im p lify in g  w e  g e t th e  r e q u ir e d  q u a d r a tic a s

y 2 –  4 y   –  1  = 0 ....(2 )

n o w f r o m  ( 2 )  
2


· 2


=  – 1 u s i n g  p r o d u c t

o f r o o ts .
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ä Example 4. If ta n  , ta n   a r e  th e  r o o ts  o f  x 2 –  p x
+  q =  0 a n d  c o t , c o t  a r e  th e  r o o ts  o f   x 2 –  r x  + s  =
0  th e n  f in d  th e  v a lu e  o f  r s in te r m s  o f  p a n d  q .

ä Solution x 2 –  p x  + q  = 0  

ta n

ta n

a

b
.....(1 );

x 2 –  r x  + s  = 0  

c o t

c o t

a

b
....(2 )

H e r e r o o ts  o f  ( 2 )  a r e r e c ip r o c a l o f ( 1 )

y  
1

x
  x  

1

y

 p u t x  a s  
1

y
in ( 2 )  

2

1

y
–  

r

y
+  s =  0

 s y 2 –  r y  + 1  = 0
W e c a n  r e p la c e  y  b y  x  to  g e t a n  e q u a tio n  in  x ,
s x 2 –  r x  + 1  = 0 ....(3 )

C o m p a r in g  ( 1 ) a n d  ( 3 )

1

s
=  

p

r
=  q s  =  

1

q
;   r =  

p

q

h e n c e   r s  =  
2

p

q

P ra c tic e  P ro b le m s

1. I f  ( p 2 –  1 ) x 2  +  ( p  –  1 ) x  + p 2 –  4 p  + 3  = 0  b e  a n
id e n tity in x , th e n  f in d  th e  v a lu e  o f p .

2. F in d  a ll p o ly n o m ia ls p  s a tis f y in g  p ( x  + 1 )

=  p ( x )  + 2 x  + 1 .

3. If n is a n y  n u m b e r, s h o w th a t n 2 c a n  b e  e x p re s s e d
in th e  f o r m a ( n  –  1 ) 2 +  b ( n –  2 ) 2 +  c ( n –  3 ) 2 ,
a n d  f in d  th e  v a lu e s o f a , b , c .

4. S h o w th a t c o n s ta n ts  a , b , c c a n  b e  f o u n d  s u c h
th a t 3 x 2 +  1 6 x  + 2 3   a  ( x  + 2 ) ( x +  3 )  + b  ( x
+  3 )  ( x +  1 ) +  ( x +  1 )  ( x +  2 )  a n d  fin d  th e  v a lu e s
o f a , b , c .

5. If  a , b , c a re  d is tin c t re a l n u m b e r s , th e n  s o lv e  fo r x :

( )

( ) ( )

a x

a b a c


 

2

+  
( )

( ) ( )

b x

b c b a


 

2

+  
( )

( ) ( )

c x

c a c b


 

2

=  1 .

6. S o lv e  th e  e q u a tio n ,  x a b x b c x c a

a b b c c a

- - -
+ +

+ + +

=  a +  b +  c . W h a t h a p p e n s i f  1 1

a b b c
+ +

+ +
1

c a+
=  0

7. I f  ,  a r e  th e  r o o ts   o f 2 x 2 –  5 x  –  4  = 0 , fin d  th e
s im p le s t q u a d r a tic e q u a tio n  w h o s e  r o o ts  a r e
 +  1 /,  +  1 /.

8. P ro v e th a t th e  e q u a tio n  w h o s e  r o o ts  a re s q u a re s
o f th e  r o o ts  o f th e  e q u a tio n
a x 2 +  b x  + c  = 0  is  a 2 x 2 +   ( 2 a c  –  b 2 ) x +  c 2 =  0

9. I f   a n d   a r e  r o o ts  o f th e  e q u a tio n  x 2 –  2 x  + 3
=  0 , f in d  th e  e q u a tio n  w h o s e  r o o ts  a r e

( i)   +  2 ,  +  2 (ii) 
1

1
,

1

1







10. If  a n d   a r e  ro o ts  o f th e  e q u a tio n  a x 2 +  b x  + c  =
0 , fin d  th e  r o o ts  o f th e  e q u a tio n
(i) a c  x 2 –  ( b 2 –  2 a c ) x  + a c  = 0

(ii) a c x 2  +  b ( a +  c )  x +  ( a  + c ) 2 =  0  in  te r m s o f 
a n d  .

2.6 SYM M ETRIC FU N CTIO N S O F
RO O TS

B y th e  s y m m e tric f u n c tio n  o f r o o ts  w e  m e a n  th o s e
f u n c tio n s w h ic h  r e m a in  u n a lte r e d  in  v a lu e  w h e n  a n y
tw o  o f th e  r o o ts  a r e in te r c h a n g e d . W ith o u t k n o w in g
th e  s e p a r a te  v a lu e s  o f  th e  r o o ts  in  te r m s o f th e
c o e ffic ie n ts , w e c a n c a lc u la te  th e  v a lu e s o f s y m m e tr ic
f u n c tio n s o f r o o ts  in  te r m s o f th e  c o e f fic ie n ts . F o r
e x a m p le , i f   a r e  r o o ts  o f  q u a d r a tic e q u a tio n
a x ² +  b x  + c  = 0 , w e  c a n  f in d  o u t th e  v a lu e  o f

(i) , (ii) 2 +  2

in te rm s  o f  a , b a n d  c s in c e  e a c h  o f th e s e  r e la tio n s a r e
s y m m e tric f u n c tio n s o f th e  r o o ts , a s e  th e re  w ill b e  n o
c h a n g e  in  th e m if  a n d  a r e  in te r c h a n g e d .

T o  f i n d  o u t t h e  v a l u e  o f th e  a b o v e  s y m m e tr ic
f u n c tio n s , w e  ta k e  th e h e lp  o f th e  f o llo w in g  r e la tio n s ,

+ –
b

a
,  =   

c

a
a n d  s o m e  im p o rta n t fo rm u la e

w h ic h  a r e  g iv e n  b e lo w :
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I n o r d e r to fin d  th e  v a lu e  o f
s y m m e tric f u n c tio n  o f   a n d

, e x p r e s s  th e  g iv e n  f u n c tio n  in  te r m s o f   +   a n d
. F o r th is u s e  th e  f o llo w in g  r e s u lts w h ic h e v e r is
a p p lic a b le .

(i) 2 +  2 =  () 2 –  2 
(ii)  

( iii)  
(iv )  


(v )  



ä Example 1. If  a n d   a re  th e ro o ts  o f x 2 +  4 x  + 6  =  0 ,
th e n  f in d  th e  v a lu e  o f
(i) 1 / +  1 / (ii) 3 +  3 ( iii) / +  /
w e h a v e  +   =  –  4 ,  =  6 .

ä Solution H e n c e   3

2

6

411 












 .

W e c a n  w r ite

3 +  3 =  ( +  ) 3 –  3 ( +  ) =  – 6 4  + 7 2  = 8 .

A n d  la s tly ,










 22

=  


 2)( 2

=  
6

)62()4( 2 
=  4 /6 =  2 /3 .

ä Example 2. L e t  a n d   b e  th e  r o o ts  o f th e
q u a d r a t ic e q u a t io n    ( x –  2 ) ( x –  3 ) + ( x  –  3 ) ( x +  1 )
+ ( x  + 1 ) ( x –  2 ) = 0 . F in d  th e  v a lu e  o f

)1) (1(

1

 +  )2) (2(

1

 +  )3) (3(

1

 .

ä Solution Q u a d r a tic e q u a tio n  is

3 x 2 –  8 x  + 1  = 0  

 +   =  
8

3
a n d    =  

1

3
to fin d  th e  v a lu e  o f

1)(

1

 +  4)(2

1



+  9)(3

1



=  
1

4
–  1  +  

3

4
=  –  

3

4
+  

3

4
=  0

ä Example 3. L e t  p &  q b e th e  tw o r o o ts  o f  t h e
e q u a tio n , m x 2 +  x ( 2 –  m )  + 3  = 0 . L e t m 1 , m 2 b e  th e

tw o  v a lu e s o f m  s a tis f y in g  
p

q

q

p
 =

2

3
. D e te r m in e

th e  n u m e r ic a l v a lu e  o f  
m

m

m

m
1

2
2

2

1
2

 .

ä Solution m x 2 +  ( 2  –  m )  x +  3 =  0  

p  + q  =
m

2m 
; p q  =  

3

m

n o w m 1 a n d  m 2 s a tis fie s  
p q 2

q p 3
+ =


2 2p q 2

p q 3

+ =

3

2

p q

p q2)qp( 2




m

2

m

3
.

3

2

m

6

m

2m
2







 


m

8

m

)2m(
2

2




m 2 –  4 m +  4 =  8 m  m 2 –  1 2 m +  4 =  0
 m 1 +  m 2 =  1 2  a n d  m 1 m 2 =  4

n o w  
1 2
2 2
2 1

m m

m m
+ =  

3 3
1 2

2
1 2

m m

( m m )

+

=  

3
1 2 1 2 1 2

2
1 2

( m m ) 3 m m ( m m )

( m m )

+ - +

=  
31 2 1 2 .1 2

1 6

-
=  

21 2 .1 1

1 6
=  9 9
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Newton's Theorem
I f  ,  a r e  r o o ts  o f  a x 2 +  b x  + c  = 0  a n d  S n =  n +  n

t h e n f o r  n >  2 , n   N , w e h a v e
a S n +  b S n – 1 +  c S n – 2 =  0

P r o o f :
a (n +  n )  + b (n – 1 +  n – 1 )  + c (n – 2 +  n – 2 )

=  n – 2 (a 2 +  b  +  c )  +  n – 2 ( a 2 +  b  +  c )

=  0 s in c e  ,  s a tis f y th e  e q u a tio n .

ä Example 4. If ,  a re  r o o ts  o f x 2 –  3 x  + 1  = 0 , f in d
th e  v a lu e  o f  4 +  4 .

ä Solution F o r th e  e q u a tio n

S 1 =   +   =  3 ,  =  1 .

S 2 =  2 +  2 =  ( +  ) 2 –  2   =  3 2 –  2  ×  1  = 7

F o r n  = 3 , N e w to n 's  th e o r e m g iv e s

S 3 –  3 S 2 +  S 1 =  0

 S 3 =  3 S 2 –  S 1 =  3 ×  7 –  3  = 1 8

F o r n  = 4 ,

S 4 –  3 S 3 +  S 2 =  0

 S 4 =  3 S 3 –  S 2 =  3 ×  1 8  –  7  = 4 7

 4 +  4   =  4 7

Alternative :
4 +  4 =  (2 +  2 ) 2 –  2 () 2

=  ( ( +  ) 2 –  2 ) 2 –  2 () 2

=  ( 3 2 –  2  × 1 ) 2 –  2 ( 1 ) 2

=  7 2 –  2  = 4 7

ä Example 5. If   &   a r e  th e  r o o ts  o f th e  e q u a tio n
x 2 –  a x  + b  = 0  a n d   v

n
=  n +   n , s h o w th a t v

n  +  1
=

a v
n

–  b v
n  –  1

a n d  h e n c e  o b ta in  th e v a lu e  o f  5 +   5 .

ä Solution  +   =  a ;   =  b ;   v
n

=  n +  n

v
n  +  1

=   n  +  1 +   n  +  1

=   ( +  )  (n +  n )  –  n – n

=  a v
n

–   (n  –  1 +   n  –  1 )
N o w  5 +   5 =  v

5
=  a v

4
–  b  v

3
=  a ( a v

3
–  b  v

2
)  – b  v

3

=  ( a 2 –  b ) v
3

–  a b  v
2

=  ( a 2 –  b ) [ a v
2

–  b  v
1
]  – a b  v

2

=  ( a ( a 2 –  b ) –  a b ) v
2

–  b  ( a 2 –  b ) v
1

=  ( a 3 –  2  a b ) ( a 2 –  2  b ) –  a b  ( a 2 –  b )

=  a 5 –  2  a 3 b  –  2  a 3 b  + 4  a b 2 –  a 3 b  + a b 2

=  a 5 –  5  a 3 b  + 5  a b 2

 v
n  +  1

=  a v
n

–  b  v
n  –  1

2.7 PO LYN O M IA L FU N C TIO N  O F
RO O T

L e t b e  a  r o o t o f th e  e q u a tio n  a x ² +  b x  + c  = 0  . L e t
g ( x ) b e  a  p o ly n o m ia l in x , th e n  g () c a n  b e  r e d u c e d
to a  lin e a r e x p r e s s io n  in   u s in g  a ²  + b  +  c  =  0 .

g ( x ) =  ( a x ² +  b x  +  c  ) . h ( x ) +   p x  + q

 g ()  = p  +  q

ä Example 1. W h e n  
2

153
x


 , fin d  th e v a lu e

o f 2 x 3 +  2 x 2 –  7 x  + 7 0   a n d  s h o w th a t it w ill b e

u n a lte r e d  if  
2

153 
b e  s u b s titu te d  f o r x .

ä Solution L e t u s  f o r m a  q u a d r a tic e q u a tio n  w h o s e

r o o ts  a r e  
2

153 
;

th e  s u m o f th e  r o o ts  = 3  ;

th e  p r o d u c t o f th e  r o o ts  =  
2

1 7
;

h e n c e  th e  e q u a tio n  is  2 x 2 –  6 x  + 1 7  = 0  ;

 2 x 2 –  6 x  + 1 7  is  a q u a d r a tic e x p r e s s io n  w h ic h

v a n is h e s f o r  e ith e r o f th e  v a lu e s  
2

153 
.

N o w  2 x 3 +  2 x 2 –  7 x  + 7 0

=  x ( 2 x 2 –  6 x  + 1 7 ) +  4 ( 2 x 2 –  6 x  + 1 7 ) +  2

=  x ×  0 +  4 ×  0 +  2 =  2 ;

w h ic h  is  th e  n u m e r ic a l v a lu e  o f th e  e x p r e s s io n  in

e a c h  o f th e  s u p p o s e d  c a s e s .
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P ra c tic e  P ro b le m s

1. If  a n d   a re  th e  r o o ts  o f  x 2 +  3 x  –  2 ( x  + 7 ) =  0 ,

c o m p u te  3 +  3 , / +  / a n d  2  +  2 .

2. I f  ,  a r e  th e  r o o ts  o f  a x 2 +  b x  +  c =  0 , fo rm th e

e q u a tio n  w h o s e  r o o ts  a re  2 +  2 a n d  – 2 +  – 2 .

3. F o r m  th e  e q u a tio n  w h o s e  r o o ts  a r e th e  s q u a r e s

o f th e  s u m a n d  o f th e  d if f e r e n c e  o f th e  r o o ts  o f

2 x 2 +  2 ( m +  n ) x +  m 2 +  n 2 =  0

4. I f  ,  a r e  r o o ts  o f th e  e q u a tio n  x 2 –  p x  + q  = 0 ,

fin d  th e  v a lu e  o f

(i) 2 (2 – 1 –  ) +  2 (2 – 1 –  )

(ii) ( –  p ) – 4 +  ( –  p ) – 4

5. I f  , a re  r o o ts  o f  a x 2 +  b x  + c  = 0 ,th e n  f in d  th e

v a lu e  o f ( a  +  b ) – 3  +  ( a +  b ) – 3

6. L e t   b e  t h e  r o o t s  o f  t h e  e q u a t i o n

x 2 +  a x  –  2a2

1
=  0 , b e in g  a  r e a l p a r a m e te r ,,

p r o v e  t h a t  4 +   4  2  +  2 .

7. I f  x =  – 5  + 2  4 th e n  f in d  th e  v a lu e  o f th e
e x p r e s s io n  x 4 +  9 x 3 +  3 5 x 2 –  x  + 4  .

8. I f  a r e  th e r o o ts  o f  e q u a tio n , x 2 – 2  x  + 3  =  0 ,

f in d  th e  e q u a tio n  w h o s e  ro o ts  a r e  –  3 +  5 
–  2  a n d  –  +  +  5

9. I f  x 2  –  3 x  + 4  = 0 , p r o v e  th a t x 4 =  3 x  –  2 0 . If th e

r o o ts  o f th e  e q u a tio n  x 2 –  3 x  + 4  = 0  a r e   a n d

, c o n s tru c t th e   e q u a tio n  w h o s e  r o o ts  a r e  4

a n d  4 .

2.8 N ATU RE O F RO O TS

N a tu r e o f r o o ts  o f  a q u a d r a tic e q u a tio n   a x ² +  b x +  c
=  0   im p lie s  w h e th e r th e  r o o ts  a r e r e a l o r im a g in a r y .
B y a n a ly s in g  th e  e x p r e s s io n   b ² –  4 a c ,  c a lle d   th e
d is c r i m in a n t D , w e g e t a n  id e a  a b o u t th e  n a tu r e  o f
r o o ts .
C o n s id e r th e  q u a d r a tic e q u a tio n  a x ² +  b x +  c =  0
w h e r e  a , b , c   R  a n d  a  0  th e n

(i) D  > 0    r o o t s   a r e r e a l a n d  d i s ti n c t
( u n e q u a l) .

(ii) D  = 0    r o o ts   a r e r e a l a n d  c o in c id e n t
( e q u a l).

(iii) D  < 0    r o o ts   a r e im a g in a r y . I f   p + i q   is
o n e  r o o t o f a   q u a d r a tic e q u a tio n  w ith r e a l
c o e f f ic ie n ts ,  th e n   th e  o th e r m u s t b e its
c o n ju g a te   p – i q  a n d v ic e  v e r s a  . ( p , q   R   &

i =   1 ) .

D if f e r e n c e  b e tw e e n  R o o t a n d
S o lu tio n :

A  r o o t o f a  p o ly n o m ia l e q u a tio n  m a y b e  r e a l o r
im a g in a r y w h ile a  s o lu tio n  h a s to b e  re a l. A q u a d ra tic
e q u a tio n  h a v in g  tw o d is tin c t r e a l r o o ts  is  s a id to
h a v e  tw o s o lu tio n s . I f it h a s tw o  e q u a l re a l ro o ts  th e n
it h a s o n e  s o lu tio n . If it h a s tw o  im a g in a r y  r o o ts  th e n
w e s a y  th a t th e  e q u a tio n  h a s n o  s o lu tio n .

B y c o m p l e x  n u m b e r s , w e
m e a n  n u m b e r s  w h ic h  c a n  b e

w ritte n  in  th e fo r m a  + i b w h e r e  a , b  a re  r e a l n u m b e r s
a n d  i =   1 . T h is  in c lu d e s b o th  r e a l a n d  im a g in a r y
n u m b e r s . H e n c e  b y  s a y in g  th a t a  q u a d r a tic e q u a tio n
h a s c o m p le x  r o o ts , it d o e s n o t im p ly  th a t th e  r o o ts
a r e  im a g in a r y .

Factorization
If th e  e q u a tio n a x 2 +  b x  + c  = 0  h a s re a l r o o ts   a n d
, th e n  w e  h a v e  th e  f a c to r iz a tio n

a x 2 +  b x  + c  = a ( x  –  )  ( x –  ) . ...(i)

T h u s th e  q u a d r a tic p o ly n o m ia l a x 2 +  b x  + c  c a n  b e
w ritte n  a s a  p ro d u c t o f lin e a r fa c to rs , e a c h  lin e a r fa c to r
h a v in g  o n ly  r e a l c o e f fic ie n ts . If th e  g iv e n  e q u a tio n
h a s n o  r e a l r o o ts , th e n  a  f a c to r iz a tio n  o f th e  f o r m  ( i)
w ith   a n d   re a l is im p o s s ib le . N e v e rth e le s s , w e c a n
fin d  a  f a c to r iz a tio n  o f th e  f o r m  ( i) w ith im a g in a r y  
a n d  . If th e  q u a d r a tic e x p re s s io n  a x 2 +  b x  + c  is  s u c h
th a t it h a s  n o  f a c to r iz a tio n  o f th e  f o r m  ( i) w ith r e a l 
a n d  , th e n  w e  s a y th e  p o ly n o m ia l a x 2 +  b x  + c  is
irre d u c ib le  o v e r R .



2.16 C o m p r e h e n s iv e  A lg e b r a

S in c e  th e  g iv e n  e q u a tio n  h a s r e a l r o o ts  if  a n d  o n ly  if
th e  d is c rim in a n t is n o n - n e g a tiv e , w e c o n c lu d e  th a t
a x 2 +  b x  + c  is  ir r e d u c ib le  o v e r R  is  a n d  o n ly  if th e
d is c rim in a n t D  = b 2 –  4 a c  is  n e g a tiv e . A  q u a d r a tic
e x p r e s s io n  w ill b e  a  p e r f e c t s q u a r e  o f a  lin e a r
e x p r e s s io n  if th e  d is c rim in a n t o f its c o r r e s p o n d in g
e q u a tio n  is  z e r o .

1. I f  D 1 a n d  D 2 a r e  d is c rim in a n t o f tw o  q u a d r a tic
e q u a tio n s a n d  D 1 +  D 2  0  th e n  a tle a s t o n e  o f
D 1 &  D 2 0
 A tle a s t o n e  o f th e  e q u a tio n s h a s r e a l r o o ts .

2. D 1 +  D 2 <  0
 A t le a s t o n e  o f D 1 a n d  D 2 <  0 .
 A t le a s t o n e  o f th e  e q u a tio n s h a s im a g in a r y
r o o t.

3. I f  D 1 is th e  d is c rim in a n t o f th e  e q u a tio n
a 1 x

2 +  b 1 x  +  c 1 =  0  a n d  D 2 is o f a 2 x
2 +  b 2 x  +  c 2 =  0

a n d ( a 1 x 2 +  b 1 x  + c 1 ) (a 2 x 2 +  b 2 x  c 2 )  = 0    ...(1 )
(i) D 1  D 2 <  0

 D 1 >  0 &  D 2 <  0 o r D 1 <  0 &  D 2 >  0
T h e n  e q u a tio n  ( 1 ) h a s tw o  r e a l r o o ts .

(ii) D 1 D 2 >  0
Case I : D 1 >  0  & D 2 >  0
T h e n  e q u a tio n  ( 1 ) h a s f o u r r e a l r o o ts .
Case II : D 1 <  0  & D 2 <  0
T h e n  e q u a tio n  ( 1 ) h a s n o  r e a l r o o ts .

( iii) D 1  D 2 =  0
Case I : D 1 >  0 &  D 2 =  0 o r D 1 =  0 &  D 2 >  0
T h e n  e q u a tio n  ( 1 ) h a s tw o  e q u a l r e a l r o o ts
&  tw o d is tin c t r o o ts .
Case II : D 1 <  0 &  D 2 =  0 o r D 1 =  0 &  D 2 <  0
T h e n  e q u a tio n  ( 1 ) h a s  tw o e q u a l r e a l ro o ts .
Case III : D 1 =  0 &  D 2 =  0
T h e n  e q u a tio n  ( 1 ) h a s tw o  r e a l r o o ts  e a c h
r e p e a te d  tw ic e .

4. I f  s u m  o f th e  c o e f f ic ie n ts  o f  e q u a tio n  a x 2 +  b x  +
c  = 0  v a n is h e s i.e . a +  b +  c =  0 , th e n  x  = 1  is  a
r o o t o f th e  e q u a tio n . S im ila rly if  4 a  + 4 b  + c  =

0  th e n  x  = 2  is  a r o o t o f th e  e q u a tio n  a x 2 +  b x  +
c  = 0 .

ä Example 1. If th e  e q u a tio n  x 2 +  2 (k +  2 )x +  9 k  = 0
h a s e q u a l r o o ts , fin d  k .

ä Solution T h e  c o n d itio n  f o r e q u a l r o o ts  g iv e s
( k +  2 ) 2 =  9 k ,
k 2 –  5 k  + 4  = 0 ,
( k –  4 ) ( k –  1 ) =  0 ;
k  = 4  o r 1 .

ä Example 2. F in d  a ll  v a lu e s o f th e  p a r a m e te r a
f o r  w h ic h  th e  q u a d r a tic e q u a tio n

( a + 1 )  x 2 +  2 ( a +  1 )  x +  a –  2  = 0 ) h a s
( a )   t w o  d i s tin c t r o o ts , ( b )   n o  r e a l r o o ts ,
( c )   t w o  e q u a l r o o ts .

ä Solution F o r th e  q u a d r a tic e q u a t io n   a   – 1
a n d  th e d is c rim in a n t D  = 4  ( a  + 1 ) 2 –  4 ( a  + 1 ) ( a –  2 )

=  4 ( a +  1 )  ( a +  1 –  a  + 2 ) =  1 2 ( a  + 1 ) .
I f  a >  – 1 , th e n  D >  0 a n d  th is  e q u a tio n  h a s tw o
d is tin c t r o o ts .
I f  a <  – 1  th e n  D <  0 , a n d  th is  e q u a tio n  h a s n o  r e a l
r o o ts .
T h is e q u a tio n  c a n n o t h a v e  tw o e q u a l r o o ts  s in c e
D  = 0  o n ly  f o r a  = – 1 , a n d  th is  is  n o t a c c e p ta b le .

ä Example 3. I f  t h e  e q u a tio n  a x 2 +  2 b x  + c  = 0
h a s r e a l r o o ts , a , b , c  b e in g  r e a l n u m b e r s  a n d  if  m
a n d  n  a r e  r e a l n u m b e r s  s u c h  th a t m 2 >  n >  0 th e n
p r o v e  th a t th e  e q u a tio n  a x 2 +  2 m b x  + n c  = 0  h a s
r e a l r o o ts .

ä Solution S in c e  r o o ts  o f  th e  e q u a tio n
a x 2 +  2 b x  + c  = 0  a r e  r e a l

 ( 2 b ) 2 –  4 a c   0
 b 2 –  a c   0 ...( 1 )
a n d  d is c r i m i n a n t o f a x 2 +  2 m b x  + n c  = 0
is D  = ( 2 m b ) 2 –  4 a n c

D  = 4 m 2 b 2 –  4 a n c ...( 2 )
f r o m  ( 1 ) b 2  a c ...( 3 )
a n d  g iv e n m 2 >  n ...( 4 )
 b 2 m 2  a n c
 4 b 2 m 2 –  4  a n c   0
 D   0 { f r o m  ( 2 ) }
H e n c e  r o o ts  o f  e q u a tio n  a x 2 +  2 m b x  + n c  = 0  a r e
r e a l.
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ä Example 4. S h o w th a t th e  e x p re s s io n  x 2 +  2 (a +  b  +
c ) x  +  3 (b c  + c a  + a b ) w ill b e  a  p e rfe c t s q u a re  if a =  b  =  c .
ä Solution G iv e n  q u a d r a tic e x p r e s s io n  w ill b e  a
p e rf e c t s q u a re  if th e  d is c rim in a n t o f its c o r re s p o n d in g
e q u a tio n  is  z e r o .
i.e . 4 ( a  + b  + c ) 2 –  4 .3  ( b c  + c a  + a b ) =  0
o r ( a +  b +  c ) 2 –  3  ( b c  + c a  + a b ) =  0

o r
1

2
( ( a –  b ) 2 +  ( b  –  c ) 2 +  ( c  –  a ) 2 )  = 0

w h ic h  is  p o s s ib le  o n ly  w h e n  a  = b  = c .

ä Example 5. I f  p , q , r, s   R  a n d   &   a r e  th e
r o o ts  o f   x 2 +  p x  + q  = 0  a n d  4 ,  4 a r e  th e  r o o ts  o f
x 2 –  rx  + s  = 0 , th e n  th e  e q u a tio n   x 2 –  4 q x  + 2 q 2 –  r =  0
h a s tw o  r e a l r o o ts .
ä Solution  +   =  – p  ;  =  q  ;  4 +  4 =  r ; 4 4

=  s
N o w D  = 1 6  q 2 –  4  ( 2  q 2 –  r )

=   8 q 2 +  4 r   =  2 ( 4 q 2 +  r )
=   2 [  2  2   2 +  4 +   4  ]
=   2 [  (2 +   2 ) 2 +  2  2  2 ]
=   2 [ {  +  ) 2 –  2  } 2 +  2  2  2  ]
=   2 ( p 2 –  2  q ) 2 +  2 q 2  ]  >  0

H e n c e  th e  e q u a tio n   x 2 –  4 q x  + 2 q 2 –  r =  0  h a s  tw o
r e a l r o o ts .

ä Example 6. If a , b , c   R  a n d  x 2 +  b x  +  c =  0 h a s n o
r e a l r o o ts . P r o v e  th a t e q u a tio n

x 2 +  b x  + c ( x  + a ) ( 2 x  + b ) =  0 h a s r e a l r o o ts  f o r
e v e ry  a .
ä Solution T h e  s e c o n d  e q u a tio n  is

( 1 +  2 c ) x 2 +  [ b  + c ( b  + 2 a ) ] x +  a b c  = 0
w h o s e  d is c rim in a n t D  = [b +  c (b +  2 a )] 2 –  4 a b c  (1  +  2 c )
A r r a n g in g  D a s a  q u a d r a tic in a ,

D  = 4 a 2 c 2 -  4 a b c 2 +  b 2 ( c +  1 ) 2 ...(1 )
N o w  r o o ts  o f th e  s e c o n d  e q u a tio n  w ill b e  r e a l f o r  a ll
a  if th e  la s t e x p r e s s io n  is  n o n - n e g a tiv e  f o r a ll a . T h e
n e c e s s a r y a n d  s u f fic ie n t c o n d itio n  f o r th is is th a t th e
d is c r im in a n t D * o f th e  la s t e x p r e s s io n  is  n o n -p o s itiv e .

I n d e e d  D *  = 1 6 b 2 c 4 –  1 6 b 2 c 2 ( c +  1 ) 2

=  1 6 b 2 c 2 ( c 2 –  ( c  + 1 ) 2 )  = 1 6 b 2 c 2 ( – 2 c  –  1 ) ...( 2 )
N o w  th e  o r ig in a l e q u a tio n  h a s n o  r e a l r o o ts
 b 2 –  4 c  < 0   c  > 0   T h e  e x p re s s io n  in  ( 2 ) is   0
 T h e  e x p r e s s io n  ( 1 ) is p o s itiv e  f o r a ll a .

P ra c tic e  P ro b le m s

1. F in d  th e  v a lu e s o f a  f o r w h ic h  th e  r o o ts  o f th e
e q u a tio n  ( 2 a  –  5 ) x 2 –  2  (a  –  1 ) x  + 3  = 0  a re  e q u a l.

2. F in d  th e  v a lu e s o f a  f o r w h ic h  th e  e q u a tio n
a 2 x 2 +  2 ( a +  1 ) x +  4 =  0 h a s c o in c id e n t r o o ts .

3. If a +  b +  c =  0  a n d  a , b , c a re  r e a l, th e n  p ro v e th a t
e q u a tio n  ( b  –  x ) 2 –  4 ( a  –  x ) ( c –  x ) =  0 h a s r e a l
r o o ts  a n d  th e  r o o ts  w ill n o t b e  e q u a l u n le s s  a =
b  =  c .

4. F o r e a c h  o f th e  f o llo w in g  e q u a tio n s fin d  th e  s e t
o f v a lu e s o f a  fo r w h ic h  th e e q u a tio n  h a s re a l ro o ts .
(a ) a x 2 +  9 x  –  1  = 0
(b ) 2 x 2 +  4 x  + a  = 0
(c ) x 2 +  ( a  + 2 ) x  + a  = 0

5. I f  a   b , p r o v e  th a t th e  r o o ts  o f  2 ( a 2 +  b 2 )  x 2 +
2  (a  + b ) x  + 1  = 0  a r e  im a g in a r y .

6. If th e  ro o ts  o f th e  e q u a tio n  x 2 –  2 c x  + a b  = 0  a r e
r e a l a n d  u n e q u a l, p r o v e  th a t th e  r o o ts  o f  x 2 –  2
( a +  b )  x +  a 2 +  b 2 +  2 c 2 =  0 w ill b e  im a g in a r y .

7. P r o v e  th a t th e  e q u a tio n  ( b x  + c ) 2 –  a 2 x 4 =  0 h a s
a tle a s t tw o  re a l ro o ts  f o r a ll re a l v a lu e s o f a , b , c .

8. If th e  e q u a tio n  x 2 –  2 p x  + q  = 0  h a s tw o  e q u a l
r o o ts , th e n  p r o v e  th a t th e  e q u a tio n
( 1 +  y ) x 2 –  2 ( p  + y ) x  + ( q +  y )  = 0  w ill h a v e  its
r o o ts  r e a l a n d  d is tin c t o n ly  w h e n  y  is  n e g a tiv e
a n d  p  is  n o t u n ity .

9. F in d  th e  n a tu r e  o f r o o ts  o f  ( b –  x ) 2 –  4  ( a  –  x )
(c –  x ) =  0 w h e r e  a , b , c  a re  d is tin c t re a l n u m b e r s .

10. S u p p o s e  p  a n d  q  a r e  r e a l n u m b e r s  w h ic h  d o  n o t
ta k e  s im u lta n e o u s ly th e  v a lu e s p  = 0 , q  = 1 .
S u p p o s e  th e  e q u a tio n  (1  –  q  + p 2 /2 ) x 2 +  p (1 +  q )
x  + q (q  –  1 ) +  p 2 /2 =  0  h a s  tw o e q u a l ro o ts . P r o v e
th a t p 2 =  4 q .

11. If th e  r o o ts  o f th e  e q u a tio n  x 2 +  b x  + c  = 0  a r e
r e a l, s h o w th a t th e  r o o ts  o f th e  e q u a tio n
x 2 +  b x  + c ( x  + a ) ( 2 x  + b ) =  0
a r e  a g a in  r e a l f o r  e v e r y  r e a l n u m b e r a .

12. S h o w th a t th e  e q u a tio n  e s in x  –  e – s in x  –  4  = 0  h a s
n o  r e a l r o o t.
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2.9 RATIO N A L RO O TS

C o n s id e r th e  q u a d r a tic e q u a tio n  a x ² +  b x  + c  = 0
w h e r e  a   0  th e n  ;

(i) If  –  
a

b
Q , 

a

c
Q  a n d   D =  b 2 –  4 a c  is  a p e rf e c t

s q u a r e  o f a  r a tio n a l n u m b e r  th e n  b o th  ro o ts  a r e
r a tio n a l.

(ii) If  –  
a

b
Q , 

a

c
Q  a n d   D =  b 2 –  4 a c  > 0  is   n o t

a  p e r f e c t s q u a re  o f a  r a tio n a l n u m b e r th e n  b o th
r o o ts  a r e irra tio n a l.

I f    p + q is o n e  r o o t in th is c a s e , ( w h e r e  p

a n d  q  a r e  r a tio n a l )  t h e n  th e  o th e r r o o t m u s t

b e  its c o n ju g a te    i.e .  p – q a n d  v ic e - v e r s a .

(iii) I f   –  
a

b
I , 

a

c
I  a n d   2

2

a4

a c4b 
is a  p e r f e c t

s q u a r e  o f a n  in te g e r, th e n  b o th  th e  r o o ts  a r e
in te g e r s . I n p a r tic u la r w h e n  a  = 1 , b , c  I  a n d
b 2 –  4 a c  is  a p e r f e c t s q u a r e  th e n  b o th  r o o ts  a r e
in te g e r s .

P r o o f :
L e t th e  e q u a tio n  a x 2 +  b x  + c  = 0  h a v e  tw o in te g r a l
r o o ts , s a y   a n d  .

S in c e ,  I ,  +   =  –
a

b
I

=  
a

c
I

A ls o ,  =  
a2

a c4bb 2 

=  






















a

c
.4

a

b

a

b

2

1
2

L e t a s  a s s u m e  
a

b
=  p , 

a

c
=  q , p , q  I .

T h e n  




  q4pp

2

1
, 2

F o r in te g r a l r o o ts , p 2 –  4 q  m u s t b e  a  p e r f e c t s q u a r e .

q4p 2  is e v e n  o r o d d  d e p e n d in g  o n  p  b e in g

e v e n  o r o d d . I n b o th  s itu a tio n s  ,  c o m e  o u t to b e

in te g e r s  s in c e  q4pp 2  is a lw a y s e v e n .

H e n c e  if  –  
a

b
I , 

a

c
I  a n d   2

2

a4

a c4b 
is a  p e r f e c t

s q u a r e  o f a n  in te g e r, th e n  b o th  th e  r o o ts  a r e in te g e r s .
I n th e  s p e c ia l c a s e  w h e n  a =  1 , b , c  I  a n d  b 2 –  4 a c  is
a  p e r f e c t s q u a r e  th e n  b o th  r o o ts  a r e in te g e r s .

I t  s h o u ld  b e  r e m a r k e d  th a t
b o th  r o o ts  a r e r a tio n a l o r b o th

irra tio n a l, if th e  c o e f fic ie n ts  a r e r a tio n a l, a n d  th a t
b o th  r o o ts  a r e r e a l o r b o th  im a g in a r y , if th e  c o e ffi-
c ie n ts  a r e r e a l. I f th e  c o e f fic ie n ts  a r e r e a l, th e n  a  r a -
tio n a l r o o t a n d  a n  ir r a tio n a l r o o t m a y  o c c u r to g e th e r
a n d  if th e  c o e f fic ie n ts  a r e c o m p le x , th e n  a  r e a l r o o t
a n d  a n  im a g in a r y  r o o t m a y  o c c u r to g e th e r.

ä Example 1. S h o w th a t th e  r o o ts  o f th e  e q u a tio n
x 2 –  2 p x  + p 2 –  q 2 +  2 q r –  r 2 =  0 a r e  r a tio n a l, w h e r e
p , q , r  a r e r a tio n a l n u m b e r s .
ä Solution T h e  r o o ts  w ill b e  r a tio n a l p r o v id e d  th e
c o e f fic ie n ts  a r e r a tio n a l ( w h ic h  is  o b v io u s )  a n d

D = (– 2 p ) 2 –  4 (p 2 –  q 2 +  2 q r –  r 2 ) = 4 (q 2 –  2 q r +  r 2 )
=  4 ( q –  r ) 2       is a  p e r f e c t s q u a r e  o f a  r a tio n a l n u m b e r.
H e n c e  th e  r o o ts  a r e r a tio n a l.

ä Example 2. F o r m  a q u a d r a tic e q u a tio n  w ith
r a tio n a l c o e f fic ie n ts  if  o n e  o f its r o o t is c o t2 1 8 ° .

ä Solution c o t2 1 8 ° =  1 c o s 3 6

1 c o s 3 6

+ ∞
- ∞

=  

5 1
1

4
5 1

1
4

++

+-

=  
( ) ( )
( ) ( )
5 5 3 5

3 5 3 5

+ +

- +

=  
2 0 5 5 3 5

9 5

+ +
-

=  
2 0 8 5

4

+
=  5 2 5+
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H e n c e   if  =  525  th e n  =  525 
  +   =  1 0 ;  =  2 5  –  2 0  = 5
 T h e  q u a d r a tic e q u a tio n  is   x 2 –  1 0 x  + 5  = 0  .

ä Example 3. I f   b o th  th e  r o o ts  o f th e  q u a d r a tic

e q u a tio n  x 2 –  ( 2 n  + 1 8 ) x  –  n  –  1 1  = 0 , n   I , a r e

r a tio n a l, th e n  f in d  th e  v a lu e ( s )  o f  n .

ä Solution H e r e th e  c o e ff ic ie n ts  a re in te g e rs , h e n c e

r a tio n a l.

N o w  th e  d is c rim in a n t o f g iv e n  e q u a tio n  m u s t b e  a

p e r f e c t s q u a r e  o f a  r a tio n a l n u m b e r.

i.e . 4 [ ( n +  9 ) 2 +  n +  1 1 ] m u s t b e  p e r f e c t s q u a r e

 n 2 +  1 9 n  + 9 2  m u s t b e  p e r f e c t s q u a r e  o f a

w h o le  n u m b e r s in c e  n   I

 n 2 +  1 9 n  + 9 2  = m 2  w h e r e  m   W

 n  =  
2

7m41 9 2 

 4 m 2 –  7  is  a p e r f e c t s q u a r e  o f a  w h o le  n u m b e r
 4 m 2 –  7  = p 2 w h e r e  p   W
 4 m 2 –  p 2 =  7
 ( 2 m  + p ) (2 m  – p ) =  7
 e ith e r 2 m +  p =  ± 1 , 2 m  – p  = ±  7

o r 2 m +  p =  ± 7 , 2 m  – p  = ±  1
B u t m , p   W
e ith e r 2 m +  p =  1 , 2 m  – p  = 7

o r 2 m +  p =  7 , 2 m  – p  = 1
2 p  = – 6  ( n o t a c c e p ta b le  a s  p   W )

2 p  = 6 , 2 m =  4
 m  = 2
 n 2 +  1 9 n  + 9 2  = 4
 ( n +  8 )  ( n +  1 1 ) =  0   n  = – 8  o r – 1 1

ä Example 4. F in d  a  I  s o th a t b o th  th e  r o o ts  o f th e
e q u a tio n  a x 2 +  ( 3 a  + 1 ) x  –  5  = 0  a r e  in te g e r s .
ä Solution W e  w r ite th e  e q u a tio n  a s

0
a

5
x

a

1
3x 2 






  .

3  +  
a

1
I  w h e n  a  =   1 .

a
5

I  w h e n  a  =  1 , 5 .

W e try a  =  1  to  c h e c k  w h e th e r D  is  a p e r f e c t s q u a r e
o r n o t. W ith a  = 1 , D  is  a p e r f e c t s q u a r e . H e n c e  th e
v a lu e  o f a  is  1 .

ä Example 5. F in d  a , if a x 2 –  4 x  + 9  = 0  h a s  in te g ra l

r o o ts .

ä Solution L e t a =  
b

1
, s o  th a t th e  g iv e n  e q u a tio n

b e c o m e s x 2 –  4 b x  + 9 b  = 0 .
T h is e q u a tio n  h a s in te g r a l r o o ts  if  b is a n  in te g e r a n d
1 6 b 2 –  3 6 b  is  a p e r f e c t s q u a r e

L e t b ( 4 b  –  9 ) =  k 2  4 b 2 –  9 b  –  k 2 =  0


1 6

8 1
k

4

9
b2 2

2







   ( 8 b  –  9 ) 2 –  1 6 k 2 =

8 1
 ( 8 b  –  9  –  4 k ) ( 8 b  –  9  + 4 k ) =  8 1  = 3  × 2 7 .

S in c e  b  a n d  k  a r e  in te g e r s , 8 b  –  9  –  4 k  = 3
a n d  8 b  –  9  + 4 k  = 2 7

 1 6 b  –  1 8   3 0   b  = 3   a  =  
3

1
.

F o r a n y  o th e r f a c to r iz a tio n  o f 8 1 , b  w ill n o t b e  a n
in te g e r.

ä Example 6. F in d  a ll th e  in te g r a l v a lu e s o f a  f o r
w h ic h  th e  q u a d r a tic e x p r e s s io n  ( x  –  a ) ( x –  1 0 ) +  1
c a n b e  fa c to re d a s a  p ro d u c t o f tw o  fa c to rs (x +  ) (x  +  )
w h e r e   I .
äSolution W e  h a v e   (x  –  a ) (x –  1 0 ) +  1 =  (x  +  ) (x +  )

P u ttin g  x  = –   o n  b o th  s id e s , w e  o b ta in
( –  –  a ) ( –  –  1 0 ) +  1 =  0
( +  a )  ( +  1 0 ) =  – 1
 +  a a n d   +  1 0  a r e  in te g e r s
( s in c e  a ,  I )

 +  a =  – 1  a n d   +  1 0  = 1
o r +  a =  1 a n d   +  1 0  = – 1
(i) If  +  1 0  = – 1 th e n  =  – 9  a n d  a  = 8  . S im ila rly   =  – 9
H e re ( x –  8 ) ( x –  1 0 ) +  1 =  ( x  –  9 ) 2

( ii) If a +  1 0  = – 1 th e n  =  – 1 1  a n d  a  = 1 2 . S im ila rly   =  1 2
H e re ( x –  1 2 ) ( x –  1 0 ) +  1 =  ( x  –  1 1 ) 2 .
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ä Example 7. I f  a   1 , –  2  a n d  a  Q , s h o w th a t th e
r o o ts  o f  th e  e q u a tio n  ( a 2 +  a –  2 ) x 2 +  ( 2 a 2 +  a –  3 ) x  +
a 2 –  1  = 0  a r e  r a tio n a l .
ä Solution N o tic e  th a t x  = –  1  s a tis f ie s th is e q u a tio n
s in c e

( a 2 +  a –  2 ) ( – 1 ) 2 +  ( 2 a 2 +  a –  3 ) ( – 1 ) +  a 2 –  1  = 0 .

U s in g  p r o d u c t o f r o o ts , th e  o th e r r o o t is  
2

2

1 a

a a 2

-
+ -

w h ic h  is  a r a tio n a l n u m b e r s in c e  a  Q .
H e n c e  b o th  th e  r o o ts  a r e r a tio n a l.

P ra c tic e  P ro b le m s

1. F in d  a ll in te g ra l v a lu e s o f m  fo r w h ic h  th e  r o o ts
o f th e  e q u a tio n  m x 2 +  (2 m –  1 ) x  + m  – 2  = 0  a r e
r a tio n a l.

2. I f  a , b , c   Q  &  a  + c   b , th e n p r o v e  th a t th e
r o o ts  o f  th e  q u a d r a tic e q u a tio n

( a +  c   b ) x 2 +  2 c x  + ( b +  c   a ) =  0 a r e
r a tio n a l.

3. I f  a , b c  a r e  r a tio n a l n u m b e r s , s h o w th a t th e
r o o ts  o f th e  e q u a tio n
a 2 ( b 2 –  c 2 ) x 2 +  b 2 (c 2 –  a 2 ) x +  c 2 ( a 2 –  b 2 )  = 0  a r e
r a tio n a l.

4. P r o v e  th a t th e  r o o ts  o f th e  q u a d r a tic e q u a tio n
a b c 2 x 2 +  3 a 2 c x +  b 2 c x –  6 a 2 –  a b  + 2 b 2 =  0 (a , b , c   Q )
a r e  r a tio n a l

5. F o r w h a t in te g r a l v a lu e s o f ‘ a ’ th e  e q u a tio n
x 2 –  x ( 1  –  a ) –  ( a  + 2 ) =  0 h a s in te g r a l r o o ts .

6. F in d  th e  in te g ra l v a lu e s  o f x , fo r w h ic h  x 2 +  7 x  + 1 3
is a  p e r f e c t s q u a r e .

7. S u p p o s e  , a , b a r e  in te g e r s  a n d  b  – 1 . S h o w
th a t if  s a tis fie s  th e  e q u a tio n  x 2 +  a x  +  b  + 1  =
0 , th e n  a 2 +  b 2 is c o m p o s ite .

2.10 CO M M O N  RO O TS O F
Q U A D RATIC EQ U ATIO N S

Two  Common  Roots
L e t u s  f in d  th e  c o n d itio n  th a t th e  e q u a tio n s
a x 2 +  b x  + c  = 0 , a 'x 2 +  b 'x +  c ' = 0  m a y  h a v e  tw o
c o m m o n  r o o ts .

T h e  a b o v e   e q u a tio n s h a v e  b o th  r o o ts  c o m m o n  if
th e y  a r e  id e n tic a l. T h e y  a r e  id e n tic a l if a n d  o n ly  if
th e  c o e f fic ie n t o f s im ila r  p o w e r s  o f  x in th e  tw o
e q u a tio n s a r e  p r o p o r tio n a l.
T h u s , a x 2 +  b x  + c  = 0  a n d   a 'x 2 +  b 'x +  c ' = 0  h a v e  b o th

r o o ts  c o m m o n  if  
a b c

a ' b ' c '
= =

If it is k n o w n  th a t a n  im a g i-
n a r y  r o o t is c o m m o n  in  th e

a b o v e e q u a tio n s (w h e r e th e  c o e f fic ie n ts  a r e re a l) th e n
th e  o th e r r o o t b e in g  its c o n ju g a te  m u s t a ls o  b e  c o m -
m o n .
S im ila rly if it is k n o w n  th a t a n  ir r a tio n a l ro o t is
c o m m o n  i n  t h e  a b o v e  e q u a t i o n s ( w h e r e t h e
c o e f fic ie n ts  a r e ra tio n a l)  th e n  th e  o th e r ro o t b e in g  its
c o n ju g a te  m u s t a ls o  b e  c o m m o n .
I n th e s e  c a s e s th e  c o n d itio n  f o r b o th  c o m m o n  r o o ts
m u s t b e  a p p lie d .

Atleast one  Common  Root
T o  fin d  th e  c o n d itio n  th a t th e  e q u a tio n s
a x 2 +  b x  + c  = 0 , a 'x 2 +  b 'x +  c ' = 0  m a y  h a v e  a tle a s t
o n e  c o m m o n  r o o t.
S u p p o s e  th e s e  e q u a tio n s a r e  b o th  s a tis tie d  b y  x  =   ;
th e n

a 2 +  b  +  c =  0 ,
a '2 +  b ' +  c ' = 0  ;

 b y  c r o s s  m u ltip lic a tio n

b'a'a b

1

a'c'c a)c'b'c a(

2











T o  e lim in a te   s q u a r e  th e  s e c o n d  o f th e s e  e q u a l ra tio s
a n d  e q u a te  it to th e  p r o d u c t o f th e  o th e r tw o ; th u s

b'a'a b

1
.

)c'b'b c()a'c'c a(

2

2

2








;

 ( c a ' –  c 'a ) 2 =  ( b c ' – b 'c ) ( a b ' –  a 'b ) ,
w h ic h  is  th e  c o n d itio n  r e q u ir e d .
A ls o n o te  th a t th e  c o m m o n  r o o t is

 =  
c a c a

a b a b

b c b c

a c a c

  
  


  

  
.

T h e  a b o v e  c o n d itio n  is  a ls o
s a tis fie d  if th e  c o e f fic ie n ts  o f

th e  tw o e q u a tio n s a r e  p r o p o r tio n a l. H e n c e  th is  c o n -
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d itio n  in c lu d e s th e  s itu a tio n  o f tw o  c o m m o n  r o o ts .
B y a p p ly in g  th is  c o n d itio n  w e  g e t a tle a s t o n e  r o o t
c o m m o n .

1. W e c a n  p r o v e  th a t th is is a ls o th e  c o n d itio n
th a t th e  tw o q u a d r a tic f u n c tio n s a x 2 +  b x y  +
c y 2 a n d  a 'x 2 +  b 'x y  + c 'y 2 m a y  h a v e  a  c o m m o n
lin e a r f a c to r.

2. I f  f ( x )  = 0  & g ( x ) =  0  a r e tw o  p o ly n o m ia l
e q u a tio n s h a v in g  s o m e  c o m m o n  r o o t( s )  th e n
th o s e  c o m m o n  r o o t( s )  is /a r e  a ls o th e  r o o t( s )  o f
h ( x ) =  a f ( x )  + b  g  ( x ) =  0 , b u t n o t a ll ro o ts  o f
h ( x ) a r e  n e c e s s a rily c o m m o n  r o o ts .

3. T o  f i n d  t h e c o m m o n  r o o t b e t w e e n  t h e
e q u a tio n s a x 2 +  b x  + c  = 0 , a 'x 2 +  b 'x +  c ' = 0
m a k e th e  c o e f fic ie n t o f x 2  s a m e b y  m u ltip ly in g
th e  e q u a tio n s b y  a ' a n d  a  r e s p e c tiv e ly  a n d
s u b s tra c t th e  r e s u ltin g  e q u a tio n s .

ä Example 1. If a , b , c  R  a n d  e q u a tio n s a x 2 +  b x  + c  =  0
a n d  x 2 +  2 x  +  5 =  0 h a v e  a  c o m m o n  ro o t,
s h o w th a t a  : b  : c  = 1  : 2  : 5 .
ä Solution G iv e n  e q u a tio n s a r e  : x 2 +  2 x  + 5
=  0 .... (i)
a n d  a x 2 +  b x  + c  = 0 .... ( ii)
C le a r ly r o o ts  o f  e q u a tio n  ( i) a r e im a g in a r y . S in c e
e q u a tio n s ( i )  a n d  ( i i )  h a v e  a  c o m m o n  r o o t, th e
c o m m o n  r o o t m u s t b e  im a g in a r y  a n d  h e n c e  b o th  ro o ts
w ill b e  c o m m o n .
T h r e f o r e e q u a tio n s (i) a n d  ( ii) a r e id e n tic a l

 5
c

2
b

1
a

  a  : b  : c  = 1  : 2  : 5

ä Example 2. I f  e q u a tio n s a x 2 +  b x  +  c =  0  a n d
x 2 + 6 x  +  4  = 0  h a v e  c o m m o n  r o o t, s h o w th a t a  : b  : c
=  1  : 6  : 4 .
ä Solution S in c e  r o o ts  o f  x 2 +  6 x  +  4  =  0  a r e
irra tio n a l a n d  e q u a tio n s x 2 +  6 x  + 4  = 0  & a x 2 +  b x  +
c  = 0  h a v e  a  c o m m o n  r o o t, b o th  r o o ts  h a v e  to  b e
c o m m o n . H e n c e  th e e q u a tio n s h a v e  p r o p o r tio n a l
c o e f f ic ie n ts .

 4
c

6
b

1
a

  a  : b  : c  = 1  : 6  : 4

ä Example 3. F in d  th e  v a lu e  o f p  if  t h e  e q u a tio n
3 x 2 –  2 x  + p  = 0  a n d  6 x 2 –  1 7 x  + 1 2  = 0  h a v e  a
c o m m o n  r o o t.
ä Solution G iv e n  e q u a tio n s a r e

3 x 2 –  2 x  + p  = 0 ...( i)
a n d 6 x 2 –  1 7 x  + 1 2  = 0 ...( ii)
L e t b e  th e  c o m m o n  r o o t, th e n

3 2 –  2  +  p =  0 ...( iii)
a n d 6 2 –  1 7  +  1 2  = 0 ...(iv )

 3 9

1

1 25 1

1

3 6p6p1 72 4

2














( 1 ) ( 2 ) ( 3 )

fro m  ( 1 ) a n d  ( 2 ) ,
3 6p6

2 4p1 7




 ...(A )

f r o m  ( 2 ) a n d  ( 3 )

1 3

1 2p2

3 9

3 6p6 





 ...(B )

fro m  (A ) a n d  ( B ) , 1 3

1 2p2

3 6p6

2 4p1 7 





o r, 1 2 p 2 –  1 4 4 p  + 4 3 2  = –  2 2 1 p  + 3 1 2

o r, 1 2 p 2 +  7 7 p  + 1 2 0  = 0
o r, 4 p ( 3 p  + 8 ) +  1 5 ( 3 p  + 8 ) =  0
o r, ( 4 p  + 1 5 ) ( 3 p  + 8 ) =  0


3

8
,

4

1 5
p  .

ä Example 4. F in d  th e  v a lu e s o f 'k ' s o  th a t th e
e q u a tio n s

x 2 +  k x  + ( k +  2 )  = 0  a n d
x 2 +  ( 1  –  k ) x  + 3  –  k  = 0

h a v e  e x a c tly o n e  c o m m o n  r o o t.
ä Solution U s in g  th e  c o n d itio n  o f c o m m o n  r o o t :

( c a ' –  a c ') 2 =  ( b c ' –  c b ')  ( a b ' –  b a ')
W e h a v e  [ ( k +  2 )  . 1  –  1  . ( 3 –  k ) ] 2 =  [ k ( 3  –  k )
–  ( k +  2 )  ( 1 –  k ) ]  . [ ( 1 –  k ) . 1 –  k  . 1 ]
 ( 2 k  –  1 ) 2 =  2 ( 1 –  2 k ) ( 2 k  –  1 )

 ( 2 k  –  1 ) 2 =  0  k  =  
2

1
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W e d o n o t im m e d ia te ly  p ro d u c e  th e  a n s w e r  a s  k =  
2

1
.

H e r e w e n e e d  to  c h e c k  w h e th e r th is v a lu e  is  a s s o c i-
a te d  w ith e x a c tly o n e  c o m m o n  r o o t o r b o th  c o m m o n
r o o ts .

W e p la c e  th e  v a lu e  o f k  is  th e  g iv e n  e q u a tio n s .

W e g e t  0
2

5
x

x

1
x 2 

0
2

5
x

x

1
x 2 

S in c e  a ll th e  c o e f fic ie n ts  a r e e q u a l w ith k  =  
2

1
, w e

g e t b o th  c o m m o n  r o o ts .
H e n c e , w e d o n o t h a v e  a n y  v a lu e  o f k  f o r w h ic h
e x a c tly o n e  r o o t is c o m m o n .

ä Example 5. If th e  q u a d ra tic e q u a tio n s ,  x 2 +  b x  + c  =

0  a n d   b x 2 +  c x  + 1  = 0   h a v e  a  c o m m o n  r o o t th e n
p r o v e  th a t e ith e r b  + c  + 1  = 0   o r b 2 +  c 2 +  1 =  b c  + b  +   c .

ä Solution 2 +  b  +  c =   0 ....(1 )
b  2 +  c  +  1 =   0 ....(2 )

 2

2 21

1

b c b c c b







  =   
b c

b c




2

1
o r   =   

b c

c b




1
2

 ( b c  –  1 ) 2 =   ( b  –  c 2 )   ( c –  b 2 )
 b 3 +  c 3 +  1 –  3  b c   = 0
 ( b +  c +  1 )  ( b 2 +  c 2 +  1 –  b c  –  c  – b ) =  0

 b  + c  + 1   = 0  o r b 2 +  c 2 +  1  =  b c  + b  + c

ä Example 6 D e te r m in e  a ll p o s s ib le  v a lu e ( s )  o f
'p '  f o r w h ic h  th e  e q u a t io n   a x 2 –  p x  + a b  = 0   a n d

x 2 –  a x  –  b x  + a b  = 0   m a y  h a v e  a  c o m m o n  r o o t,
g iv e n   a , b   a r e  n o n  z e r o  r e a l n u m b e r s .

ä Solution x 2 –  ( a  + b ) x  + a b   = 0

o r ( x –  a )  ( x –  b )  =  0   x  =  a  o r  b

i f    x  =  a    is  th e r o o t o f o th e r e q u a tio n ,

a 3 –  a p  + a b  =  0        p  =  a 2 +  b

i f x  =  b   i s  t h e  r o o t o f t h e  o t h e r  e q u a t i o n ,

t h e n    a b 2 –  p b  + a b  =  0 ; p  =  a  ( 1  + b )

H e n c e  p  =  a 2 +  b o r a  ( 1  + b )

P ra c tic e  P ro b le m s

1. If th e  e q u a tio n s 3 x 2 +  p x  + 1  = 0  a n d  2 x 2 +  q x  +

1  = 0  h a v e  a  c o m m o n  r o o t, s h o w th a t 2 p 2 +  3 q 2

–  5 p q  + 1  = 0 .

2. P r o v e th a t th e  e q u a tio n s a x 2 +  b x  + c  = 0  a n d

2 x 2 –  3 x  + 4  = 0  c a n n o t h a v e  a  c o m m o n  r o o t

u n le s s  6 a  = –  4 b  = 3 c .

3. P r o v e  th a t th e  e q u a tio n s ( q –  r )  x 2 +  ( r  – p ) x

+  p –  q  = 0  a n d  ( r  – p ) x 2 +  ( p  –  q ) x  + q  –  r =  0

h a v e  a  c o m m o n  r o o t.

4. L e t f(x )  a n d  g ( x ) b e  tw o q u a d r a tic p o ly n o m ia ls

a ll o f  w h o s e  c o e f fic ie n ts  a r e r a tio n a l n u m b e r s .

S u p p o s e  f( x ) a n d  g (x ) h a v e  a  c o m m o n  irr a tio n a l

ro o t, th e n  s h o w th a t g (x )=  r f(x ) fo r  s o m e ra tio n a l

n u m b e r r.

5. If th e  e q u a tio n s x 2 +  a b x  + c  = 0  a n d  x 2 +  a c x  + b  =  0

h a v e  a  c o m m o n  ro o t, p ro v e th a t th e ir o th e r ro o ts

s a tis f y th e  e q u a tio n  x 2 –  a ( b  + c ) x  + a 2 b c  = 0 .

6. If th e  e q u a tio n  x 2 –  p x  + q  = 0  a n d  x 2 –  a x  + b  =

0  h a v e  a c o m m o n  r o o t a n d  th e  o th e r r o o t o f th e

s e c o n d  e q u a tio n  is  th e  r e c ip r o c a l o f th e  f ir s t,

th e n p r o v e  th a t ( q –  b ) 2 –  b q  ( p  –  a ) 2 =  0

7. If th e  e q u a tio n

a 2 ( b 2 –  c 2 )  x 2 +  b 2 ( c 2 –  a 2 )  x +  c 2 ( a 2 –  b 2 )  = 0

h a s e q u a l r o o ts , a n d

4 x 2 s in 2 –  4  s in  . x +  1 =  0 a n d  th e  p re v io u s

e q u a tio n  h a v e  a  c o m m o n  ro o t, fin d  th e  v a lu e  o f .

8. F in d  , s o th a t th e  e q u a tio n  4 x 2 –  8 x  + 3  = 0 ,

x 2 +  x  –  1  = 0  a n d  2 x 2 +  x +  =  0 m a y  h a v e  a

c o m m o n  r o o t f o r  e a c h  p a ir  o f  e q u a tio n s .
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2.11 G RA PH  O F Q U A D RATIC
FU N C TIO N

G r a p h  o f y  = x 2

L e t u s  c o m p ile a  ta b le  o f its v a lu e s :

9410149y

3210123x 

y

x

y=x2
9

4

1

–3 –2–1 0 1 2 3

T h e  g r a p h  o f y  = x 2 is c a lle d  a  p a r a b o la . Its g r a p h s is
s y m m e tric a b o u t th e  y - a x is . T h e  p o in t o f in te rs e c tio n
o f th e  p a r a b o la  w ith its a x is  o f  s y m m e try is c a lle d
th e  v e r te x  o f th e  p a r a b o la . T h e  v e r te x  o f th e  p a ra b o la
y  = x 2 is o r ig in ( 0 , 0 ) .
A ls o n o te  th a t th e  f u n c tio n  y  = x 2 in c r e a s e s o n  th e
in te r v a l (0 , )  a n d  d e c r e a s e s  o n  th e  in te rv a l (– , 0 ) .
L e t u s  c o m p a r e  th e  f u n c tio n  y  = –  x 2 a n d  y  = x 2 . F o r
th e  s a m e  v a lu e  o f x , th e  v a lu e s o f th e s e  f u n c tio n s a r e
e q u a l in m a g n itu d e  b u t o p p o s ite in s ig n .
C o n s e q u e n tly , th e  g r a p h  o f th e  f u n c tio n  y  = – x 2 c a n
b e  o b ta in e d  b y  r e f le c ti o n  o f y  = x 2 a b o u t t h e
x - a x is . T h e  p a r a b o la  y  = x 2  o p e n s u p w a rd s w h ile y  =
– x 2  o p e n s d o w n w a r d .

y = x2

y = –x2

0

y

x

L e t u s  n o w c o m p a r e th e  fu n c tio n s y  = 2 x 2 a n d  y  = x 2 .
F o r th e  s a m e  v a lu e  o f x , th e  f u n c tio n  y  = 2 x 2  is tw ic e

th e  v a lu e  o f th e  f u n c tio n  y  = x 2 . C o n s e q u e n tly , th e
g r a p h  o f y  = 2 x 2  is o b ta in e d  b y  s tre tc h in g  th e  g r a p h
o f y  = x 2 , tw o  tim e s a lo n g  th e  y – a x is .

y = x2

0

y

x
–1 1

y=2x2

2
1

I n g e n e r a l, th e  g r a p h  o f y  = a x 2 f o r  a >  0 c a n  b e
o b ta in e d  b y  s tre tc h in g  th e  p a r a b o la  y  = x 2 a  tim e s
a lo n g  y  a x is  ( m o r e  p r e c is e ly , b y  s tre tc h in g  f o r a  > 1
a n d  b y  c o m p r e s s in g  f o r 0  < a  < 1 ) .
S im ila rly , th e  g ra p h  o f y  = a x 2 fo r a <  0 c a n  b e  o b ta in e d
b y  s tre tc h in g  th e  p a r a b o la  y =  – x 2 , |a | tim e s a lo n g  y -
a x is .

y

x

y = –2x2

y = –x2

N o w  c o m p a r e  th e  fu n c tio n s y  = 2 ( x  –  1 ) 2 a n d  y  = 2 x 2 .
T h e  f u n c tio n  y  2 ( x  –  1 ) 2 ta k e s o n  th e  s a m e  v a lu e  a s
th e  f u n c tio n  y  = 2 x 2 , b u t w ith th e  c o r r e s p o n d in g
v a l u e  o f t h e  a r g u m e n t i n c r e a s e d b y  u n i t y .
C o n s e q u e n tl y , th e  g r a p h  o f th e  f u n c tio n  y  = 2 ( x  –
1 ) 2 c a n  b e  o b t a in e d  b y  s h i f t i n g  th e p a r a b o la  y =
2 x 2 o n e u n it to th e  r ig h t. A s  a  r e s u lt, w e  s h a ll g e t th e
p a r a b o la  y  = 2 ( x  –  1 ) 2 w h o s e  a x is  o f  s y m m e try is
p a r a lle l to th e  y - a x is  a n d  w h o s e  v e r te x  is  ( 1 , 0 ) .

y=2x2

0

y

x1

y = 2(x – 1)2

2y = 2(x + 1)2
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S im ila rly th e  g r a p h  o f y  = 2 ( x  + 1 ) 2 is o b ta in e d  b y
s h iftin g  y  = 2 x 2 o n e  u n it to th e  le f t.
N o w  le t u s d r a w y  = 2 x 2 +  1 . T h e  g r a p h  o f y  = 2 x 2 +  1
is a  p a r a b o la  w ith v e r te x  ( 0 , 1 ) a n d  y - a x is  a s  its a x is
o f s y m m e try . T h is  p a r a b o la  c a n b e  o b ta in e d  b y
s h iftin g  th e  p a r a b o la  y  = 2 x 2 a lo n g  th e  y - a x is  b y  1
u n its u p w a r d .
T o  c o n tr a c t th e  g r a p h  o f y  = 2 x 2 – 4 x  + 3 .
W e r e w r ite th e  f u n c tio n  y  = 2 x 2 –  4 x  + 3  b y  is o la tin g
a  p e r f e c t s q u a r e .

y  = 2  ( x 2 –  2 x  + 1 ) +  1
 y  = 2 ( x  –  1 ) 2 +  1 .
T h e  g r a p h  o f y  = 2  ( x  –  1 ) 2 +  1 is a  p a r a b o la  w ith
v e r te x  ( 1 , 1 ) , w h o s e  a x is  is  a s tr a ig h t lin e  p a s s in g
th r o u g h  its v e r te x  p a r a lle l to th e  y - a x is . A ls o n o te
th a t th e  p a r a b o la  o p e n s u p w a r d  s in c e  a  > 0 .

y = 2(x–1)  + 12

0

y

x
–1 1

3
12

I n g e n e r a l, y  = a x 2 +  b x  + c

 y  =  a . 






 







 

a4

a c4b

a2

b
x

22

 y  = a  
a4

D

a2

b
x

2







 

F r o m th e  a b o v e  c o n s id e re d  p a rtic u la r c a s e s  if fo llo w s
th a t th e  g r a p h  o f y  = a x 2 +  b x  + c  is  a p a r a b o la  w ith

a x is x  = –  
a2

b
a n d  v e rte x  






 

a4

D
,

a2

b
, w h ic h  o p e n s

u p w a r d  if  a >  0 a n d  d o w n w a r d  if  a <  0 .

T h e  g r a p h  o f a  q u a d ra tic f u n c tio n  c a n  b e  c o n s tru c te d
w ith th e  f o llo w in g  te c h n iq u e  :

(i) P l o t t h e  a x i s  x =  
a2

b
 a n d  t h e

v e r te x 





 

a4

D
,

a2

b

(ii) F in d  th e  r e a l r o o ts  o f th e  q u a d r a tic f u n c tio n , if
a n y , a n d  p lo t th e  c o r r e s p o n d in g  p o in ts  o f th e
p a r a b o la  o n  th e  x - a x is .

( iii) M a r k ( 0 , c ) , th e  p o in t o f in te r s e c tio n   o f th e
p a r a b o la  w ith th e  y - a x is .

(iv ) T h e  p a r a b o la  is  d r a w n , w ith m o n th  o p e n in g
u p w a r d s if a >  0 a n d  d o w n w a r d  if  a <  0 .

It is e a s y  to  c h e c k  th a t th e  x
c o - o r d in a te  o f th e  v e r te x  is

2


w h e re  ,  a re  r o o ts  o f th e  q u a d r a tic f u n c tio n .

S o , o n c e  w e  m a r k  th e  r o o ts  ( r e a l)  o n  th e  x - a x is , w e
d r a w th e  a x is  o f th e  p a r a b o la  a s a   v e r tic a l lin e  m id -
w a y  b e tw e e n  th e r o o ts . If th e  ro o ts  a r e  e q u a l, th e  a x is
is d r a w n  th e r e  its e lf .

Extreme Point and Extreme Value of a
Quadratic Function
F o r th e  q u a d r a tic f u n c tio n  P ( x ) =  a x 2 +  b x  + c ,

a. if a >  0 , th e  v e r te x  





 

a4

D
,

a2

b
is c a lle d  th e

m in im u m  p o in t o f th e  g r a p h . T h e  m in im u m v a lu e  o f

th e  f u n c tio n  is  
a4

D

a2

b
f









 

.

b. if a <  0 , th e  v e r te x  





 

a4

D
,

a2

b
is c a lle d  th e

m a x im u m  p o in t o f th e  g r a p h . T h e  m a x im u m  v a lu e

o f th e  f u n c tio n  if  
a4

D

a2

b
f









  .

T h e  f ig u r e  illu s tr a te th e s e  p o in ts .

f ( x )  = a x +  b x  +  c ,
a  > 0

2

0 x

y

is th e  m in im u m p o in t.

(a )

b
2 a

D
4 a

,

b
2 a

D
4 a

,
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f ( x )  = a x +  b x  + c ,
a  < 0

2

0
x

y

is th e  m a x im u m  p o in t.

(b )

b
2 a

D
4 a

,

b
2 a

D
4 a

,

ä Example 1. G iv e  th e  c o o r d in a te s  o f th e  e x tre m e
p o i n t o f t h e  g r a p h  o f e a c h  f u n c t i o n , a n d  t h e
c o r r e s p o n d in g  m a x im u m  o r  m in im u m v a lu e  o f th e
f u n c tio n .
(a ) f ( x )  = 2 x 2 +  4 x  –  1 6
(b ) f ( x )  = – x 2 –  6 x  –  8
ä Solution
(a ) T h e  v e r te x  o f th e  g r a p h  o f th is f u n c tio n  is  ( – 1 ,
1 8 ) . I f  o p e n s u p w a r d  s in c e  a  > 0 , s o th e  v e r te x  ( – 1 , –
1 8 ) is th e  m in im u m p o in t a n d  – 1 8  is  th e  m in im u m
v a lu e  o f th e  f u n c tio n .

(b ) T h e  v e r te x  ( – 3 , 1 ) i s t h e  m a x i m u m  p o in t
a n d  f ( – 3 ) =  1 is th e  m a x im u m  v a lu e  o f th e  f u n c tio n .

End Behaviour of the Graph of a Quadratic
Function

W e k n o w th a t if th e  v a lu e  o f a  is  p o s itiv e  f o r th e
q u a d r a tic f u n c tio n  f ( x )  = a x 2 +  b x  + c , th e  g r a p h
o p e n s u p w a r d , a n d  if  a is n e g a tiv e , th e  g r a p h  o p e n s
d o w n w a r d . T h e  s ig n  o f a  d e t e r m i n e s  th e  e n d
b e h a v io u r o f th e  g r a p h . I f  a >  0 , a s  x a p p r o a c h e s – 
o r  ( w ritin g  x   –  o r x  ) , th e  v a lu e  o f f ( x )
a p p r o a c h e s   ( w r itte n  f( x )  ). T h e o th e r  s itu a tio n s
s im ila r to th is a r e  s u m m a riz e d  b e lo w .

a  > 0
f ( x )  = a x +  b x  +  c .

2

  

f(x )  = a x +  b x  + c .
2

a  < 0

If a >  0 , If a <  0 ,
a s x   – , f (x )  ; a s x   –  , f (x )  ;
a s x  , f ( x ) . a s x  , f ( x ) .

Concavity

U s in g  th e  q u a d r a tic f u n c tio n  g r a p h  a s a  illu s tr a tio n ,
w e s e e  th a t if a >  0 , th e  g r a p h  is  a t a ll tim e s o p e n in g
u p w a r d . I f  w a te r w e r e to b e  p o u r e d  f r o m  a b o v e , th e
g r a p h  w o u ld , in a  s e n s e , " h o ld  w a te r." W e s a y  th a t
th is g r a p h  is  c o n c a v e  u p  f o r a ll v a lu e s in its d o m a in .
O n th e  o th e r h a n d , if a <  0 , th e  g ra p h  o p e n s d o w n w a rd
a t a ll tim e s , a n d  it w o u ld  s im ila rly "  d is p e l w a te r "  if it
w e r e p o u r e d  f r o m  a b o v e . I n th is c a s e , th e  g r a p h  is
c o n c a v e  d o w n  f o r a ll v a lu e s in its d o m a in .

This graph is
concave down.

This graph is
concave up.

f(x) = ax  + bx + c,
a < 0

2 f(x) = ax  + bx + c,
a > 0

2

A  f o r m a l  d i s c u s s i o n  o f c o n c a v i t y
r e q u ir e s  c o n c e p ts  b e y o n d  th e  s c o p e  o f
th is te x t. I t is s tu d ie d  m o r e  r ig o r o u s ly in
c a lc u lu s .

T h e  g r a p h  o f f ( x )  = – x 2 –  6 x  –  8  = – ( x  + 3 ) 2 +  1 is
s h o w n  in  th e  F ig u r e

–6 –4 –2
0 2 4 6

x
(–3,1) 2

–4

–6
–8(–6,–8)

x=–3
–10

(0, –8)
=–(x+3)  + 12

f(x) = –x  – 6x – 82

y
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T h e  p a r a b o la  is  th e  g r a p h  o f y  =  x 2 , tr a n s la te d  3  u n its
to th e  le f t a n d  1  u n it u p w a r d . It o p e n s d o w n w a r d
b e c a u s e  o f th e  n e g a tiv e  s ig n  b e f o r e ( x +  3 ) 2 .  T h e
lin e  x  = – 3  is  its a x is  o f  s y m m e try , s in c e  if it w e r e
f o ld e d  a lo n g  th is  lin e , th e  tw o h a lv e s  w o u ld  c o in c id e .
T h e  v e r te x , ( – 3 , 1 ) , is th e  h ig h e s t p o in t o n  th e  g r a p h .
T h e  d o m a in  is  ( – )  a n d  th e  r a n g e  is  ( – , 1 ] . T h e
f u n c tio n  in c r e a s e s  o n  th e in te r v a l ( – , – 3 ] a n d
d e c r e a s e s o n  [– 3 , ) . S in c e  f ( 0 )  = – 8 , th e  y -in te r c e p t
is – 8  , a n d  s in c e  f( – 4 ) =  f (– 2 ) =  0 , th e  x - in te rc e p ts  a r e
– 4  a n d  – 2 .

ä Example 2. C o n s tru c t th e  g r a p h  o f
( a )  y =  – 2 x 2 –  4 x  + 6 ( b )  y =  2 x 2 –  4 x  –  1

0

y

x
–3 1

8
6

–1–2 2

(a)y

x
1

(b)

–1 –1

–3

0 2 31

ä Solution
(a ) T h e  v e r t e x  i s  ( – 1 , 8 ) u s i n g  t h e  f o r m u l a







 

a4

D
,

a2

b
. T h e a x is  o f  s y m m e try is x  = – 1 . y  = –

2 x 2 –  4 x  + 6  = – 2 ( x  –  1 ) ( x +  3 ) . H e n c e  th e r o o ts  a r e

x  = 1 , – 3 . O b s e r v e  th a t 
2

)3(1 
=  – 1  is  th e  a b s c is s a

o f th e  v e r te x . T h e  g ra p h  h a s  a n  y  in te rc e p t o f 6  u n its .
S in c e  a  = - 2 <  0 , th e  p a r a b o la  is  d r a w n o p e n in g
d o w n w a rd .

( b ) W e  c a n tra n s f o rm y  = 2 x 2 –  4 x  –  1  a s  y =  2 (x –  1 ) 2

–  3 . H e n c e  th e  v e r te x  is  ( 1 , – 3 ) .

T h e  r o o ts  a r e 1  ±  
2

3
.

Graph of f(x) = a(x – h)2  + k
T h e  g r a p h  o f f(x ) = a ( x  –  h ) 2 +

k , a  
(a ) is a  p a r a b o la  w ith v e rte x  ( h , k ) , a n d  th e  v e r tic a l

lin e  x  = h  a s th e  a x is  o f  s y m m e try ;
(b ) o p e n s u p w a r d  if  a >  0 a n d  d o w n w a r d  if  a <  0 ;
(c ) is w id e r th a n  y  = x 2  if 0 <  a a n d  n a r r o w e r

th a n  y  = x 2  if  a 

ä Example 3. C o n s tr u c t th e  g r a p h s o f
(a ) y  = x 2 –  4 x  + 4 (b ) y  = –  x 2  +  2 x  –  2
ä Solution
(a ) T h e  v e r te x  is  ( 2 , 0 ) . N o tic e  th a t th e  g r a p h  w ill
to u c h  th e  x - a x is  a t (2 , 0 )  w h e r e  x  = 2  a p p e a r s  a s  a
r e p e a te d  r o o t. T h e  g r a p h  c u ts  th e  y - a x is  a t (0 , 4 ) .
(b ) T h e  v e r te x  is  ( 1 , – 1 ) . S in c e  th e r e  a r e  n o  r e a l
r o o ts , th e  g r a p h  d o e s n o t in te r s e c t th e  x - a x is . T h e  y
in te r c e p t is – 2 .

y

x
21

4

0

y

x210
–1
–2

Signs of a, b, c and D
C o n s id e r th e  q u a d r a tic f u n c tio n  y  = a x 2  +  b x  + c .

1. T h e  s ig n  o f 'a ' is  a s s o c ia te d  w ith th e  c o n c a v ity
o f th e  p a r a b o la . I f  a >  0 , th e n  th e  p a r a b o la  is
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c o n c a v e  u p  a n d  it is d r a w n  w ith m o u th  o p e n in g
u p w a r d s . I f  a <  0 , th e n  th e  p a r a b o la  is  c o n c a v e
d o w n  a n d  it o p e n s d o w n w a r d .

2. T h e  s ig n  o f b  is  a s s o c ia te d  w ith th e  p o s itio n  o f
th e  a x is  o f th e  p a r a b o la . S in c e  th e  a x is  h a s th e
e q u a tio n

x  = –  
a2

b
, th e  a x is  is  d r a w n to th e  le f t o f  y - a x is

if a &  b a r e  o f s a m e s ig n  a n d  it is d r a w n  to  th e
r ig h t o f th e  y -a x is  if  a &  b a r e  o f o p p o s ite s ig n s .

0

y=–x  + 5x –42
y=x  + 3x +22

2

3
x  2

5
x 

y

x

3. T h e  s ig n  o f c  is  a s s o c ia te d  w ith th e  y - in te r c e p t
o f th e  p a r a b o la . I f  c >  0 th e n  th e  p a r a b o la  c u ts
th e  p o s itiv e  y - a x is . I f  c <  0 th e n  th e  p a r a b o la
c u ts  th e  n e g a tiv e  y - a x is .

0
y = –x  + 3x –22

y

x

1

–2
c = –2 < 2

y = x  + x + 12

c = 1 > 0

4. T h e  s ig n  o f D  is  a s s o c ia te d  w ith th e  p o s itio n  o f
th e  p a r a b o la  w ith r e s p e c t to th e  x - a x is .

D < 0

D = 0

D > 0

T h e  y - c o o r d in a te  o f th e  v e r te x  is  –  
a4

D
. If  a >  0 ,

th e  v e r te x  lie s  a b o v e , o n  o r b e lo w th e  x - a x is
a c c o r d in g  a s D  is  n e g a tiv e , z e r o  o r p o s itiv e
r e s p e c tiv e ly . T h e   n u m b e r o f tim e s th e  p a ra b o la
in te r s e c ts  th e  x - a x is  is  e q u a l to n u m b e r  o f
d i s t i n c t r e a l r o o t s  o f  t h e  c o r r e s p o n d i n g
e q u a tio n .

D > 0
y = –x + 2x – 12

y = x – 6x + 82

D = 0

y = x + 2x + 32

D < 0

ä Example 4. P r e d ic t th e  s ig n s o f a , b , c  a n d  D in
th e  f o llo w in g  g r a p h s :

y

x0

ä Solution a  > 0  s in c e  p a r a b o la  o p e n s u p w a r d .

b  > 0 s in c e  –  
a2

b
<  0 a n d  a  > 0 .

c  < 0 s in c e  y  in te r c e p t is n e g a tiv e
D  > 0 tw o  d is tin c t r e a l r o o ts

Roots using sign change of function
If th e  g r a p h  o f a  c o n tin u o u s f u n c tio n  f ( x ) c r o s s e s  th e
x - a x is  b e tw e e n  1 a n d  2 th e n  f ( x )  c h a n g e s s ig n
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b e tw e e n  1 a n d  2 i.e . f (1 )  a n d  f (2 )  h a v e  o p p o s ite
s ig n s .
H e n c e , if  f(1 )  a n d  f (2 )  h a v e  o p p o s ite s ig n s , th e n
f(x ) = 0 h a s a tle a s t o n e  r e a l r o o t b e tw e e n   1 a n d  2 .
I n c a s e  o f a  q u a d r a tic e q u a tio n  f ( x )  = 0  h a s e x a c tly
o n e  r e a l r o o t b e tw e e n   1 a n d  2 in s u c h  s itu a tio n .
A ls o if  f(1 )  a n d  f (2 )  h a v e  s a m e  s ig n  th e n  f ( x )  = 0
m a y  o r m a y n o t h a v e  r e a l r o o t b e tw e e n  1 a n d  2

.

I f  a q u a d r a tic e x p r e s s io n   in  x  c a n  b e  m a d e  to  c h a n g e
its s ig n  b y  g iv in g  r e a l v a lu e s to x , th e n  th e  r o o ts  o f
th e  c o r r e s p o n d in g  e q u a tio n  m u s t b e  r e a l.
C o n s id e r, f o r e x a m p le , th e  e x p r e s s io n
a 2 ( x –  )  ( x –  )  + b 2 ( x –  )  ( x –  )  + c 2 ( x –  )  ( x –  ),
w h e r e  th e  q u a n titie s  a r e  a ll re a l, a n d    a r e
s u p p o s e d  to  b e in o rd e r  o f m a g n itu d e . T h e  e x p re s s io n
is c le a r ly p o s itiv e  if  x =  , a n d  is  n e g a tiv e  if  x =  .
H e n c e  th e  e x p r e s s io n  c a n  b e  m a d e  to  c h a n g e  its s ig n ,
a n d  th e r e f o r e  th e  r o o ts  o f th e  e q u a tio n
a 2 (x –  ) (x –  ) + b 2 (x –  ) (x –  ) + c 2 (x –  ) (x –  ) =  0
a r e  r e a l f o r  a ll re a l v a lu e s o f a , b , c  .

ä Example 5. T h e  c o e f f ic ie n ts o f th e  e q u a tio n   a x 2

+  b x  + c  = 0  w h e r e  a   0 , s a tis f y th e  in e q u a lity
( a +  b +  c ) ( 4 a  –  2 b  + c ) <  0 . P r o v e  th a t th is

e q u a tio n  h a s 2  d is tin c t r e a l s o lu tio n s .
ä Solution a x 2 +  b x  + c  = 0 ( a   0 )
g iv e n  ( a  + b  + c ) ( 4 a  –  2 b  + c ) <  0

f  ( 1 )  = a  + b  + c f  ( – 2 ) =  4 a  –  2 b  + c
f (1 )  · f (– 2 ) <  0
s in c e f  ( 1 )  a n d  f ( – 2 ) h a v e  o p p o s ite s ig n s

 e x a c tly o n e  r o o t lie s  b e tw e e n  –  2  a n d  1
 th is q u a d r a tic e q u a tio n  h a s 2  d is tin c t r e a l r o o ts .

ä Example 6. If c <  0 a n d  th e  e q u a tio n  a x 2  +  b x  + c
=  0 , d o e s n o t h a v e  a n y  r e a l r o o t th e n  p r o v e  th a t

(i) a –  b  + c  < 0 (ii) 9 a  + 3 b  + c  < 0 .
ä Solution L e t f(x )  = a x 2 +  b x  + c

c  = f ( 0 )  < 0  .
S in c e  f (x ) h a s n o  re a l r o o t th e  g ra p h  o f f(x ) m u s t o p e n
d o w n w a r d  a n d  s h o u ld  n o t c r o s s  th e  x - a x is  .
 f ( x )  = a x 2 +  b x  + c  < 0  f o r a ll x   R
a n d  h e n c e  f ( – 1 ) =  a –  b  + c  < 0
a n d   f ( 3 )  = 9 a  + 3 b  + c  < 0 .

ä Example 7. F o r w h a t v a lu e s o f p , th e  n u m b e r 6
lie s  b e tw e e n  th e  r o o ts  o f th e  e q u a tio n  x 2 +  2 ( p –  3 ) x
+  9 =  0

ä Solution S in c e  c o e f fic ie n t o f x 2 is p o s itiv e  th e
g r a p h  o f f(x ) = x 2 +  2 ( p –  3 ) x  + 9  o p e n s u p w a rd . If w e
h a v e  f ( 6 )  < 0  th e n   o n e  r o o t w ill b e  le s s  th a n  6  a n d
o th e r g r e a te r th a n  6 .
 3 6  + 1 2 ( p  –  3 ) +  9 <  0
 1 2 p  + 9  < 0
 p  < – 3 /4

p   ( – , – 3 /4 )

ä Example 8. I f  a <  b <  c <  d , th e n  p r o v e  th a t th e
r o o ts  o f th e  e q u a tio n  ( x  –  a ) ( x –  c ) +  2 ( x –  b ) ( x –  d )
=  0 a r e  r e a l a n d  d is tin c t.
ä Solution C o n s id e r f(x ) = ( x –  a ) (x –  c ) +  2  (x  –  b )
( x –  d )

f ( a )  = 2  ( a  –  b ) ( a –  d ) >  0
f ( b )  = ( b –  a ) ( b –  c ) <  0
f ( c )  = 2  ( c  –  b ) ( c –  d ) <  0
f ( d )  = ( d –  a ) ( d –  c ) >  0

W e s e e  th a t f ( x )  c h a n g e s s ig n  b e tw e e n  a  a n d  b  a n d
a g a in  b e tw e e n  c  a n d  d . H e n c e  f ( x )  = 0  h a s o n e  r e a l
b e tw e e n  a  a n d  b  a n d  o th e r b e tw e e n  c  a n d  d .

P ra c tic e  P ro b le m s

1. D r a w th e  g r a p h  o f th e  f o llo w in g  f u n c tio n s
( a )  y =  x 2 +  5 x  + 6
( b )  y =  4 x 2 +  4 x  + 1
( c )  y =  x 2 +  x +  1

2. (a ) y  = 3 x  –  x 2 –  2
( b )  y =  2 x  –  x 2 –  1
( c )  y =  x –  x 2 –  1

3. F o r w h a t v a lu e s o f p  d o e s th e  v e r te x  o f th e
p a r a b o la  y  = x 2 +  2 p x  + 1 3  lie a t a  d is ta n c e  o f 5
u n its f r o m  th e  o r ig in ?

4. D e te r m in e  th e  in te r v a ls o f th e  d e c re a s e  o f th e
f u n c tio n :
( a ) y  = x 2 –  3 x  + 1 ( b ) y  = – x 2 –  4 x  + 8

5. D e te r m in e  th e  in te r v a ls o f th e  in c re a s e  o f th e
f u n c tio n :

( a ) y  =  
3

1
x 2 +  x –  2 ( b ) y  = – 2 x 2 +  8 x  –  3

6. A t w h a t v a lu e s o f a  d o e s th e  f u n c tio n
f ( x )  = –  x 2 +  ( a  – 1 ) x  + 2  in c r e a s e s  o n  th e
in te r v a l ( 1 , 2 )  ?
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7. F in d  th e  v a lu e s o f k  fo r w h ic h  th e  c u rv e  y  = x 2 +  k x  +

4  to u c h e s th e  x  a x is .

8. P r e d ic t th e  s ig n s o f a , b , c  a n d  D in th e  fo llo w in g
g r a p h s :

(i) 

y

x0

(ii) 

y

x0

(iii) 

y

x0

9. If a x 2 +  b x  + c  = 0  h a s  n o  re a l ro o ts  a n d  a +  b +  c <  0 ,
th e n  f in d  th e  s ig n  o f th e  n u m b e r c .

10. P r o v e  th a t b o th  th e  r o o ts  o f th e  e q u a tio n
(x –  4 ) (x –  5 ) +  (x  –  2 ) (x –  5 ) +  (x  –  2 ) (x –  4 ) =  0
a re  a lw a y s r e a l.

11. I f  a , b , c  R  a n d  a  –  b  + 2 c  = 0  th e n  p r o v e  th a t
th e  r o o ts  o f th e  e q u a tio n  a x 2 +  b x  + c  = 0  a r e
r e a l a n d  d is tin c t.

12. G iv e n  f ( x )  = a x 2 +  b x  + c , f ( – 1 ) >  – 4 , f ( 1 )  < 0
a n d  f ( 3 )  > 5 , fin d  th e  s ig n  o f ‘ a ’ .

2.12 Q U A D RATIC IN EQ U A LITY

A  q u a d r a tic in e q u a lity is a n y  in e q u a lity th a t c a n  b e
p u t in o n e  o f th e  f o r m s

2 x 2 +  b x  + c  < 0 a x 2 +  b x  + c  > 0
a x 2 +  b x  + c  0 a x 2 +  b x  + c  0

w h e r e  a , b  a n d  c  a r e  r e a l n u m b e r s  a n d  a  0 .
C o n s id e r, f o r e x a m p le x 2 –  7 x  + 1 0  > 0 .
B e c a u s e  w e  a r e  in te r e s te d  in  th e  in e q u a lity x 2 –  7 x  +
1 0  w h e r e  y  > 0 , f o c u s  o n  t h e  p o r t i o n  o f t h e
g r a p h  o f  y  = x 2 –  7 x  + 1 0  w h e r e  y  is  p o s itiv e . T h is
o c c u r s  w h e r e  th e  g r a p h  l ie s  a b o v e t h e  x - a x i s ,
n a m e ly , w h e n x  < 2  o r x  > 5 . T h u s , th e  s o l u t i o n
s e t  t o x 2 -  7 x  + 1 0  > 0 is ( – , 2 )  ( 5 , )
T h e  s o lu tio n  s e t f o r  x 2 –  7 x  + 1 0  < 0 , o c c u r s  w h e n  th e
g r a p h  lie s  b e lo w th e  x - a x is , b e tw e e n  x  = 2  a n d  x  = 5 .
T h u s ( 2 , 5 ) , is th e  s o lu tio n  s e t f o r  x 2 –  7 x  + 1 0  < 0 .

y = x – 7 x + 1 0
2

x – 7 x + 1 0 > 0
2

x – 7 x + 1 0 > 0
2

x

y

F ig u re
T h e  d o te d  p o rtio n  o f
y  =  x –  7 x  +  1 0
r e p r e s e n ts
x – 7 x  + 1 0  >  0

2  

2  

Solving Quadratic Inequalities
A n y  q u a d r a tic e x p r e s s io n  f ( x )  a x 2 +  b x  + c  h a s th e
s a m e s ig n  b e tw e e n  its r e a l r o o ts  a n d  c h a n g e s s ig n
o n ly  w h e n  th e g r a p h  o f f ( x )  p a s s e s  th r o u g h  a n y  o f its
r e a l r o o ts . I f  f ( x )  h a s n o  r e a l r o o ts , th e n  f ( x )  h a s th e
s a m e s ig n  f o r a ll re a l v a lu e s a n d  th e  s ig n  o f f ( x ) is
d e te r m in e d  b y  th e  s ig n  o f th e  c o e f fic ie n t a .
If f is a  q u a d r a tic f u n c tio n , th e  s o lu tio n  s e ts  o f  f ( x )  =
0 , f ( x )  < 0 , a n d  f ( x )  > 0  c a n  b e  f o u n d  g r a p h ic a lly
b a s e d  o n  th e  f o llo w in g  s u m m a r y .
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Different positions For Graphs of Quadratic Functions

I. a > 0 and D < 0 IV.  a < 0 and D < 0

f(x)

x-axis f(x)

x-axis

Question              Solution Set Question           Solution Set
f(x ) = 0  f(x ) = 0 
f(x ) < 0  f(x ) < 0 (– )
f(x ) > 0 (– ) f(x ) > 0 

II. a > 0 and D = 0 IV. a < 0 and D = 0
f(x)

(a, 0)
x-axis

f(x)

(a, 0)
x-axis

Question              Solution Set Question           Solution Set
f(x ) = 0 { a } f(x ) = 0 { }
f(x ) < 0  f(x ) < 0 (– , )  (, )
f(x ) > 0 (– , )  (, ) f(x ) > 0 

III. a > 0 and D > 0 VI. a < 0 and D > 0

x-axis

f(x)

(b,0)(a,0)

x-axis

f(x)

(b,0)(a,0)

Question              Solution Set Question           Solution Set
f(x ) = 0 { , } f(x ) = 0 { }
f(x ) < 0 (, ) f(x ) < 0 (– , )  (, )
f(x ) > 0 (– , )  (, ) f  ( x )  > 0 (, )

T h u s f o r  r e a l v a lu e s o f x  th e  e x p r e s s io n  a x 2 +  b x  + c
h a s a lw a y s th e  s a m e  s ig n  a s 'a ' e x c e p t f o r  v a lu e s o f x
w h ic h  lie b e tw e e n  th e  r o o ts  o f th e  c o r r e s p o n d in g
e q u a tio n  a x 2 +  b x  + c  = 0 .

T h e  v a lu e s o f ‘x ’  s a tis fy in g  th e
in e q u a lity ,

a x 2 +  b x  + c  > 0  ( a   0 ) a r e  :
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(i) I f  D >  0 , i.e . th e  e q u a tio n  a x 2 +  b x  + c  = 0  h a s
tw o  d iffe r e n t r o o ts  a <  b .
T h e n a  > 0  x   ( – , a )   ( b , )

a  < 0  x   ( a , b )
(ii) I f  D =  0 , i.e . r o o ts  a r e e q u a l, i.e . a =  b .

T h e n a  > 0  x   ( –  a )   ( a , )
a  < 0  x   

( iii) If D <  0 , i.e . th e  e q u a tio n  a x 2 +  b x  + c  = 0  h a s  n o
r e a l r o o ts .
T h e n a  > 0  x   R

a  < 0  x   

ä Example  1. I f  f ( x )  = x 2 +  2 x  + 2 , th e n  s o lv e  th e
f o llo w in g  in e q u a litie s  :
(i) f ( x )  0 (ii) f ( x )   0
( iii) f(x ) > 0 (iv ) f(x ) < 0
ä Solution f ( x )  = x 2 +  2 x  + 2

L e t u s  f in d  D =  b 2 –  4 a c  = ( 2 ) 2 –  4  < 0
 D  < 0
 r o o ts  o f th e  c o r r e s p o n d in g  e q u a tio n  ( f ( x )  = 0 )
a r e  im a g in a r y .
O b s e r v e  th a t th e   c o e f fic ie n t o f x 2   =  a =  1 >  0
A s a  > 0  a n d  D <  0 , w e  g e t :

f ( x )  > 0  x  R
(i) f ( x )  0  is  tr u e  x  R
(ii) f ( x )  0  is  tr u e  f o r n o  v a lu e  o f x  i.e ., x  
( iii) f ( x )  > 0  is  tr u e  x  R
(iv ) f ( x )  < 0  is  tr u e  f o r n o  v a lu e  o f x  i.e ., x  

ä Example 2. I f  f ( x )  = x 2 +  4 x  + 4 , th e n  s o lv e  th e
f o llo w in g  in e q u a litie s  :
(i) f ( x )  0 (ii) f ( x )  0
( iii) f(x ) > 0 (iv ) f(x ) < 0
ä Solution f ( x )  = x 2 +  4 x  + 4  = ( x +  2 ) 2

L e t u s  f in d  D
 b 2 –  4 a c  = ( 4 ) 2 –  4 ( 1 ) ( 4 )  = 0  D  = 0
 r o o ts  o f th e  c o r r e s p o n d in g  e q u a tio n  ( f ( x )  = 0 )
a r e  r e a l a n d  e q u a l.

A ls o o b s e r v e  th a t a  = 1  > 0
A s D  = 0  a n d  a  > 0 , w e g e t :

 f ( x )   0  x  R
(i) f ( x )   0  is  tr u e  x  R
(ii) f ( x )  0  is  tr u e  f o r  x   { – 2 }
( iii) f ( x )  > 0  is  tr u e  x  R  – { – 2 }
(iv ) f ( x )  < 0  is  tr u e  f o r n o  v a lu e  o f x  i.e ., x   

Method of Intervals
1. E x p r e s s  th e  in e q u a lity in th e  f o r m  a x 2 +  b x  + c

>  0 o r a x 2 +  b x  + c  < 0
2. S o lv e  th e  e q u a tio n  a x 2 +  b x  + c  = 0 . T h e  r e a l

s o lu tio n s a r e  th e  c r itic a l n u m b e r s .
3. L o c a te  th e s e c ritic a l n u m b e r s  o n  a  n u m b e r lin e ,

th e r e b y  d iv id in g  th e  n u m b e r lin e  in to  te s t
in te rv a ls .

4. C h o o s e  o n e re p re s e n ta tiv e  n u m b e r fo r e a c h te s t
in te r v a l. I f  s u b s titu tin g  th a t v a lu e  in to  th e
o r ig in a l in e q u a lity p r o d u c e s a  tr u e  s ta te m e n t,
th e n a ll r e a l n u m b e r s  in  th e  te s t in te r v a l b e lo n g
to th e  s o lu tio n  s e t. T h e  s o lu tio n  s e t is th e  u n io n
o f a ll s u c h  te s t in te r v a ls .

A s s u m in g  th a t th e  d is c rim in a n t D  > 0
* M a k e  th e  c o e f fic ie n t o f x 2 p o s itiv e .
* F a c to r iz e  th e  e x p r e s s io n  a n d  r e p r e s e n t th e  le f t

h a n d  s id e  o f in e q u a lity in th e  f o r m  ( x  –  )
( x –  ).

 
+ – +

* If (x –  )  ( x –  )  > 0 , th e n  x  lie s  o u ts id e   a n d  .

 
 x  ( – , )  (, )

* I f  ( x –  )  ( x –  )  0 , th e n  x  lie s  o n  a n d  o u ts id e
 a n d  .

 
 x  ( – , ]  [, )

* I f  ( x –  )  ( x –  )  < 0 , th e n  x  lie s  in s id e   a n d  .

 
 x  (, )

* If (x –  ) (x –  ) 0 , th e n  x  lie s  o n  a n d  in s id e   a n d
.

 
 x  [, ]

ä Example 3. S o lv e  2 x 2 +  x  <  1 5
ä Solution W r ite th e  in e q u a lity in s ta n d a r d  f o r m

2 x 2 +  x –  1 5  < 0
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S o lv e  th e  r e la te d  q u a d r a tic e q u a tio n
2 x 2 +  x –  1 5  = 0  x  = 5 /2 , x  = –  3

F a c to riz e
( 2 x  –  5 ) ( x +  3 )  < 0

U s e  s ig n  a n a ly s is o f th e  p r o d u c t ( 2 x  –  5 ) ( x +  3 )

– 3 5 /2
If x  < – 3 , 2 x  –  5  < 0  a n d  x  –  3  < 0
h e n c e ( 2 x  –  5 ) ( x +  3 )  > 0

If – 3  < x  <  
2

5
, ( 2 x  –  5 ) <  0 a n d  x  + 3  > 0

h e n c e ( 2 x  –  5 ) ( x +  3 )  < 0

If x  >  
2

5
, ( 2 x  –  5 ) >  0 a n d  ( x  + 3 ) >  0

h e n c e ( 2 x  –  5 ) ( x +  3 )  > 0

– 3 5 /2

+ – +

T h is in d ic a te s th a t ( 2 x  –  5 ) ( x +  3 ) is n e g a tiv e  in  th e

in te r v a l 







2

5
,3 .

A n o th e r o p tio n  is  to  u s e  te s t p o in ts  f r o m  e a c h  o f th e
s u b in te r v a ls .
F o r th e  in te r v a l ( – , – 3 ) , w e  s u b s titu te x  = – 4  in to
th e  in e q u a lity .

( 2 .( – 4 ) – 5 ) ( – 4  + 3 ) =  1 3  > 0

F o r  





 

2

5
,3 w e p u t x  = 0  – 1 5  < 0

F o r  





 ,

2

5
w e p u t x  = 3  6  > 0

– 3 5 /2

+ – +

C o n c l u s i o n  :  







2

5
,3 i s t h e  s o l u t i o n  o f t h e

in e q u a lity .

ä Example 4. S o lv e th e  f o ll o w in g  q u a d r a ti c
in e q u a lity :

x 2 –  2 x  –  3  < 0

ä Solution x 2 –  2 x  –  3  < 0
L e t u s  f in d  D  =  b 2 –  4 a c  = ( – 2 ) 2 –  4 ( 1 ) ( – 3 ) =  1 6  > 0
 D  > 0
N o w  fa c to r iz e

x 2 –  3 x  + x  –  3  < 0      
– 1 3

–+ +

 ( x –  3 ) ( x +  1 )  < 0
 x  ( – 1 , 3 )

ä Example 5. F o r w h a t v a lu e s  o f  k is th e  in e q u a lity

x 2 –  ( k  –  3 ) x  –  k  + 6  > 0  v a lid f o r  a ll re a l x  ?

ä Solution T h e  e x p r e s s io n  x 2 –  ( k  –  3 ) x  –  k  + 6  is
p o s itiv e  f o r a ll x if c o e ffic ie n t o f x 2 is p o s itiv e , w h ic h
is tru e  a n d  d is c rim in a n t D  < 0
 ( k –  3 ) 2 –  4 ( – k  + 6 ) <  0

 k 2 –  2 k  –  1 5  < 0
+ – +

–3 5
 ( k +  3 )  ( k –  5 ) <  0

k   ( – 3 , 5 ) ,

ä Example 6. F o r  w h a t v a lu e s o f k , is th e  q u a d r a tic
trin o m ia l

(k –  2 ) x 2 +  8 x  + k  +  4  n e g a tiv e  fo r a ll v a lu e s o f x
?
ä Solution T h e  q u a d r a tic e x p r e s s io n  is  n e g a t iv e
f o r  a l l  x i f  k  –  2  < 0  a n d

D  = 8 2 –  4  ( k  –  2 ) ( k +  4 )  < 0
1 6  –  ( k 2 –  2 k  –  8 ) <  0

k 2 +  2 k  –  2 4  > 0
+ – +

–6 4
( k +  6 )  ( k –  4 ) >  0
k  < –  6  o r k  > 4 .
T a k in g  in te r s e c tio n  w ith k  < 2 , w e g e t k  < – 6 .

ä Example 7. F o r w h a t v a lu e s  o f  m d o e s  th e
e q u a tio n

m x 2 –  ( m  + 1 ) x  + 2 m –  1  = 0  p o s s e s s  n o  r e a l
r o o ts .
ä Solution T h e  e q u a tio n  h a s n o  r e a l r o o ts  if  D <  0

 (m +  1 ) 2 –  4 m ( 2 m  – 1 ) <  0  
+ – +

1– 1
7

 – 7 m 2 +  6 m  + 1  < 0

 m   ),1(
7

1
, 
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ä Example 8. F in d  th e  v a lu e s  o f   k s o th a t y  = k x  is
s e c a n t to th e  c u r v e  y  = x 2 +  k .
ä Solution p u t y  = k x  in   y  = x 2 +  k

k x  = x 2 +  k =  0
x 2 –  k x  + k  = 0  f o r lin e  to  b e  s e c a n t,  D >  0
k 2 –  4 k  > 0 k ( k  –  4 ) >  0

h e n c e k  > 4   o r k  < 0
k   ( –  , 0 )   ( 4 , )

ä Example 9. S h o w th a t ( x –  1 ) (x –  3 ) ( x –  4 ) (x –  6 )
+  1 0  is  p o s itiv e  f o r a ll re a l v a lu e s o f x .
ä Solution T a k in g  th e  fir s t a n d  la s t fa c to rs  to g e th e r,
a n d  a ls o th e  o th e r tw o  th e  g iv e n  e x p r e s s io n  b e c o m e s

( x 2 –  7 x  + 6 ) ( x 2 –  7 x  + 1 2 ) +  1 0
=  ( x 2 –  7 x ) 2 +  1 8  ( x 2 –  7 x ) +  8 2

A s s u m in g  th is  a s  a q u a d r a tic e x p r e s s io n  in  ( x 2 –  7 x ) ,
D  = 1 8 2 –  4  × 8 2  = 4 ( 8 1  –  8 2 ) =  – 4  < 0

w h ic h  is  c le a r ly a lw a y s p o s itiv e  fo r r e a l v a lu e s o f c .

ä Example 10 S o lv e  th e  in e q u a lity
a x 2 –  2 x  + 4  > 0 . ( 1 )

ä Solution E q u a tin g  to  z e r o  th e  c o e f f ic ie n t o f
x 2 a n d  th e d is c r i m in a n t o f th e  q u a d r a tic tr in o m ia l
a x 2 –  2 x  +  4 , w e f in d  th e  f ir s t s in g u la r v a lu e o f th e
p a r a m e te r a  = 0  a n d  th e  s e c o n d  s in g u la r v a lu e  a  =
1 /4  ( a n d  if  a >  1 /4 , th e n  D <  0 ; a n d  if  a   1 /4 , th e n
D   0 ) .
L e t u s  s o lv e  in e q u a lity ( 1 ) in e a c h  o f th e  f o llo w in g
f o u r c a s e s :

( 1 )  a >  1 /4 ; ( 2 )  0 <  a   1 /4 ;
( 3 )  a =  0 ; ( 4 )  a <  0 .

( 1 ) I f  a >  1 /4 , th e n  th e  tr i n o m ia l a x 2 –  2 x  + 4  h a s
a  n e g a t i v e  d i s c r i m i n a n t a n d  a  p o s i t i v e
le a d in g  c o e f fic ie n t. H e n c e , th e  trin o m ia l is
p o s itiv e  f o r a n y  x , th a t is , th e  s o l u ti o n  o f
in e q u a lity ( 1 )  i n th is c a s e s is r e p r e s e n te d  b y
th e  s e t o f a ll  r e a l n u m b e r s .

( 2 ) I f  0 <  a   1 /4 , th e n  th e  tr i n o m ia l a x 2 –  2 x  + 4
h a s th e  f o llo w in g  r o o ts  :

x
1 .2

=  
a

a411 
,

w h e r e
a

a411 


a

a411 
.

H e n c e , t h e  s o l u t i o n  o f i n e q u a l i t y ( 1 )  i s
r e p r e s e n te d  b y  th e  f o llo w in g  c o lle c tio n :

x  <  
a

a411 
; x >  

a

a411 
.

( 3 ) I f  a =  0 , th e n  in e q u a lity ( 1 )  t a k e s th e  f o r m :
– 2 x  + 4  > 0 , w h e n c e  w e  g e t : x <  2 .

( 4 ) I f  a <  0 , th e n  w e  h a v e

a

a411 
<  

a

a411 
.

H e n c e , in th is c a s e  th e s o lu tio n  o f in e q u a lity
( 1 )  i s r e p r e s e n te d  b y  th e  f o llo w in g  s y s te m :

a

a411 
<  x <  

a

a411 
.

A n s w e r :
( 1 ) i f  a >  1 /4 , th e n  –   <  x <  +  ;

( 2 ) i f  0 <  a   1 / 4 , t h e n  x  <  
a

a411 
;

x  >  
a

a411 
;

( 3 ) i f  a =  0 , th e n  x  < 2 ;

( 4 ) i f  a <  0 , th e n  
a

a411 
<  x <  

a

a411 
.

ä Example 11. F in d  th e  v a lu e s o f a  s o  th a t th e
f u n c tio n  f(x ) =  (a  + 1 )x 2 –  3 a x  + 4 a  is  n e g a tiv e  fo r a tle a s t
o n e re a l x .
ä Solution
Case A :
I f   a +  1  <  0  th e n  th e  g r a p h  o f f ( x ) is a  p a ra b o la  w h ic h
o p e n s d o w n w a r d . H e n c e  f ( x ) is d e f in ite ly n e g a tiv e
f o r s o m e  r e a l x .
Case B :
I f   a +  1  >  0  th e n  th e  g r a p h  o f f ( x ) is a  p a ra b o la  w h ic h
o p e n s u p w a r d . H e r e f ( x ) is n e g a tiv e  f o r a tle a s t o n e
r e a l x  if its g r a p h  c r o s s e s  th e  x - a x is , f o r  w h ic h  D >  0
is r e q u ir e d .

9 a 2  –  4 ( a  + 1 ) .4 a  > 0
 a 2  +  1 6  a  < 0
 –  1 6 /7  < a  < 0
T a k in g  in te r s e c tio n  w e  g e t –  1  < a  < 0
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Case C :
If  a +  1 =  0 th e n  th e g r a p h  o f f(x ) = 3 x –  4 , is a  s tr a ig h t
lin e  w h ic h  g o e s b e lo w th e  x - a x is  f o r  x <  4 /3 . H e n c e
f ( x ) is d e f in ite ly n e g a tiv e  f o r s o m e r e a l x .
S o  th e  f in a l a n s w e r is a  < 0

ä Example  12. P r o v e  th e   f o llo w in g  in e q u a lity
( a 1 b 1 +  a 2 b 2 +  .... + a n b n ) 2

 2 2 2 2 2 2
1 2 n 1 2 n( a a ..... a ) ( b b ..... b ).+ + + + + +

( T h is  is  k n o w n  a s C a u c h y - S c h w a r tz I n e q u a lity )

ä Solution L e t E =  ( a 1 x  + b 1 ) 2 +  ( a 2 x  + b 2 ) 2 +  ...
+  ( a n x  + b n ) 2

W e c a n s e e  th a t th e  a b o v e  s u m is p o s itiv e  f o r e v e r y
x   R . E x p a n d in g , w e h a v e

E  =  )a.....aa( 2
n

2
2

2
1  x 2 +  2 ( a 1 b 2 +  a 2 b 2 +  .....

....+ a n b n )  x +  2 2 2
1 2 n( b b ..... b )+ + +

w h ic h  w ill b e  p o s itiv e  f o r e v e r y  x   R  o n ly  if

c o e f f . o f x 2 +  2
n

2
2

2
1 a.....aa  >  0 , w h ic h  is  tr u e

a n d D  0
 ( a 1 b 1 +  a 2 b 2 +  ..... + a n b n ) 2

 2 2 2 2 2 2
1 2 n 1 2 n( a a ..... a ) ( b b ..... b ).+ + + + + +

w h ic h  is  th e  d e s ire d  r e s u lt.

P ra c tic e  P ro b le m s

1. S o lv e  th e   in e q u a litie s  :
(i) x 2 –  3 x  –  4   0 (ii) 4 x 2 +  4 x  + 1   0

2. D e te r m in e  in  e a c h  o f th e  f o llo w in g  p r o b le m s
th e  s e t o f v a lu e s  o f  x f o r  w h ic h  th e  g iv e n
in e q u a lity is tru e  :
( A ) x 2 +  4 x  + 1 2  > 0 ( B ) x 2 –  4 x  + 3  < 0
( C ) 2 1  –  7  ( 2 x  –  9 ) >  7 x 2

( D ) 3 x 2 –  5 x  –  8  0
3. S o lv e  th e   in e q u a litie s  :

(i)
2 2 – 3 0

4 0

x x

x

Ï - >
Ì

+ ≥Ó

(ii)

2

2

2

4 0

– 2 – 8 0

5 4 0

x

x x

x x

Ï - ≥
ÔÔ ≥Ì
Ô - + - ≥ÔÓ

(iii)   
2

2

1 3 4 0

1 9 7 8

x x

x x

- +

- -
 0

4. S o lv e x 2 +  a x  + a  > 0  fo r d iffe re n t re a l v a lu e s o f a .
5. F in d  th e  in te g r a l v a lu e s o f k  f o r w h ic h  th e

e q u a tio n s ( k –  1 2 ) x 2 +  2 ( k –  1 2 ) x  + 2  = 0
p o s s e s s  n o  r e a l r o o ts .

6. D e t e r m i n e  t h e  v a l u e s o f k  f o r w h ic h  th e

e q u a tio n  k
1x3

2xx 2





h a s b o th  r o o ts  r e a l.

7. F o r w h a t v a lu e s o f a  is  th e  in e q u a lity a x 2 +  2 a x
+  0 .5 >  0 v a lid th r o u g h o u t th e  e n tire n u m b e r
a x is  ?

8. F o r w h a t in te g r a l k  is  th e  in e q u a lity
x 2 –  2 ( 4 k  –  1 ) x  + 1 5 k 2 –  2 k  –  7  > 0  v a lid f o r  a n y
r e a l x ?

9. F in d  a ll v a lu e s o f a  f o r w h ic h  th e  in e q u a lity ( a
–  1 ) x 2 –  ( a  + 1 ) x  + a  + 1  > 0  is  s a tis fie d  f o r a ll
r e a l x .

10. F in d   a ll v a lu e s o f ‘ a ’  f o r  w h ic h  th e  in e q u a lity
( a +  4 ) x 2 –  2 a x  + 2 a  –  6  < 0  is  s a tis fie d  f o r a ll

x   R .

11. F o r w h a t v a lu e s o f ‘ p ’  d o  th e  g r a p h s o f y  = 2 p x

+  1 a n d  y  = ( p –  6 ) x 2 –  2  n o t in te r s e c t ?

12. F in d  th e  le a s t in te g r a l v a lu e  o f k  f o r w h ic h  th e
e q u a tio n  x 2 –  2 ( k  + 2 ) x  + 1 2  + k 2 =  0 h a s tw o

d iffe r e n t r e a l r o o ts .

13. F in d  th e  v a lu e s o f th e  p a r a m e te r ‘ a ’  s u c h  th a t
th e  r o o ts  , o f th e  e q u a tio n  2 x 2  +  6 x  + a  = 0

s a tis f y th e  in e q u a lity , 


+  



<  2 .

14. I f  a +  b +  c =  0 th e n  p r o v e  th a t 4 a x 2 +  3 b x  + 2 c
=  0 m u s t h a v e  r e a l r o o ts .
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15. G iv e n  th e  in e q u a lity a x +  k 2 >  0 . F o r w h ic h  v a lu e s
o f a
(a ) is th e  in e q u a lity v a lid f o r  a ll v a lu e s o f x

a n d  k  ?
(b ) a r e  th e r e  v a lu e s o f x  a n d  k  f o r w h ic h  th e

in e q u a lity is v a lid ?
(c ) is th e r e  a  v a lu e o f x  s u c h  th a t th e  in e q u a lity

is v a lid f o r  a n y  v a lu e  o f k  ?
(d ) is th e re  a  v a lu e  o f k  f o r w h ic h  th e in e q u a lity

is v a lid f o r  e v e r y  v a lu e  o f x  ?
(e ) is th e r e  a  v a lu e o f k  s u c h  th a t th e  in e q u a lity

is v a lid f o r  a ll v a lu e s o f x  ?
(f) if th e r e  a  v a lu e o f x  f o r w h ic h  th e  in e q u a lity

is v a lid f o r  e v e r y  v a lu e  o f k  ?

2.13 R A N G E O F Q U A D RATIC
FU N C TIO N

C o n s id e r th e  q u a d r a tic f u n c tio n f ( x )  = a  x 2 +  b x  + c

(i) Range when x R

If a  > 0  f ( x )   




  ,

a4

D

a  < 0  f ( x )   




 

a4

D
,

M a x im u m  o r  M in i m u m V a lu e    o f
y  = a x ² +  b x  + c  o c c u r s  a t  x =  – ( b /2 a )

a c c o r d in g  a s a  < 0   o r a  > 0  .

ä Example 1. F in d  m a x im u m  o r  m in im u m v a lu e s
o f th e  f o llo w in g  p o ly n o m ia ls o v e r x  R .
(i) f ( x )  = 4 x 2 –  1 2 x  + 1 5
(ii) f ( x )  = –  3 x 2 +  5 x  –  4
ä Solution
(i) f ( x )  = 4 x 2 –  1 2 x  + 1 5

A s a  = 4  > 0
f ( x )  h a s m in im u m  v a lu e  a t v e r te x

f m in =
a4

D
a t x  =  

a2

b

D  = ( – 1 2 ) 2 –  4  × 4  × 1 5  = 1 4 4  –  2 4 0  = –  9 6

 2

3

42

1 2
xa t6

1 6

9 6

44

)9 6(
f m in 










 f m in =  6 a t x  =  
2

3

f m a x =  

Alternative : M e th o d  o f p e r fe c t s q u a r e
L e t u s  is o la te a  p e r f e c t s q u a r e

f ( x )  = 4 





 

4

9
x3x 2 +  1 5  –  9  = 4

2

2

3
x 






  –  6

f m in =  – 6  a t x  =  
2

3

(ii) f ( x )  = – 3 x 2 +  5 x  –  4
A s a  = –  3  < 0
f ( x )  h a s m a x im u m  v a lu e  a t v e r te x

a2

b
xa t

a4

D
f m a x 




D  = ( 5 ) 2 –  4 ( – 3 ) ( – 4 ) =  2 5  –  4 8  = –  2 3

6

5

)3(2

)5(
xa t

1 2

2 3

)3(4

)2 3(
f m a x 











6

5
xa t

1 2

2 3
f m a x 




f m in =  –  

Alternative : M e th o d  o f p e r fe c t s q u a r e

1 2

2 5
4

3 6

2 5
x

3

5
x3)x(f 2 






 

 
1 2

2 3

6

5
x3

2







 

6

5
xa t

1 2

2 3
f m a x 




äExample 2. L e t P (x ) = a x 2 +  b x  + 8  is  a  q u a d ra tic
p o ly n o m ia l. I f th e  m in im u m v a lu e  o f P ( x ) is 6  w h e n
x  = 2 , fin d  th e  v a lu e s o f  a a n d  b .
ä Solution P ( x ) =  a x 2 +  b x  + 8 ....( 1 )

P ( 2 ) =  4 a  + 2 b  + 8  = 6 ....( 2 )

 –  
a2

b
=  2 ;  4 a  = –  b
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fro m  ( 2 ), w e  g e t
–  b  + 2 b  = –  2  b  = – 2

 4 a  = –  ( –  2 )  a  = 1 /2

ä Example 3. If m in (x 2 +  (a  –  b )x  +  (1  –  a –  b )) >  m a x

(– x 2 +  (a  + b ) x  –  (1  + a  + b )) , p ro v e th a t a 2 +  b 2 <  4 .

ä Solution L e t f(x )  = x 2 +  ( a  –  b ) x  + ( 1 –  a  –  b )

f(x )
m in

=  –  
4

D 1 , w h e re  D
1
is th e  d is c rim in a n t o f f ( x ) .

L e t g ( x )  = – x 2 +  ( a  + b ) x  –  ( 1  + a  + b ) .

g (x )
m a x

=  
4

D 2




w h e r e  D
2
is th e  d is c rim in a n t o f g ( x ) .

T h u s –  
2

2

(a b ) 4 (1 a b )

4

( a b ) 4 (1 a b )

4

- - - - >

+ - + +-
-

 4 (1  –  a  –  b ) –  (a  –  b )2 >  (a  + b )2 >  (a  + b )2 –  4 (1  + a  +  b )
o r 8  > 2 ( a 2 +  b 2 )   a 2 +  b 2 <  4 .

ä Example 4. C o n s id e r th e  q u a d r a tic p o ly n o m ia l
f  ( x )  = x 2 –  4 a x  + 5 a 2 –  6 a .

(a ) F in d  th e  s m a lle s t p o s itiv e  in te g r a l v a lu e  o f 'a '
f o r  w h ic h  f ( x ) is p o s itiv e  f o r e v e r y  r e a l x .

(b ) F in d  th e  la r g e s t d is ta n c e  b e tw e e n  th e  r o o ts  o f
th e  e q u a tio n  f ( x )  = 0 .

ä Solution
(a ) D  < 0 , 1 6 a 2 –  4 ( 5 a 2 –  6 a )  < 0 , 4 a 2 –  5 a 2 +  6 a <  0 ,

a 2 –  6 a  > 0 ,
a ( a  –  6 ) >  0   a  > 6 o r a  < 0
 s m a lle s t + v e  in te g e r =  7

(b ) d  = |  –   |, ( –  ) 2 =  ( +  ) 2 –  4 =  1 6 a 2 –
4 ( 5 a 2 –  6 a ) =  – 4 a 2 +  2 4 a  = –  4 ( a 2 –  6 a )
=  – 4 [ ( a –  3 ) 2 –  9 ] =  3 6  –  4 ( a  –  3 ) 2

 2
.max||  =  3 6  w h e n  a  = 3 d m a x =  6

(ii) Range in restricted domain
C o n s id e r f ( x )  = a x 2 +  b x  +  c , x  [ d , e ] .
E v a lu a te  f ( x )   a t th e  f o llo w in g  p o in ts  a n d  c h o o s e  th e
le a s t a n d  g r e a te s t v a lu e s o f f  :
(i) f(d ) (ii) f(e )

( iii) I f  x =  
a2

b
( d , e ) th e n  f in d  








a2

b
o r –  

a4

D

–b
2af –D

4a=

–b
2a

ed

f(d)

f(e)

o th e r w is e le a v e  th e  v e r te x  p o in t s in c e  it d o e s n o t lie
in th e  r e s tric te d  d o m a in .
If th e  le a s t v a lu e  is  m a n d  th e  g r e a te s t v a lu e  is  M th e n
th e  ra n g e  is  [ m , M ].

I f   x b e lo n g s to a  u n io n  o f s e v -
e r a l in te r v a ls  th e n  th e  r a n g e is

e q u a l to th e  u n io n  o f r a n g e s f o u n d  o n  e a c h  o f th e s e
in te rv a ls .

ä Example 5. F in d  th e  r a n g e  o f f(x )  = 2 x 2 –  3 x  + 2  in
[0 , 2 ] .
ä Solution f ( 0 )  = 2

f(2 ) = 4

8

7

4

3
f 








s in c e  ]2,0[
4

3

a2

b
x 




f 







4

3
is th e  le a s t v a lu e  a n d  f ( 2 ) is th e  g r e a te s t

v a lu e . T h e n  th e  r a n g e  is  





4,
8

7
.

Alternative : M e th o d  o f p e r fe c t s q u a r e

8

7

4

3
x2)x(f

2







  , x  [ 0 , 2 ] .

T o  o b ta in  th e  le a s t v a lu e  x  =  
4

3
is r e q u ir e d  to  m a k ee

th e  s q u a r e  z e r o . T h e  g r e a te s t v a lu e  is  o b ta in e d  u s in g

x  = 2  s in c e  
4

3
0

4

3
2  .

H e n c e  th e  r a n g e  is  [ 0 , 2 ] .
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ä Example 6 F in d  th e  r a n g e  o f y  = 3  –  2 s in 2  –
6 s in .
ä Solution L e t x =  s in , x  [ – 1 , 1 ] .

f ( x )  = 3  –  2 x 2 –  6 x , x  [ – 1 , 1 ]
f ( – 1 ) =  3 –  2  + 6  = 7
f ( 1 )  = 3  –  2  –  6  = – 5

]1,1[
2

3

22

6

a2

b
x 










 .

H e n c e , w e d o n o t i n c l u d e  t h e  v e r t e x . R a n g e  i s
y  [ – 5 , 7 ] .

Alternative :

2

9

2

3
x

2

3.2
x23)x(f

2
2 





















]1,1[x,
2

3
x2

2

1 5
2







 

T h e  le a s t v a lu e  is  o b ta in e d  w h e n  th e  s q u a r e  is  m a d e
la r g e r u s in g  x  = 1 .
T h e  g r e a te s t v a lu e  is  o b ta in e d  w h e n  th e  s q u a r e  is
m a d e  s m a lle r  u s in g  x  = – 1 .

H e r e w e c a n n o t m a k e  th e  s q u a r e  z e r o  s in c e  x  =  
2

3

is n o t a v a ila b le .

P ra c tic e  P ro b le m s

1. F in d  th e  m a x im u m  a n d  m in im u m v a lu e s o f th e
f u n c tio n s :
f ( x )  = 2 x 2 –  6 x  + 3  w h e r e (i) x   R
(ii) x  [ 2 , ) (iii) x  [ 1 , 5 ]

2. F in d  th e le a s t a n d  th e  g r e a te s t v a lu e  o f th e
f u n c tio n s in th e  in d ic a te d  in te r v a ls  :
(a ) y  = 3 x 2 –  x  + 5  o n  th e  in te r v a l [ 1 , 2 ]
(b ) y  = – 4 x 2 +  5 x  –  8  o n  th e  in te r v a l [ 2 , 3 ]
(c ) y  = x 2 –  2 x  + 5  o n  th e  in te r v a l [ – 1 , 2 ]
(d ) y  = – x 2 +  6 x  –  1  o n  th e  in te r v a l [ 0 , 4 ]

3. F in d  th e  d iffe re n c e  b e tw e e n  th e  le a s t a n d  g re a te s t
v a lu e s o f y  = – 2 x 2 +  3 x  –  2  fo r x  [0 , 2 ] .

4. I f  x b e  r e a l fin d  th e  m a x im u m  v a lu e  o f 3  –  6 x  –
8 x 2 a n d  th e  c o r r e s p o n d in g  v a lu e  o f x .

5. I f  e q u a tio n  a x 2 +  b x  + 6  = 0  d o e s n o t h a v e  tw o
d is tin c t r e a l r o o ts , th e n  f in d  th e  le a s t v a lu e  o f
3 a +  b .

6. F in d  th e  r a n g e  o f y  = 3 x + 1 –  2  . 3 2 x –  2
7. F in d  th e  v a lu e s o f k  s o  th a t th e  le a s t v a lu e  o f

th e  e x p r e s s io n  x 2 +  2 k x  + k 2 +  3 k  f o r x  [ 0 , 2 ]
is 4 .

2.14 RATIO N A L FU N C TIO N

A  r a tio n a l fu n c tio n  o f x  is  d e fin e d  a s  th e  r a tio o f tw o
p o ly n o m ia ls o f x , s a y P ( x ) a n d  Q ( x ) w h e r e
Q ( x )  0  i.e . f ( x )  i s a  r a tio n a l f u n c tio n  o f x  if

0)x(Q;
)x(Q

)x(P
)x(f  ,

F o llo w in g  a r e  s o m e  e x a m p le s o f r a tio n a l f u n c tio n s
o f x .

1xx

1x2
)x(f

2 


 ;

6x5x

2x3x
)x(f

2

2




 ; x  2 , x  3

2

34

)1x(

1x3x2x
)x(f




 ; x  1

ä Example 1. If fo r  a n y  re a l x , w e h a v e

– 1  
4x3x

2n xx
2

2




2 , th e n  fin d  th e  v a lu e s o f n .

ä Solution T h e  r ig h t h a n d  in e q u a lity c a n  b e  w r itte n

a s  
4x3x

2n xx
2

2




–  2   0


4x3x

1 0x)6n(x
2

2




0

 x 2 –  ( n  + 6 ) x  + 1 0  0
[A s  x 2 –  3 x  + 4  > 0  x  R , s in c e  D <  0 a n d  a  >  0 ]

T h e  a b o v e  in e q u a lity w ill b e  tru e  x  R  if  its D  0

T h is g iv e s – 4 0 – 6  n   4 0 –  6 ...(1 )

T h e  le f t h a n d  in e q u a lity c a n  b e  w ritte n  a s

4x3x

2n xx
2

2




0
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4x3x

2x)3n(x2
2

2




0

 2 x 2 + ( n  –  3 ) x  + 2  0
T h e  a b o v e  in e q u a lity w ill b e  tr u e  x  R  if   D  0
w h ic h  g iv e s – 1  n  7
D r a w in g  th e  n u m b e r lin e s f o r in e q u a litie s  ( 1 ) , ( 2 )
a n d  ta k in g  th e ir in te r s e c tio n  g iv e s

x   [ – 1 , 4 0 –  6 ]

)64 0(  64 0 

–1 7

ä Example 2. F o r  w h a t v a lu e s  o f th e  p a ra m e te r k  in

th e  in e q u a lity  1xx

1k xx
2

2




<  3  s a tis fie d  fo r a ll r e a l

v a lu e s o f x  ?

ä Solution 1xx

1k xx
2

2




<  3

 – 3  <  
1xx

1k xx
2

2




<  3

 s in c e  x 2 +  x +  1 >  0 ,
 – 3 ( x 2 +  x +  1 )  < x 2 +  k x  + 1  < 3  ( x 2 +  x +  1 )
 4 x 2 +  ( k  + 3 ) x  + 4  > 0 ...(1 )
a n d 2 x 2 –  ( k  –  3 ) x  + 2  > 0 ...(2 )
S in c e 4  > 0  a n d  2  > 0
th e  in e q u a lity ( 1 )  w ill b e  v a lid
if ( k +  3 ) 2 -  4 .4 .4 <  0   – 1 1  < k  < 5 ...(3 )
a n d  th e  in e q u a lity ( 2 )  w ill b e  v a lid
if ( k –  3 ) 2 –  4 .2 .2 . <  0   – 1  < k  < 7 ...(4 )
T h e  c o n d i t i o n s ( 3 )  a n d  ( 4 ) w i l l  h o l d
s im u lta n e o u s ly  if – 1  < k  < 5 .

Maximum and minimum values of a
rational function

C o n s id e r  
rq xp x

cb xa x
y

2

2




 ...(i)

T o  fin d  m a x im u m  a n d  m in im u m v a lu e s w h ic h  y  c a n
ta k e
c r o s s  m u ltip ly (i) to g e t :

y ( p x 2 +  q x  + r )  = a x 2 +  b x  + c
 ( a –  p y ) x 2 +  ( b  –  q y ) x  + ( c –  r y ) =  0

S in c e  x  is  r e a l, D  0
 ( b –  q y ) 2 –  4 ( a  –  p y ) ( c –  r y )  0
O n s o lv in g  th is  in e q u a lity w e w ill g e t th e  v a lu e s
w h ic h  y  c a n  ta k e .
Case-I :

y  [ A , B ]
I f  y c a n  ta k e  v a lu e s b e tw e e n  A a n d  B , th e n ,
M a x im u m  v a lu e  o f y  = y m a x =  B ,
M in im u m  v a lu e  o f y  = y m in =  A .
Case-II :

y  ( – , A ] [ B , )
I f  y c a n  ta k e  v a lu e s o u ts id e  A a n d  B , th e n ,
M a x im u m  v a lu e  o f y  = y m a x =  i.e . n o t d e f in e d .
M in im u m  v a lu e  o f y  = y m in =  –  i.e .  n o t d e f in e d .
Case-III :

y  ( – , ) i.e . y  R
I f  y c a n  ta k e  a ll v a lu e s , th e n
M a x im u m  v a lu e  o f y  = y m a x =  i.e . n o t d e f in e d .
M in im u m  v a lu e  o f y  = y m in =  –  i.e . n o t d e f in e d

ä Example 3. If x b e  a  r e a l, s h o w th a t th e  e x p r e s s io n

3x

1 1x2x 2




c a n  ta k e  a ll v a lu e s w h ic h  d o  n o t lie in

th e  o p e n  in te r v a l ( 4 , 1 2 ) .

ä Solution L e t y =  
3x

1 1x2x 2




W r itin g  th is  a s  a q u a d r a tic e q u a tio n  in  x , w e h a v e
x 2 +  x ( 2 –  y ) +  ( 3 y  –  1 1 ) =  0 ....(1 )

T h e  v a lu e s o f x  a n d  y  a r e  r e la te d  b y  th is  e q u a tio n
a n d  f o r e a c h v a lu e o f y , th e r e  is  a v a lu e  o f x , w h ic h  is
a  r o o t o f th is q u a d r a tic e q u a tio n . I n o r d e r th a t th is x
( o r  r o o t) is r e a l,  d is c r im in a n t  0 .

( 2 –  y ) 2 –  4 ( 3 y  –  1 1 )   0
y 2 –  1 6 y  + 4 8   4 8
( y –  4 ) ( y –  1 2 )  0

 y   4 o r y   1 2
H e n c e  y  ( o r th e  g iv e n  e x p r e s s io n ) d o e s n o t ta k e  a n y
v a lu e  b e tw e e n  4  a n d  1 2 .
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If a n y  v a lu e  b e tw e e n 4  a n d  1 2 , s a y 5 , is
g iv e n  fo r y  th is  e q u a tio n  ( 1 ) b e c o m e s  x 2

–  3 x  + 4  = 0  w h o s e  r o o ts  a r e im a g in a ry .

ä Example 4. S h o w th a t, b y  g iv in g  r e a l v a lu e s to

x , 
1x8x1 2

9x3 6x4
2

2




c a n  b e  m a d e  to  a s s u m e a n y  r e a l

v a lu e .

P u t   
1x8x1 2

9x3 6x4
2

2




th e n x 2 ( 4 –  1 2 )  + ( 3 6  –  8 )  x +  9 –   =  0 .
N o w  in  o r d e r th a t x  m a y  b e  r e a l it is n e c e s s a r y a n d
s u ffic ie n t th a t

( 3 6  –  8 ) 2 –  4 ( 4  –  1 2 )  ( 9 –  )  > 0 ,
o r th a t 2 –  8  +  7 2  > 0 ,
o r (l – 4 ) 2 +  5 6  > 0 ,
w h ic h  is  c le a rly tru e  fo r a ll re a l v a lu e s o f  . T h u s w e
c a n  f in d  re a l v a lu e s o f x  c o r re s p o n d in g  to  a n y  r e a l
v a lu e   o f .

ä Example 5. F in d  th e  r a n g e  o f th e  e x p re s s io n

y  =  
5ta n4ta n

8ta n2ta n
2

2




 ,

f o r  a ll p e r m is s ib le  v a lu e s o f  .
ä Solution L e t x =  ta n  w h e r e  x   R  f o r  a ll
p e r m is s ib le  v a lu e s o f  .

 y  =  
5x4x

8x2x
2

2




 x 2 y  –  4 x y  –  5 y  = x 2 –  2 x  –  8
 ( y –  1 ) x 2 +  2 x ( 1  –  2 y ) +  8 –  5 y  = 0
 x   R   h e n c e   D   0
 4 ( 1  –  2 y ) 2 –  4 ( y  –  1 ) ( 8 –  5 y )   0
 ( 4 y 2 –  4 y  + 1 ) –  ( 1 3 y  –  8  –  5 y 2 )   0
 9 y 2 –  1 7 y  + 9   0 ....(1 )
s in c e  c o e f fic ie n t o f y 2 >  0
a n d D  = 2 8 9  –  3 2 4  < 0
H e n c e  ( 1 ) is a lw a y s tru e .
T h e r e f o r e  r a n g e  o f y  is  ( –  , )

ä Example 6. F in d  th e  v a lu e s o f m  f o r w h ic h  th e
e x p r e s s io n  :

mx4

3x5x2 2




c a n  ta k e  a ll re a l v a lu e s f o r

x  R  –








4

m

ä Solution L e t y =  mx4

3x5x2 2




 2 x 2 –  ( 4 y  + 5 ) x  + 3  + m y =  0
 A x x  is  r e a l , d is c r im in a n t 0
 ( 4 y  + 5 ) 2 –  8 ( 3  + m y )  0
 1 6 y 2 +  ( 4 0  –  8 m ) y +  1  0
A  q u a d r a tic in y  is  n o n - n e g a tiv e  f o r a ll v a lu e s o f y
if c o e f fic ie n t o f y 2 is p o s itiv e  a n d  d is c rim in a n t 0 .
 ( 4 0  –  8 m ) 2 –  4 ( 1 6 ) ( 1 )  0
 ( 5 –  m ) 2 –  1  0
 ( m –  5  –  1 ) ( m –  5  + 1 )  0
 ( m –  6 ) ( m –  4 )  0
 m  [ 4 , 6 ]
C o n s id e r m  = 4

y  =  )1x(4

)1x()3x2(




y  =  
4

3x2 
, x  1

S in c e x   1 , y   –
4

1

H e n c e  y  c a n n o t ta k e  a ll re a l v a lu e s f o r  m =  4 . S o  m =
4  is  n o t a c c e p ta b le .
S im ila rly m  = 6  is  to  b e  r e je c te d .
S o  f o r th e  g iv e n  e x p r e s s io n  to  ta k e  a ll re a l v a lu e s , m
s h o u ld  ta k e  v a lu e s : m  ( 4 , 6 ) .

I n s u c h p r o b le m s  th e  e n d -
p o in ts  o f th e  r e s u lt a r e r e -

je c te d , in g e n e r a l d u e  to  c a n c e lla tio n  o f c o m m o n
f a c to r f r o m  n u m e r a to r a n d  d e n o m in a to r a n d  th e  r e -
s u ltin g  e x p r e s s io n  b e in g  in c a p a b le  o f a s s u m in g  a ll
r e a l v a lu e s .

ä Example 7. F in d  th e  r a n g e  o f th e  e x p re s s io n

y  =  
1c o t

)1 0) ( c o t5( c o t
2

22




,

f o r  a ll p e r m is s ib le  v a lu e s o f  .
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ä Solution L e t x =  c o t2 , w h e r e  x   [1 , ) fo r a ll
p e r m is s ib le  v a lu e s o f  .

T h e n

y  =  
x

)9x) (4x( 
=  x +  1 3  +  

x

3 6

=  2 5
x

6
x

2











H e n c e  th e  r a n g e  o f y  is  [  2 5 , )

P ra c tic e  P ro b le m s

1. G iv e n    y  =  
x

x

2

2

2

1




,  d e te r m in e  th e  v a lu e s o f

y  f o r w h ic h  x  is  r e a l .

2. Prove that 
9x4

x1 2
2   £ 1 for all real values of x,

the equality being satisfied only if |x| = 3/2.

3. If x is re a l, s h o w th a t 
2x3x2

2x3x2
2

2




lie s  b e tw e e n

1 /7  a n d  7 .

4. I f  x b e  r e a l a n d  0  < b  < c  s h o w th a t 
cbx2

b cx 2




c a n n o t lie b e tw e e n  b  a n d  c .

5. F o r re a l v a lu e s o f x , p ro v e th a t 
2x4x

6x1 2x1 1
2

2




c a n n o t lie b e tw e e n  – 5  a n d  3 .

6. S h o w th a t, if x  b e  r e a l 
1x2x

5x6x
2

2




c a n  n e v e r

b e  le s s  th a n  –  
3

1
.

7. I f  x i s r e a l ,  s h o w t h a t t h e  e x p r e s s i o n

1x8x1 2

9x3 6x4
2

2




c a n  h a v e  a n y  r e a l v a lu e .

8. S h o w th a t th e  e x p r e s s io n  2

2

x4x3m

4x3m x




w ill

b e  c a p a b le  o f a ll v a lu e s  w h e n  x  is  r e a l, p ro v id e d
th a t m  h a s a n y  v a lu e  b e tw e e n  1  a n d  7 .

9. F in d  a ll v a lu e s o f ‘ a ’  f o r  w h ic h  
ax7x5

5x7a x
2

2




ta k e s a ll re a l v a lu e s .

10. If 
4x3x

4x3m x
2

2




<  5 f o r  a ll x   R , fin d  p o s s ib le

v a lu e s o f m .

2.15 RESO LU TIO N  O F A  SECO N D
D EG REE EXPRESSIO N  IN  X A N D  Y

L e t u s  f in d  th e  c o n d itio n  th a t a  q u a d r a tic f u n c tio n  o f
x  a n d  y  m a y  b e  r e s o lv e d  in to  tw o lin e a r f a c to r s . T h is
is o f g r e a t im p o r ta n c e  in  a n a ly tic a l g e o m e tr y .
D e n o te  th e  f u n c tio n  b y  f ( x , y )  w h e r e
f ( x , y )  = a x 2 +  2 h x y  + b y 2 +  2 g x  + 2 f y  + c .
If w e  w r ite th is in d e s c e n d in g  p o w e rs  o f  x , a n d  e q u a te
it to z e r o  , w e g e t

a x 2 +  2 x ( h y  + g ) +  b y 2 +  2 f y +  c =  0 .

S o lv in g  th is  q u a d r a tic in x  w e  h a v e

a

)cf y2b y(a)gh y()gh y(
x

22 
 ,

o r a x  + h y  + g

=  ± )a cg()a fh g(y2)a bh(y 222  .

N o w  in  o r d e r th a t f ( x , y )  m a y  b e  th e  p r o d u c t o f tw o
lin e a r f a c to r s  o f th e  f o r m  p x  + q y  + r, th e  q u a n tity
u n d e r th e  ra d ic a l s ig n  m u s t b e  a  p e rf e c t s q u a re  ; h e n c e

( h g  –  a f ) 2 =  ( h 2 –  a b ) ( g 2 –  a c ) .
T r a n s p o s in g  a n d  d iv id in g  b y  a , w e o b ta in

a b c  + 2 fg h  –  a f2 –  b g 2 –  c h 2 =  0  O R  

cfg

fbh

gha

=  0

W e n o te  th a t f ( x , y )  c a n  b e
w r itte n  a s a  p r o d u c t o f tw o

lin e a r f a c to r s  w ith r e a l c o e f fic ie n ts  if  a p a r t fro m  th e
a b o v e  c o n d itio n  w e  h a v e  e ith e r (i) h 2 –  a b  > 0 , o r (ii)
h 2 –  a b  = 0 , h g  –  a f =  0 , g 2 –  a c   0

ä Example 1. F in d  th e  v a lu e s o f k  f o r w h ic h  th e
e x p r e s s io n
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1 2 x 2 –  1 0 x y  + 2 y 2 +  1 1 x  –  5 y  + k  is  th e p r o d u c t
o f tw o  lin e a r f a c to r s .
Solution R e a r r a n g e  a s a  q u a d r a tic e q u a tio n  in  x .

1 2 x 2 +  x ( 1 1  –  1 9 y ) +  ( 2 y 2 –  5 y  + k ) =  0
S o lv in g

x  =  
2 4

)ky5y2(4 8)1 1y1 0()1 1y1 0( 22 

T h e  f a c to r s  w ill b e  lin e a r o n ly  if
(1 0 y  –  1 1 ) 2 –  4 8 (2 y 2 –  5 y  + k ) is a  p e r fe c t s q u a re

a n d  h 2 –  a b  > 0
 if 4 y 2 +  2 0 y  + ( 1 2 1  –  4 8 k ) is a  p e r f e c t s q u a r e
a n d

( – 5 ) 2 –  1 2 .2  = 1  > 0
 d is c rim in a n t 4 0 0  –  1 6 ( 1 2 1  –  4 8 k ) =  0
( i.e .) if k =  2 .

ä Example 2. F in d  w h e th e r th e  e x p r e s s io n
x 2 +  y 2 +  4 x  + 4  c a n  b e  r e s o lv e d  in to  th e  p r o d u c t o f
tw o  lin e a r f a c to r s .
ä Solution R e a r r a n g e  a s a  q u a d r a tic e q u a tio n  in  x .

x 2 +  4 x  + y 2 +  4 =  0
S o lv in g

x  
2

24 1 6 4 ( y 4 )
2 y

2
2 iy

- ± - += = - ± -

= - ±
W e c a n  s e e  th a t th e  c o n d itio n

a b c  + 2 f g h  –  a f 2 –  b g 2 –  c h 2 =  0
is s a tis f i e d  b u t th e  g iv e n  e x p r e s s io n  c a n n o t b e
r e s o lv e d  in to  p r o d u c t o f tw o  lin e a r f a c to r s  w ith r e a l
c o e f fic ie n ts . T h is h a p p e n e d  b e c a u s e   h 2 –  a b  < 0 .
ä Example 3. S h o w th a t th e  e q u a tio n  x 2 –  x y  + y 2 =
4  (x  + y  –  4 ) w ill n o t b e  s a tis fie d  f o r a n y  re a l v a lu e o f
x  a n d  y  e x c e p t x  = 4  a n d  y  = 4 .
ä Solution R e w r itin g  th e  g iv e n  e q u a tio n  a s a
q u a d r a tic in y

y 2 –  y ( x  + 4 ) +  ( x 2 –  4 x  + 1 6 ) =  0
S in c e  y  is  r e a l,  d is c r im in a n t  0

( x +  4 ) 2 –  4 ( x 2 –  4 x  + 1 6 )  0
 – 3 x 2 +  2 4 x  –  4 8   0
 x 2 –  8 x  + 1 6   0 , o n  d iv is io n  b y  ( – 3 )

( x –  4 ) 2  0

B u t (x –  4 ) 2 c a n n o t b e  le s s  th a n  z e r o
 ( x –  4 ) 2 m u s t b e  e q u a l to z e r o .  x  = 4
S im ila rly w e c a n  p r o v e  th a t y  = 4 .
N o te th a t a n  in te r c h a n g e  o f x  a n d  y  d o e s  n o t a lte r th e
e q u a tio n .

ä Example 4. If x , y b e re a l a n d  9 x 2 +  2 x y  + y 2 –  9 2 x
–  2 0 y  + 2 4 4  = 0 , s h o w th a t x  [ 3 , 6 ] , y  [ 1 , 1 0 ]
ä Solution I f  w e  w rite th e  g iv e n  e q u a tio n  a s a
q u a d r a tic in x  w e  g e t

9 x 2 +  x ( 2 y  –  9 2 ) +  y 2 –  2 0 y  + 2 4 4  = 0
S in c e  x  is  r e a l w e m u s t h a v e

( 2 y  –  9 2 ) 2 –  3 6 ( y 2 –  2 0 y  + 2 4 4 )   0  o r ( y –  4 6 ) 2

–  9 ( y 2 –  2 0 y  + 2 4 4 )   0
y 2 –  1 1 y  + 1 0  0   (y –  1 )(y –  1 0 )  0   y  [1 , 1 0 ]

A g a in  if  w e  w rite th e  g iv e n  e q u a tio n  a s a  q u a d r a tic
in y  w e  g e t

y 2 +  y ( 2 x  –  2 0 ) +  9 x 2 –  9 2 x  + 2 4 4  = 0
A s b e f o r e  ( 2 x  –  2 0 ) 2 –  4 ( 9 x 2 –  9 2  + 2 4 4 )  0
 (x –  1 0 ) 2   (9 x 2 –  9 2 x  + 2 4 4 ) ³ 0 o r x 2 –  9 x  + 1 8   0
 x   [ 3 , 6 ] .

ä Example 5. I f  x is r e a l a n d  4 y 2 +  4 x y  + x  + 6  = 0 ,
th e n  f in d  th e  c o m p le te  s e t o f v a lu e s o f x  f o r w h ic h  y
is r e a l.
ä Solution 4 y 2 +  4 x y  + x  + 6  = 0      y   R
 D   0

1 6 x 2 –  1 6 ( x  + 6 )   0
 x 2 –  x  –  6   0  (x –  3 )(x +  2 )  0

 x   ( –  , – 2 ]   [ 3 , )

ä Example 6. F in d  th e  g r e a te s t a n d  th e le a s t r e a l
v a lu e s o f x  & y   s a tis f y in g  th e r e la tio n ,

x 2 +  y 2 =  6 x  –  8 y .
ä Solution w r itin g  a s a  q u a d r a tic in y ,

y 2 +  8 y  + x 2 –  6  x  = 0
y    R

 D   0
 x 2

–  6  x  –  1 6  
 
0

 –  2   x   8
S im ila r l y r a n g e  o f y   c a n  a ls o b e  o b ta in e d  :

–  2   x   8   & –  9   y   1
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ä Example 7. I f  x , y a n d  z  a r e  th r e e  r e a l n u m b e r s
s u c h  th a t x  + y  + z  = 4  a n d  x 2 +  y 2 +  z 2 =  6 , th e n  s h o w
th a t e a c h  o f x , y  a n d  z  lie in th e  c lo s e d  in te r v a l







2,
3

2
.

ä Solution H e r e , x 2 +  y 2 +  ( 4  –  x  –  y ) 2 =  6
x 2 +  ( y  –  4 ) x  + ( y 2 +  5 –  4 y ) =  0

S in c e  x  is  r e a l  D   0
 ( y –  4 ) 2 –  4 ( y 2 –  4 y  + 5 )  0
 – 3 y 2 +  8 y  –  4   0
 – ( 3 y  –  2 ) ( y –  2 )   0


2

3
 y   2

S im ila rly , w e  c a n  s h o w th a t x  a n d  z   





2,
3

2
.

P ra c tic e  P ro b le m s

1. R e s o lv e  th e  e x p r e s s io n s in to f a c to r s  :
(i) 3 x 2 +  x y  –  4 y 2 +  8 x  + 1 3 y  –  3

(ii) 3 x 2 +  2 x y  –  8 y 2 –  7 x  + 1 6 y  –  6
2. F in d  th e  v a lu e ( s ) o f   f o r  w h ic h  th e g iv e n

e x p r e s s io n  c a n  b e  r e s o lv e d  in to  fa c to r s , a n d  f o r
e a c h v a lu e  o f   r e s o lv e  th e  e x p r e s s io n  in to
f a c to rs :
(i) x 2 –  x y  + 3 y  –  2  +  ( x 2 –  y 2 )

(ii) x 2 +  y 2 –  6 y  + 4  +  ( x 2 –  3 y  + 2 ) .
3. F o r w h a t v a lu e s o f m  w ill th e  e x p r e s s io n

5 x 2  +  5 y 2 +  4 m x y  –  2 x  + 2 y  + m y +  m
b e  c a p a b le  o f r e s o lu tio n  in to  tw o lin e a r f a c to r s
w ith r e a l c o e f fic ie n ts  ?

4. I f  ( x 2 –  3 x   –   a ) y  + 4 x 2 –  1 1 x  +  a  = 0 , fin d  a  s o
th a t x  m a y  b e  e x p r e s s e d  a s a  r a tio n a l f u n c tio n
o f y .

5. If th e  e x p re s s io n  3 x 2 +  2 p x y  + 2 y 2 +  2 a x  –  4 y  + 1
c a n b e r e s o lv e d in to lin e a r f a c to r s , p r o v e th a t p
m u s t b e  o n e  o f th e  ro o ts  o f p 2 +  4 a p +  2 a 2 +  6 =  0 .

6. S h o w th a t in th e  e q u a tio n
x 2 –  3 x y  + 2 y 2 –  2 x  –  3 y  –  3 5  = 0 ,
f o r  e v e r y  r e a l v a lu e  o f x  th e r e  is  a r e a l v a lu e  o f
y , a n d  f o r e v e r y  r e a l v a lu e  o f y  th e r e  is  a r e a l
v a lu e  o f x .

7. P r o v e  th a t if th e  e q u a tio n  x 2 +  9 y 2 –  4 x  + 3 = 0
is  s a tis fie d  fo r r e a l v a lu e s o f x  a n d  y , x m u s t lie

b e tw e e n  1  a n d  3  a n d  y  m u s t lie b e tw e e n  –  1 /3
a n d  1 /3 .

8. I f  5 x 2 +  4 x y  + y 2 –  2 4 x  –  1 0 y  + 2 4  = 0 ,
w h e r e  x  a n d  y  a r e  r e a l n u m b e r s , s h o w th a t x

m u s t l i e  b e t w e e n 2  –  5 a n d  2  +  5
in c lu s iv e , a n d  y  b e tw e e n  – 4  a n d  6  in c lu s iv e .

9. If x 2 +  x y  –  y 2 +  2 x  –  y  + 1  = 0 , w h e re  x  a n d  y  a re

r e a l, s h o w th a t y  c a n n o t lie b e tw e e n 0  a n d  –  
5

8
,

b u t x  c a n  h a v e  a n y  r e a l v a lu e .

2.16 LO C ATIO N  O F RO O TS

I n th e  p re v io u s s e c tio n s , w e  d e a lt a b o u t th e  n a tu r e  o f
r o o ts  o f  a q u a d r a tic e q u a ti o n  w h e r e  w e  f o u n d
in f o r m a tio n  a b o u t th e  r o o ts  w h e n  th e  c o e f fic ie n ts
w e r e g iv e n .
I n th e  p r e s e n t to p ic  w e  n e e d  to  f in d  v a lu e s o f th e
c o e f fic ie n ts  w h e n  s o m e  in f o r m a tio n  a b o u t th e  r o o ts
is g iv e n . T h e r e  is  o n e  p r o b le m to d e te r m in e  th e
lo c a tio n  o f r o o ts  r e la tiv e  to  th e  p o in t 0  w h ic h  m e a n s
fin d in g  th e  s ig n s o f r o o ts . O u r in te r e s t a ls o lie s  in  th e
lo c a tio n  o f th e  ro o ts  in  a  g iv e n  in te rv a l. W ith re s p e c t
to th is in te r v a l w e c a n  a s k  th e  f o llo w in g  q u e s tio n s :
U n d e r w h a t c o n d itio n s : D o  b o th  th e  r o o ts  o c c u r in
th e  in te rv a l ?  Is  th e re e x a c tly o n e ro o t ?  Is  th e re a tle a s t
o n e  r o o t ?  W e  c a n  f o r m u la te a  v a r ie ty o f q u e s tio n s
b a s e d  o n  th e s e  id e a s . T h e  s tu d e n t m u s t c o n c e n tr a te
o n  t h e  g r a p h i c a l a p p r o a c h  i n  d e v e l o p i n g  t h e
a lg e b r a ic  c o n d itio n s a s s o c ia te d w ith lo c a tio n  o f
r o o ts .
L e t f ( x )  = a x 2 +  b x  + c , w h e r e  a , b , c  R
a n d  ,b e ro o ts o f th e e q u a tio n f(x ) = 0
i.e . a x 2 +  b x  + c  = 0 .
I n th is to p ic  w e  c o n s id e r o n ly  th e  r e a l r o o ts  o f  f ( x ) .
F o r s im p lic ity w e c a n  a s s u m e th a t .

w h e r e  
a2

Db
a n d

a2

Db 



 ,

D  = b 2 –  4 a c .

1. C o n d itio n  f o r b o th  r o o ts  to  b e  p o s itiv e

S u m o f r o o ts  > 0  –
a

b
>  0

P r o d u c t o f r o o ts  > 0 
a

c
>  0

F o r r e a l r o o ts  D  0
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2. C o n d itio n  f o r b o th  r o o ts  to  b e  n e g a tiv e

S u m o f r o o ts  < 0  –
a

b
<  0

P r o d u c t o f r o o ts  > 0 
a

c
>  0

F o r r e a l r o o ts  D  0

3. C o n d itio n  f o r o n e  r o o t n e g a tiv e  a n d  o th e r
p o s itiv e  i.e . r o o ts  o p p o s ite in s ig n s .

P r o d u c t o f r o o ts  < 0 
a

c
<  0 .

N o te th a t D  > 0  is  n o t r e q u ir e d  s in c e  b 2 –  4 a c  >

0  is  s a tis fie d  b y  
a

c
<  0 .

4. C o n d itio n  f o r b o th  r o o ts  to  b e  g r e a te r th a n  a  g iv e n  n u m b e r d .

f ( d )

d  

x=–b/2a

f ( d )

d
 

x=–b/2a

(i) a  > 0 (ii) a  < 0
f(d ) > 0 f(d ) < 0

d
a2

b
 d

a2

b


D  0 D  0

C o m b in in g  ( i) a n d  ( ii) w e  g e t a f ( d )  > 0 , d
a2

b
 , D  0

5. C o n d itio n  f o r b o th  r o o ts  to  b e  le s s  th a n  a  g iv e n  n u m b e r d .

f ( d )

d 

x=–b/2a

f ( d )

d
 

x=–b/2a
(i) a  > 0 (ii) a  < 0

f(d ) > 0 f(d ) < 0

d
a2

b
 d

a2

b


D  0 D  0

C o m b in in g  ( i) a n d  ( ii) w e  g e t a f ( d )  > 0 , d
a2

b
 , D  0 .

6. C o n d itio n  f o r o n e  r o o t to b e  le s s  th e n  d  a n d  o th e r g r e a te r th a n  d . i.e . a g iv e n  n u m b e r d  lie s  b e tw e e n  th e
r o o ts .

 d

f ( d )
 d

f ( d )

(i) a  > 0 (ii) a  < 0
f(d ) < 0 f(d ) > 0
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T h e r e  is  n o  n e e d  to  ta k e  D >  0 s in c e  th e  a b o v e  is  s u ffic ie n t.
C o m b in in g  ( i) a n d  ( ii) w e  g e t a f ( d )  < 0 .

7. C o n d itio n  f o r o n e  r o o t to b e  le s s  th a n  d  a n d  o th e r g r e a te r th e n  e .

 d

f ( d )

e

f ( e )
 d e

f(d ) f ( e )

(i) a  > 0 (ii) a  < 0
f(d ) < 0 f(d ) > 0
f(e )  < 0 f(e )  > 0

C o m b in in g  ( i) a n d  ( ii) w e  g e t a f ( d )  < 0 , a f ( e )  < 0 .
Caution : O n e  s h o u ld  n o t u s e  f ( d )  . f ( e )  > 0  s in c e  it a llo w s o th e r p o s s ib ilitie s .

8. C o n d itio n  f o r b o th  r o o ts  to  lie in a  g iv e n  in te r v a l ( d , e ) .

 d e

f ( e )f ( d )

x = – b /2 a



x = – b /2 a



f ( d ) f ( e )

d e

(i) a  > 0 (ii) a  < 0
f(d ) > 0 f(d ) < 0
f(e )  > 0 f(e )  < 0

d  <  
a2

b
<  e d  <  

a2

b
<  e

D  0 D  0

C o m b in in g  ( i) a n d  ( ii) w e  g e t a f ( d )  > 0 , a f ( e )  > 0 , d  <  
a2

b
<  e , D  0

9. C o n d itio n  f o r e x a c tly o n e  r o o t to lie in a  g iv e n  in te r v a l ( d , e ) .
Case-A :

(i) f(d ) >  0  

d

f(d )

e
f(e )

 
f(e )

f(d )

d

f ( e )  < 0

( i i ) f ( d )  < 0

e
d

f(d )

f(e )
 

f ( e )

e

f(d )

df(e )  > 0

C o m b in in g  ( i) a n d  ( ii) w e  g e t f ( d )  . f ( e )  < 0

Case-B :
O n e  r o o t is d  a n d  o th e r lie s  in  ( d , e )

d e

S o lv e  f( d )  = 0
F in d  th e  o th e r r o o t a n d  c h e c k  w h e th e r it lie s  in  (d , e ) .

Case–C :
S o lv e  f ( e ) = 0

d e

F in d  th e  o th e r r o o t a n d  c h e c k  w h e th e r it lie s  in  (d , e ) .
F in a l a n s w e r is u n io n  o f th e  c a s e s A , B  a n d  C .
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ä Example 1. If th e ro o ts  o f  th e q u a d ra tic  e q u a tio n ,
( a 2 –  7 a  + 1 3 ) x 2 –   ( a 3 –  8 a  –  1 ) x

+   lo g
1 /2

( a 2 –  6 a  + 9 ) =   0
lie o n  e ith e r s id e  o f o r ig in , th e n  f in d  th e  r a n g e  o f
v a lu e  o f  'a ' .
ä Solution f ( 0 )   < 0  lo g

1 /2
( a –  3 ) 2 <   0

( a –  3 ) 2 >   1  ( a –  4 )  ( a –  2 ) >   0
 ( – , 2 )    ( 4 , )

ä Example 2. F in d  th e  r a n g e  o f v a lu e s o f a  f o r

w h ic h  th e  e q u a tio n  x 2 –  ( a  –  5 ) x  +  





 

4

1 5
a =  0 h a s

a t le a s t o n e  p o s itiv e  r o o t.

ä Solution x 2 –  ( a  –  5 ) x  +  





 

4

1 5
a =  0 D   0

 ( a –  5 ) 2 –  4  





 

4

1 5
a  0

 a 2 –  1 0  a  + 2 5  –  4 a  + 1 5   0
 a 2 –  1 4  a  + 4 0   0
 ( a –  4 ) ( a –  1 0 )   0
 a   ( – , 4 ]   [ 1 0 , )
C a s e I : W h e n  b o th  r o o ts  a r e p o s itiv e

D   0 , a  –  5  > 0 , a  –  
4

1 5
>  0

 D   0 , a  > 5 , a  >  
4

1 5

 a   [ 1 0 , )
C a s e II : w h e n  e x a c tly o n e  r o o t is p o s itiv e

 a  –  
1 5

4
 0 , a   0  

1 5

4

th e n  f in a lly a   ( – , 1 5 /4 ]   [ 1 0 , )

ä Example 3. F in d  th e  s e t o f v a lu e s o f  'p '  f o r
w h ic h  th e  q u a d r a tic e q u a tio n ,

( p –  5 ) x 2 –  2  p x  –  4 p  = 0   h a s a tle a s t o n e
p o s itiv e  r o o t.

ä Solution F o r r e a l r o o ts
D   0      p  ( p  –  4 )   0  ; p   5

 ( – , 0 ]    [ 4 , 5 )    ( 5 , )
F o r b o th  n o n  p o s itiv e  r o o ts  s u m   0  ;
p r o d u c t  0    & D   0   [ 4 , 5 )
H e n c e  f o r a tle a s t o n e  p o s itiv e  r o o t

p   ( – , 0 ]    ( 5 , )

ä Example 4. C o n s id e r th e  q u a d r a tic e q u a tio n
x 2 –  ( m  – 3 ) x  +  m =  0 a n d  a n s w e r th e  q u e s tio n s

th a t f o llo w .
(a ) F in d  v a lu e s o f m  s o  th a t b o th  th e  r o o ts  a r e
g r e a te r th a n  2 .

D   0
 ( m –  3 ) 2 =  4 m   0
 m 2 –  1 0 m +  9   0
 ( m –  1 ) ( m –  9 )   0
 m   (– , 1 ]   [ 9 , ) .... (i)

f(2 ) > 0
 4  – ( m  – 3 ) 2  + m  > 0
 m  < 1 0 .... (ii)

–  
a2

b
>  2 

2

3m 
>  2

 m  > 7 .... (iii)
I n te r s e c tio n  o f (i), (ii) a n d  ( iii) g iv e s m   [ 9 , 1 0 )

( b )  F in d  th e  v a lu e s o f m  s o  th a t b o th  r o o ts  lie in th e
in te r v a l ( 1 , 2 )

D   0  m   (–  . 1 ]   [ 9 , )

f(1 ) > 0  1  –  ( m  – 3 ) +  m >  0
 4  > 0  m   R
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f(2 ) > 0  m  < 1 0

1  < –  
b

2 a
<  0  1  <  

2

3m 
<  2

 5  < m  < 7
I n te r s e c tio n  g iv e s m  

( c )  O n e  ro o t is g re a te r th a n  2  a n d  o th e r s m a lle r th a n  1

f(1 ) < 0  4  < 0  m  
f(2 ) < 0  m  < 1 0

I n te r s e c tio n  g iv e s m  

( d )  F in d  th e  v a lu e  o f m  f o r w h ic h  b o th  r o o ts  a r e
p o s itiv e .

D   0  m   ( – , 1 ]  [ 9 , )
f(0 ) > 0  m  > 0

–  
a2

b
>  0 

2

3m 
>  0

 m  > 3
I n te r s e c tio n  g iv e s m   [ 9 , )

(e ) F in d  th e v a lu e s o f m  f o r w h ic h  o n e  r o o t is
p o s itiv e  a n d  o th e r is n e g a tiv e .

f(0 ) < 0  m  < 0

(f) R o o ts  a r e e q u a l in m a g n itu d e  a n d  o p p o s ite in
s ig n .
S u m o f r o o ts  = 0  m  = 3
a n d f(0 ) < 0  m  < 0
 m  

ä Example 5. F in d  a ll th e  v a lu e s o f ‘ a ’  f o r  w h ic h
b o th  th e  r o o ts  o f th e  e q u a tio n .

(a –  2 )x 2 +  2 a x  + (a +  3 ) = 0  lie s  in  th e  in te rv a l (– 2 , 1 ).

ä Solution

( a –  2 ) f ( – 2 ) >  0
 ( a –  2 ) [ ( a –  2 ) 4  –  4 a  + a  + 3 ] >  0
 ( a –  2 ) ( a –  5 ) >  0
 a  < 2 , a  > 5

( a –  2 ) f ( 1 ) > 0
 ( a –  2 ) ( 4 a  + 1 ) >  0

 a  < –  
4

1
, a >  2

D   0
 4 a 2 –  4 ( a  + 3 ) ( a –  2 )  0
 a   6

–
b

2 a
<  1 

2a

)1a(2




>  0

 a   ( – , 1 )   ( 2 , )

– 2 < –
b

2 a
 )2a(2

a2




>  – 2 
2a

4a




>  0

 a   ( – , 2 )   ( 4 , )

C o m p le te s o lu tio n  is  a   





 

4

1
,  ( 5 , 6 ]

ä Example 6. F in d  th e  v a lu e s o f a  f o r w h ic h  o n e
r o o t o f e q u a ti o n  ( a  –  5 ) x 2 –  2 a x +  a –  4  = 0  is
s m a lle r  t h a n  1  a n d  th e  o th e r g r e a te r th a n  2 .
ä Solution L e t  f ( x )  = ( a –  5 ) x 2 –  2 a x  + a  – 4  ( a  
5 ) a s 1  a n d  2  lie b e tw e e n  th e  r o o ts  o f  f ( x )  = 0
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C o n s id e r (a –  5 ) f(1 ) < 0  : (a –  5 ) (a –  5  –  2 a  + a  –  4 ) <  0
 ( a –  5 ) ( – 9 ) <  0
 a  –  5  > 0
 a   ( 5 , ) ...( 1 )

C o n s id e r ( a –  5 ) f ( 2 )  < 0  : ( a –  5 ) ( 4 ( a –  5 ) –
4 a  + a  – 4 ) <  0
 ( a –  5 ) ( a –  2 4 ) <  0
 a   ( 5 , 2 4 ) ...( 2 )

H e n c e , th e  v a lu e s o f a  s a tis f y in g  ( 1 ) a n d  ( 2 )
a t th e  s a m e  tim e  a r e  a   ( 5 , 2 4 )

ä Example 7. F in d  th e  v a lu e s  o f  a s o th a t th e
e q u a tio n

x 2 +  (3  –  2 a )x +  a =  0 h a s  e x a c tly o n e ro o t in (– 1 , 2 ).
ä Solution
(A ) f ( – 1 ) . f (2 )  < 0  ( 3 a  –  2 ) ( 1 0  –  3 a ) <  0

 





 






  ,

3

1 0

3

2
,a .

(B ) L e t f(– 1 ) =  0  3 a  –  2  = 0  a  =  
3

2

 =  a   – 1  .  =  
3

2
 =  –  

3

2
( – 1 , 2 )

H e n c e  a  =  
3

2
is a c c e p ta b le .

( C )  L e t f ( 2 )  = 0  1 0  –  3 a  = 0 a  =  
3

1 0

 =  a   2  =  
3

1 0
 =  

3

5
( – 1 , 2 )

H e n c e a  =  
3

1 0
is a ls o a c c e p ta b le .

F in a lly , 




 




  ,

3

1 0

3

2
,a

ä Example 8. F o r w h a t v a lu e s o f ‘ a ’ e x a c tly o n e
r o o t o f th e  e q u a tio n  2 a x 2 –  4 a x  + 2 a –  1  = 0 , lie s
b e tw e e n  1 a n d  2 .
ä Solution S in c e  e x a c tly o n e  r o o t o f th e  g iv e n
e q u a tio n  lie s  b e tw e e n  1  a n d  2

w e h a v e f ( 1 )  f ( 2 )  < 0
H e r e f ( x )  = 2 a x 2 –  4 a x  + 2 a –  1
 ( 2 a –  4 a +  2 a – 1 ) ( 4 .2 a –  2 .4 a +  2 a –  1 ) <  0
 ( 4 a –  2 .2 a +  1 )  ( 4 .4 a –  5 .2 a +  1 )  < 0
 ( 2 a –  1 ) 2 ( 2 .2 2 a –  5 .2 a +  1 )  < 0

2 .2 2 a –  5 .2 a +  1 <  0
2

1
<  2 a <  1

 lo g
2

( 1 /2 )  < a  < lo g
2

1
 – 1  < a < 0  a   ( – 1 , 0 )

ä Example 9. F in d  a ll  v a lu e s o f a  f o r w h ic h  th e
e q u a ti o n  2 x 2 –  2 ( 2 a  + 1 ) x  + a ( a  + 1 ) =  0 h a s tw o
r o o ts , o n e  o f w h ic h  is  g r e a te r th a n  a  a n d  th e  o th e r
is s m a lle r  t h a n  a .
ä Solution H e r e c o e f f i c ie n t o f x 2 is p o s itiv e

++
–0 1

L e t f ( x )  = 2 x 2 –  2  ( 2 a  + 1 ) x  + a  ( a  + 1 )
 f ( a )  = 2 a 2 –  2  ( 2 a  + 1 ) a  + a ( a  + 1 )

=  – a 2 –  a  < 0
 –  a  ( a  + 1 ) <  0  a ( a  + 1 ) >  0

a   ( –  , – 1 )   ( 0 , )

ä Example  10. F in d  th e  v a lu e s o f th e  p a r a m e te r k
f o r  w h ic h  th e  e q u a tio n  x 4 –  ( k  –  3 ) x 2 +  k =  0 h a s
(i) fo u r r e a l r o o ts (ii) e x a c tly tw o  r e a l r o o ts (iii) n o
r e a l r o o t
ä Solution T h e  e q u a tio n  x 4 –  (k  –  3 )x 2 +  k  =  0 ...( 1 )
c a n  b e  tr a n s f o r m e d  to  t2 –  ( k  –  3 ) t + k  = 0 ...( 2 )
w h e r e  x 2 =  t

(i) N o w  th e e q u a tio n  ( 1 ) w ill h a v e  fo u r re a l ro o ts  if
th e  e q u a tio n  ( 2 ) h a s b o th  r o o ts  a s  p o s itiv e  a n d
d is tin c t. T h e s e  v a lu e s o f k  a r e  in c lu d e d  in  th e
in te r v a l ( 9 , ).
A g a in  ( 1 ) w ill h a v e  e x a c tly tw o  r e a l r o o ts  if
e ith e r
(a ) ( 2 )  h a s e q u a l r o o ts  a n d  th is  e q u a l r o o t is

p o s itiv e  ( s in c e  t =  x 2 )
(b ) ( 2 )  h a s o n e p o s itiv e  a n d  o n e  n e g a tiv e

r o o t.
N o w  ( 2 ) h a s e q u a l ro o ts  if k =  1  a n d  k  = 9

(ii) k  = 1 , t = – 1   N o r e a l r o o ts  a n d  k  = 9 , t = 3  

x 2 =  3   x  = ±  3
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T h u s a t k  = 9  th e  o r ig in a l e q u a tio n  h a s e x a c tly
tw o  r o o ts .
A g a in  ( 2 ) h a s o n e  p o s itiv e  a n d  o n e  n e g a tiv e
r o o t if k   ( – , 0 ) . T h u s th e  r e q u ir e d  v a lu e s o f
k  a r e  9  a n d  th e  o n e s ly in g  in  th e  in te r v a l ( – ,
0 ).

( iii) E q u a tio n  ( 1 ) w ill n o t h a v e  a n d  r e a l r o o ts  if
e q u a tio n  ( 2 ) h a s e ith e r n o  r e a l r o o ts  o r  h a s b o th
r o o ts  n e g a tiv e . N o w  ( 2 ) h a s n o  r e a l r o o t if m  
( 1 , 9 )  a n d  h a s b o th  r o o ts  n e g a tiv e  if  k   ( 0 , 1 ) .
T h u s r e q u ir e d  v a lu e s o f k  a r e  c o n ta in e d  in  th e
in te r v a l ( 0 , 9 ) .

ä Example  11. S o lv e  th e e q u a tio n
9 – |x  –  2 |– 4 .3  – |x  –  2 |–  a  = 0 f o r  e v e r y  r e a l n u m b e r a .

ä Solution L e t y =  3 – |x – 1 | a n d  n o tin g  th a t 0  < 3 – |x –  2 |

1  f o r e v e r y  x , w e g e t th e  e q u a tio n
y 2 –  4 y  –  1  = 0

f o r  w h ic h  w e  h a v e  to  f in d  th e  r o o ts  ly in g  in  th e
in te r v a l 0  <  y   1 . T h e  a b s c is s a o f th e  v e r te x  o f f ( y )  =
y 2 –  4 y  –  a  is  e q u a l to 2  s o  th a t if th e  q u a d r a tic h a s
r o o ts , th e n  th e  g r e a te r r o o t e x c e e d s 2  a n d  d o e s n o t
in te r e s t u s . I t th e r e f o r e  r e m a in s  to  w r ite d o w n  th e
c o n d itio n  u n d e r w h ic h  th e r e  is  e x a c tly o n e  r o o t in
th e  in te r v a l 0  < y   1 .
F ir s t o f a ll, y =  1 is a  r o o t w h e n  a  = – 3 . F u rth e r m o r e ,
th e r e  is  e x a c tly o n e  r o o t in th e  in te r v a l 0  < y  < 1  if
f(0 ).f(1 ) < 0  – a ( – a  –  3 ) <  0   –  3  < a  < 0 .
T h u s , th e  e q u a tio n  h a s e x a c tly o n e r o o t in th e
in te r v a l

0  < y   1  f o r –  3   a  < 0   .

T h is is th e  s m a lle r ro o t y  = 2  –  2  4 a+ . N o w s o lv in g

th e  e q u a tio n  3 – |x  –  2 | =  2 –  4 a+ , w h ic h fo r th e  v a lu e s
o f a  th u s f o u n d  h a s a  s o lu tio n  , w e g e t

|x –  2 | =  – lo g
3

( 2 –  4 a+ ,

x
1 , 2

=  2 ±  lo g
2

( 2 –  4 a+ )  f o r  – 3   a  < 0

P ra c tic e  P ro b le m s

1. F in d  a ll v a lu e s o f p  f o r w h ic h  th e  r o o ts  o f th e

e q u a tio n  ( p  –  3 ) x 2 –  2 p x  + 5 p  = 0  a r e   p o s itiv e .

2. F o r w h a t v a lu e s o f p  d o e s th e  e q u a tio n

2 x 2 –  ( p 3 +  8 p  –  1 ) x  + p 2 –  4 p  = 0  p o s s e s s  r o o ts
o f o p p o s ite s ig n s ?

3. F o r w h a t v a lu e  o f m  w ill th e  e q u a tio n

1m

1m

ca x

b xx 2








h a v e  r o o t s  e q u a l i n

m a g n itu d e  b u t o p p o s ite in s ig n  ?

4. I f  0 <  m <  3 , th e n  s h o w th a t th e  r o o ts  o f th e
e q u a tio n  ( m  – 2 ) x 2 –  ( 8  –  2 m ) x –  ( 8  –  3 m )  = 0
a r e  r e a l.  F in d  th e  ra n g e  o f v a lu e s o f m  f o r w h ic h
o n e  r o o t is p o s itiv e  a n d  th e  o th e r is n e g a tiv e .

5. F in d  a ll v a lu e s o f m  f o r w h ic h  th e  e q u a tio n
m  R , m  –  1 ,(1 +  m ) x 2  –  2 (1  + 3 m ) x +  (1  + 8 m ) =  0
g i v e s r o o t s  a c c o r d i n g  t o  t h e  f o l l o w i n g
c o n d itio n s :
(i) B o th r o o ts  a r e

( a )  I m a g in a ry (b ) E q u a l
( c )  R e a l a n d  d is tin c t ( d )  P o s itiv e
( e ) N e g a tiv e

(ii) R o o ts  a r e o p p o s ite in s ig n
( iii) R o o ts  a r e e q u a l in m a g n itu d e
(iv ) R o o ts  a r e e q u a l is m a g n itu d e  b u t o p p o s ite

in s ig n
(v ) A tle a s t o n e  r o o t is p o s itiv e .

(v i) A tle a s t o n e  r o o t is n e g a tiv e .
( v ii) R o o ts  a r e r e c ip r o c a l to e a c h  o th e r
(v iii) N e g a tiv e  ro o t is g re a te r th a n  p o s itiv e  ro o t

n u m e ric a lly
(ix ) P o s itiv e  r o o t is g r e a te r th a n  n e g a tiv e  r o o t

n u m e r ic a lly

6. F o r  w h a t v a lu e s  o f a , d o e s  th e e q u a tio n
a x 2 –  (a  + 1 ) x  +  3  =  0  h a v e ro o ts  ly in g  b e tw e e n  1
a n d  2 ?

7. F o r w h ic h  v a lu e s o f a  is  o n e  o f th e  r o o ts  o f th e
p o ly n o m ia l (a 2 +  a +  1 )x 2 +  (a  – 1 ) x  + a 2 g r e a te r
th a n  3  a n d  th e  o th e r le s s  th a n  3 ?

8. F in d  a ll th e  v a lu e s o f a  f o r w h ic h  th e  r o o ts  o f
th e  e q u a tio n  x 2 +  x +  a =  0 e x c e e d  a .

9. F o r w h a t v a lu e s o f ‘ a ’  d o e s th e  e q u a tio n
2  lo g 3

2 x  –  |lo g 3 x | +  a =  0 p o s s e s s  f o u r s o lu tio n s ?

10. F in d  a ll th e  v a lu e s o f th e  p a r a m e te r a  fo r w h ic h
b o th  r o o ts  o f th e  q u a d r a tic e q u a tio n  x 2 –  a x  + 2
=  0 lie b e tw e e n  0  a n d  3  .



Q u a d r a tic E q u a tio n 2.49

11. F in d  a ll v a lu e s o f m  fo r w h ic h  th e  e q u a tio n  m  
R , m   –  1 , (1 +  m ) x 2  –  2 (1  +  3 m )  x +  (1  +  8 m )  =
0  g iv e s r o o t s  a c c o r d in g  t o  t h e  f o l l o w in g
c o n d itio n s :
(i) E x a c tly o n e  r o o t in th e  in te r v a l ( 2 , 3 )

(ii) O n e  r o o t s m a lle r  th a n  1  a n d  o th e r r o o t
g r e a te r th a n  1

( iii) B o th r o o ts  s m a lle r th a n  2
(iv ) A tle a s t o n e  r o o t in th e  in te r v a l ( 2 , 3 )
(v ) A tle a s t o n e  r o o t g r e a te r th a n  2

(v i) R o o ts  s u c h  th a t b o th  1  a n d  2  lie b e tw e e n th e m .
( v ii) O n e  r o o t in ( 1 , 2 )  a n d  o th e r r o o t in ( 2 , 3 )

12. If th e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  h a s
r o o ts  o f  o p p o s ite s ig n  ly in g  in  th e in te r v a l

( – 2 , 2 ) , th e n  p r o v e  th a t 1  +  
a4

c
–  

a2

b
>  0 .

13. F o r w h a t v a lu e s o f a  d o  th e  re a l ro o ts ,x 1 &  x 2 ,o f
th e  e q u a tio n  x 2 –  4 a x  + 1  =  0   s a tis f y x 1  a  a n d

x 2  0  ?

2.17 SO LV IN G  IN EQ U A LITIES BA SED
O N  LO C ATIO N  O F RO O T

ä Example 1 F in d  a ll v a lu e s o f 'k ' f o r w h ic h  th e
in e q u a lity k  . 4 x +  ( k  –  1 ) 2 x  + 2  +  k >  1 is s a tis fie d  f o r
a ll x   R .
ä Solution L e t 2 x =  t w h e r e  t ( 0 , ) .
T h e  in e q u a lity is k t2 +  4 ( k –  1 )t + k  –  1  > 0 f o r t >  0
L e t f(t) = k t2 +  4 ( k –  1 ) t + k  –  1
Case A :
f(t) is p o s itiv e  f o r a ll t R .

k  > 0
D  < 0  4 ( k  –  1 ) 2 –  ( k  –  1 ) k  < 0

 ( k –  1 ) ( 3 k  –  4 ) <  0

 1  < k  <  
3

4
.

Case B :
f(t) > 0  f o r t > 0  

O

a n d  f (t) m a y  b e  n o n - p o s itiv e  f o r t 0 .
a  > 0  k  > 0
f ( 0 )  0  k  –  1  0

a2

b
0 

k2

)1k(4 
 0


k

1k 
0  k  < 0  o r k  1

T h e r e  is  n o  n e e d  o f d is c rim in a n t.
T a k in g  in te r s e c tio n , w e g e t k  1 .

Case C :
L e t th e  le a d in g  c o e f fic ie n t b e  z e r o  i.e . k  = 0
T h e n  f (t) = –  4 t –  1  w h ic h  is  a lw a y s n e g a tiv e  s in c e  t
>  0 . T h e  in e q u a lity is n o t s a tis fie d .
F in a lly , w e  h a v e  k  [ 1 , ) .

ä Example 2 F in d  a ll p o s s ib le  p a r a m e te r s  'a ' f o r
w h ic h , f ( x )  = ( a 2 +  a –  2 ) x 2 –   ( a  + 5 ) x  –  2
is n o n  p o s itiv e  f o r e v e r y    x    [ 0 , 1 ] .
ä Solution f  ( x )   = ( a +  2 ) ( a –  1 ) x 2 –  ( a  + 5 ) x  –  2
 0
f o r    a =  – 2   ; f ( x )  = –  3 x  –  2
w h ic h  is  n e g a t iv e  in  [ 0 , 1 ]
f o r    a =  1    ; f ( x )  = –  6 x  –  2
w h ic h  is  n e g a t iv e  in   [ 0 , 1 ]

N o w    Case  I :     

f o r    a 2 +  a –  2  > 0     i.e .   a >  1 o r a  < – 2      ( 1 )
(i) f ( 0 )    0   a lw a y s t r u e
(ii) f  ( 1 )   0
 a    [ – 3 , 3 ]  ( 2 )
f r o m   ( 1 ) a n d   ( 2 ) a    [ – 3 , – 2 )   ( 1 , 3 ]
Case  II a 2 +  a –  2  < 0
i.e .   – 2  <  a  <  1

I n th is c a s e  :
(i) D   0       ( a +  2 ) 2  0      a   R
(ii) f ( 1 )  <  0    & f ( 0 )  <  0     ( a lw a y s t r u e )
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 a   ( – 3 , 3 )
c o m m o n  s o lu tio n    ( – 2 , 1 )

Case  III a  < 0    & D  <  0
s in c e     D   0       n o  s o lu tio n  in  th is  c a s e
c o m b in in g  a ll    a   [ – 3 , 3 ]

ä Example 3 F in d   a ll  v a lu e s   o f  k  f o r  w h ic h th e
in e q u a lity ,  2 x 2 –  4  k 2  x  –  k 2 +  1 >  0  is v a lid f o r  a ll
r e a l x  w h ic h  d o  n o t e x c e e d  u n ity in th e  a b s o lu te
v a l u e .
ä Solution Case I w h e n   D <  0 w h ic h  g iv e s th e
r e s u lt

Case II f ( 1 )   0   ; D   0   ; –  
b

a2
>  1

o r f  ( – 1 )   0   ; D   0   ; –  
b

a2
<  – 1   ;

N o s o lu tio n  in  c a s e  I I

–  
1

2
<  k <  

1

2

ä Example 4 F in d  th e  v a lu e s o f a  f o r w h ic h  th e
in e q u a lity ta n 2 x  + ( a +  1 ) ta n  x  –  ( a  –  3 ) <  0 h o ld s f o r

a tle a s t o n e  x   





 

2
,0

ä Solution W e  a r e  r e q u ir e d  to  fin d  th e  v a lu e s o f a
f o r  w h ic h

ta n 2 x  ( a  + 1 ) ta n  x  –  ( a  –  3 ) <  0

f o r  s o m e x   





 

2
,0

i.e . y 2 +  ( a  + 1 ) y  –  ( a  –  3 ) <  0 f o r  s o m e y  > 0
[ a s s u m e ta n  x  = y ]

i.e . f ( y ) = y 2 +  (a  + 1 ) y  + ( 3 –  a ) .

S in c e  th e  c o e f f . o f y 2 is p o s itiv e  th e  p lo t o f f
r e p r e s e n ts  a p a r a b o la  w h o s e  m o u th  o p e n s u p w a r d .

A c c o r d in g  to  th e  r e q u ir e d  c o n d itio n , f ( y )  < 0  f o r
s o m e p o s itiv e  y
 a  p o r tio n  o f th e  p a r a b o la  m u s t lie in th e  f o u r th
q u a d r a n t
 a tle a s t o n e  r o o t o f f ( y )  = 0  is  p o s itiv e .
Case I ( r o o ts  o p p o s ite in s ig n )
p r o d u c t o f r o o ts  < 0 i.e .  a >  3 .
Case II ( b o th  r o o ts  p o s itiv e )

D  0   (a +  1 ) 2 +  4 (a  –  3 ) 0   a 2 +  6 a  –  1 1  0

 a  – 3  –  2 5 o r a   –  3  + 2  5 ...(1 )

a n d p r o d u c t o f r o o ts  > 0
 a  < 3 ...(2 )
a n d s u m  o f  r o o ts  > 0
 a  < –  1 ...(3 )
I n te r s e c tio n  o f in e q u a litie s  ( 1 ) , ( 2 )  a n d  ( 3 ) , g iv e s

a  –  3  –  2 5 .

N o w , u n io n  o f th e  in e q u a litie s  o b ta in e d  in  b o th  th e
c a s e s g iv e s

a   ( – , – 3 , – 2 5 ]  ( 3 , ) .

P ra c tic e  P ro b le m s

1. F in d  a ll re a l v a lu e s o f m  f o r w h ic h  th e  in e q u a lity

m x 2 –  4 x  + 3 m +  1 >  0  is  s a tis fie d  fo r a ll p o s itiv e  x .

3. F in d  a ll v a lu e s o f m  f o r w h ic h  a ll x  [ 1 , 2 ] is a
s o lu tio n  o f th e  in e q u a lity x 2 –  m x  + 1  < 0 .

4. F in d  a ll v a lu e s o f a  f o r w h ic h  x 2 –  x  + a  –  3  < 0
f o r  a tle a s t o n e  n e g a tiv e  x .

5. P r o v e  th a t f o r  a n y  v a lu e  o f a  th e  in e q u a lity
(a 2  +  3 ) x 2 +  (a  + 2 ) x  –  4  < 2  is  tru e  fo r a tle a s t o n e
n e g a tiv e  x .

6. F o r  w h a t v a l u e s o f m   R 1 m   – 1 , th e
f u n c t io n
f ( x )  = (1 +  m )  x 2 –  2 ( 1  + 3 m )  x +  ( 1  +  8 m ) is
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( a ) p o s itiv e  f o r a ll x   2
( b ) n e g a tiv e  f o r a ll x   2
( c ) le s s  th a n  1  f o r a ll x  ( – , 0 )
( d ) g r e a te r th a n  5  f o r a ll x  ( – 1 , 1 )

7. F in d  a ll v a lu e s o f ‘a ’ fo r w h ic h  9 x –  a . 3 x –  a +  5 /4  
0  is s a tis fie d  f o r a tle a s t o n e  x   R .

TH EO RY O F EQ U ATIO N S

2.18 PO LYN O M IA LS

A n e x p r e s s io n  o f th e  f o r m
f ( x ) = a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2 +  .... + a n  –  1 x  +  a n

in w h ic h  a 0 , a 1 , a 2 ,......, a n a r e  c a lle d  c o e f fic ie n ts
(c o n s ta n ts  f r e e  fr o m  x ) a n d  n  is  a n o n -n e g a tiv e  in te g e r,
is c a lle d  a  p o ly n o m ia l in x .
I f  a 0  0 , th e  p o ly n o m ia l is o f d e g r e e  n , a 0 x n is th e
le a d in g  te r m , a n d  a 0 is th e  le a d in g  c o e ffic ie n t. A ls o
a n is th e  c o n s ta n t te r m .
A  p o ly n o m ia l in o n e  v a r ia b le  is  w r itte n  in  d e s c e n d in g
p o w e r s  o f th e  v a r ia b le  w h e n  th e  e x p o n e n ts  o n  th e
te r m s  d e c r e a s e  f r o m  le f t to rig h t. W r ittin g  w ith
d e s c e n d in g  p o w e r s  o f  x , th e  p o ly n o m ia l is s a id to b e
in s ta n d a r d  f o r m .
T h e  n +  1 c o e ff ic ie n ts  c a n  b e  d e te rm in e d , if th e  v a lu e s
o f th e  p o ly n o m ia l a r e k n o w n  f o r n  + 1  v a lu e s o f x .

Polynomial of two or more variables
I f  a p o ly n o m ia l c o n ta in s m o r e th a n  o n e  v a r ia b le , th e
d e g r e e  o f a  te r m  is  th e  s u m o f th e  e x p o n e n ts  o n  a ll
th e  v a r ia b le s .  T h e  d e g r e e  o f th e  p o ly n o m ia l is th e
g r e a te s t o f th e  d e g r e e s o f a n y  o f its te r m s .
A  p o ly n o m ia l o f  tw o v a r ia b le s x  a n d  y  is  th e  a lg e b ra ic
s u m  o f  s e v e r a l te r m s  o f th e  f o r m  a x ry s w h e r e  r a n d  s
a r e  p o s itiv e  in te g e r s . r  + s  is  th e  d e g r e e  o f th e  te r m .
F o r e x a m p le , th e  d e g r e e  o f 3 x 2 y 7 is
2  + 7  o r 9 . A ls o x 5 +  3 x 4 y  + 2 x y 3 +  4 y 2 –  2 y  + 1  is  a
p o ly n o m ia l o f  x a n d  y  a n d  its d e g r e e  is  5 .

S im ila rly a n  e x p r e s s io n  w h o s e  te r m s a r e  o f th e  f o r m
a x ry s z t w h e r e  r, s a n d  t a r e  p o s itiv e  in te g e r is a
p o ly n o m ia l o f th r e e  v a r ia b le s x , y  a n d  z .

Homogeneous polynomial
A  p o ly n o m ia l o f  m o r e  th a n  o n e  v a r ia b le  is  s a id to b e
h o m o g e n e o u s , if th e  d e g re e  o f e a c h  te r m  is  th e  s a m e .
T h u s ,  2 x 7 +  5 x 5 y 2 –  3 x 4 y 3 +  4 x 2 y 5 is a  h o m o g e n e o u s
p o ly n o m ia l o f  d e g r e e  7  in  x  a n d  y .
a x 2 +  b y 2 +  c z 2 +  2 h x y  + 2 f y z  + 2 g z x   i s  a
h o m o g e n e o u s p o ly n o m ia l o f  d e g r e e  2  in  x , y  a n d  z .

ä Example 1. If th e  v a lu e  o f th e  p o ly n o m ia l
a 0 x 2 +  a 1 x  + a 2 a r e  1 0 , 1 9  a n d  7  f o r x  = 1 , 2  a n d

– 2  r e s p e c tiv e ly , d e te r m in e  th e  c o - e ffic ie n ts .
ä Solution H e r e a 0 . 1 2 +  a 1 . 1 +  a 2 =  1 0 ,
o r a 0 +  a 1 +  a 2 =  1 0 ...( 1 )

a 0 . 2 2 +  a 1 . 2 +  a 2 =  1 9 ,
o r 4 a 0 +  2 a 1 +  a 2 =  1 9 ...( 2 )

a 0 ( – 2 ) 2 +  a 1 ( – 2 ) +  a 2 =  7 ,
o r 4 a 0 –  2 a 1 +  a 2 =  7 ...( 3 )
F r o m ( 1 ) , ( 2 )  a n d  ( 3 ) w e g e t a 0 =  2 , a 1 =  3 , a 2 =  5 .

Identical polynomials
T w o  p o ly n o m ia ls in x  a re  id e n tic a l if th e  c o e ffic ie n ts
o f th e ir lik e  p o w e r s  o f  x a r e  e q u a l.
T h u s , a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2 +  ..... + a n  –  1 x  + a n

=  b 0 x n +  b 1 x n  –  1 +  b 2 x
n  –  2 +  ....+ b n  –  1 x  + b n

im p lie s  th a t a 0 =  b 0 , a 1 =  b 1 ,......, a n =  b n .

ä Example 2. O b ta in th e  c o n d itio n  th a t x 3 +  3 p x  +
q  m a y  h a v e  a  f a c to r o f th e  f o r m  ( x  –  a ) 2 .
ä Solution I f  ( x –  a ) 2 is a  fa c to r w e m a y  a s s u m e th a t

x 3 +  3 p x  + q  = (x –  a )2 (x +  b ) =  (x 2 –  2 a x  + a 2 ) (x +  b )
=  x 3 +  ( b  –  2 a ) x 2 +  ( a 2 –  2 a b ) x  + a 2 b .

S in c e  th e  tw o p o ly n o m ia ls a r e  id e n tic a l w e h a v e
b  –  2 a  = 0 ...( 1 )
a 2 –  2 a b  = 3 p ...( 2 )
a 2 b  = q ...( 3 )

F ro m (1 ) b =  2 a . P u ttin g  b  = 2 a  in  (2 ) 3 p  = – 3 a 2 , o r, p =  – a 2 .
F ro m (3 ) 2 a 3 =  q   4 a 6 =  q 2   4 (– p )3 =  q 2  4 p 3 +  q 2 =  0 .

ä Example 3. U s in g  th e  m e th o d  o f u n d e te r m in e d
c o e f f i c ie n ts , s h o w th a t th e  e x p r e s s io n

( x +  1 ) ( x +  2 ) ( x +  3 ) ( x +  4 ) +  1 is th e  s q u a r e
o f a  tr i n o m ia l.
ä Solution I f  t h e  g iv e n  e x p r e s s io n  is  t h e  s q u a r e
o f a  tr i n o m ia l, th e n th e  f o llo w in g  e q u a lity is tr u e :
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( x +  1 )  ( x +  2 )  ( x +  3 ) (x +  4 ) + 1  = (x 2 +  a x  +  b ) 2 ,
w h e r e  a  a n d b  a r e  th e  d e s i r e d  c o e f f i c ie n ts .
O n p e r f o r m in g  th e  o p e r a tio n s in d ic a te d  in  th is
e q u a lity , w e  c o m p a r e  th e  c o e f fic ie n ts  o f  x 3 a n d  x 2

in b o th  s id e s . W e  o b ta in  t h e  s y s te m








,3 5b2a

,1 0a2
2

W h e n c e  w e  f in d  a  = 5  a n d  b  = 5 . M a k e s u r e th a t f o r
th e s e  v a lu e s o f a  a n d  b  th e  c o e f f ic ie n ts  o f  x a n d  x 0

(i.e . c o n s ta n t te r m s ) a ls o c o in c id e . T h u s , th e  g iv e n
e x p r e s s io n  is  e q u a l to ( x 2 +  5 x  + 5 ) 2 .

ä Example 4. F i n d  t h e  f a c t o r i z a t i o n  o f t h e
p o ly n o m ia l P ( x )  = ( x 2 +  x +  1 )  ( x 2 +  x +  2 )  – 1 2 .
ä Solution P ( x ) =  ( x 2  +  x +  1 ) ( (x 2 +  x  +  1 )  + 1 ) –  1 2

=  ( x 2 +  x +  1 ) 2 +  ( x 2 +  x +  1 ) –  1 2 .
L e t x 2 +  x  +  1 =  y . W e  th e n  h a v e  y 2 +  y –  1 2  = ( y +  4 )
( y – 3 ) , s in c e  th e  r o o ts  o f  t h e  tr i n o m ia l y 2 +  y –  1 2
a r e  e q u a l to ( – 4 ) a n d  3 . P a s s in g  f r o m  y to x , w e g e t

P ( x ) =  ( x 2 +  x +  5 )  ( x 2 +  x –  2 ) .
S i n c e  th e tr in o m ia l x 2 +  x –  2  = ( x – 1 ) ( x +  2 ) ,
P ( x ) =  ( x  –  1 ) ( x +  2 )  ( x 2 +  x +  5 ) .

Polynomial Equation

I f  a p o ly n o m ia l in x  b e c o m e s e q u a l to a n o th e r
p o l y n o m i a l  f o r  c e r t a i n v a l u e s o f x , t h e n  t h e
a lg e b r a ic a l e x p r e s s io n  o f s u c h  a  r e la tio n  is  c a lle d  a n
e q u a tio n . A n y  v a lu e  o f x  w h ic h s a tis fie s  th e  e q u a tio n
is c a lle d  a  r o o t o f th e  e q u a tio n . D e te r m in a tio n  o f a ll
p o s s ib le  r o o ts  is  k n o w n  a s th e  c o m p le te  s o lu tio n  o f
th e  e q u a tio n .

B y b r in g in g  a ll th e  te r m s to o n e  s id e , th e  e q u a tio n
c a n  b e  a r r a n g e d  in  d e s c e n d in g  p o w e r s  o f  x in th e
f o llo w in g  f o r m :

f(x ) = a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2 +  .... + a n  –  1 x  + a n =  0

T h e r e f o r e , a  p o ly n o m ia l e q u a tio n  is  o b ta in e d  b y
e q u a tin g  a  p o ly n o m ia l to z e r o . T h e  h ig h e s t p o w e r o f
x  in  th e e q u a tio n  is  c a lle d  th e  d e g r e e  o f th e  e q u a tio n .
A n e q u a tio n  r e m a in s u n c h a n g e d  if  a ll th e  te r m s a r e
d iv id e d  b y  th e  s a m e  n o n -z e r o  n u m b e r. I t is s a id  to  b e

c o m p le te  if it c o n ta in s a ll th e  p o w e r s  o f  x f r o m  n to
0 ; o th e r w is e it is in c o m p le te .
If  b e  a  c o m p le x  n u m b e r  s u c h th a t f()  = 0 , th e n   is
c a lle d  a  root or zero o f th e  p o ly n o m ia l f.
3 x 3 +  4 x 2 –  7  is  a p o ly n o m ia l o f  d e g r e e  3  w ith r e a l
c o e f fic ie n ts ; 1  is  a z e r o  o f th is p o ly n o m ia l.
x 3 +  2 x  –  i is a  p o ly n o m ia l o f  d e g r e e  3  w ith c o m p le x
c o e f fic ie n ts ; i is a  z e r o  o f th is p o ly n o m ia l.

ä Example 5. I f  x =  1 a n d  x  = 2  a r e  r o o ts  o f th e
e q u a tio n  x 3 +  a x 2 +  b x  + c  = 0  a n d  a +  b =  1 , th e n f in d
th e  v a lu e  o f b .
ä Solution a  + b  + c  = –  1
 c  = –  2

a n d 8  + 4 a  + 2 b  + c  = 0
 4 a  + 2 b  = –  6
 2 a  + b  = –  3
 a  = –  4 , b  = 5
h e n c e a  = –  4 ; b  = 5 ; c  = –  2

2.19 REM A IN D ER TH EO REM

Remainder Theorem

L e t P ( x )  b e  a n y  p o ly n o m ia l o f  d e g r e e  g r e a te r th a n
o r e q u a l to o n e  a n d  ‘ a ’ b e  a n y  r e a l n u m b e r. I f  P ( x )
is d iv id e d  ( x  –  a ) , th e n  th e  r e m a in d e r is e q u a l to
P (a ).

P r o o f :

S in c e  x  –  a  is  o f firs t d e g r e e , th e  r e m a in d e r w ill b e  a
c o n s ta n t. I f  w e  r e p r e s e n t th e  q u o tie n t b y  Q a n d  th e
r e m a in d e r b y  R , th e n  f ( x )  = ( x –  a ) ×  Q +  R . B y
s u b s titu tin g  a  f o r x , w e g e t th e  r e s u lt.

Factor Theorem
L e t  P ( x )  b e  p o l y n o m i a l o f  d e g r e e  g r e a t e r t h a n
o f e q u a l t o 1  a n d  ‘ a ’ b e a  r e a l n u m b e r s u c h  t h a t
P ( a ) =  0 , th e n  ( x  –  a ) is a  f a c to r o f P ( x ) . C o n v e r s e ly ,
i f  ( x –  a ) is a  f a c to r o f P ( x ) , th e n  P ( a )  = 0 .

If f(x )  h a s  in te g e r c o e f fic ie n ts  a n d  a is a n
in te g e r r o o t o f f ( x )  a n d  m is a n y  in te g e r
d iffe r e n t fro m  a , th e n a  –  m d iv id e s  f ( m ).
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P r o o f :

O n d iv id in g  f ( x )  b y  x  –  m w e g e t
f(x ) = (x –  m )  q (x ) + f(m ) ,

w h e re  q (x ) h a s in te g e r c o e ffic ie n ts . S o  fo r x  = a , w e g e t
0  = f(a ) = (a –  m ) q (a ) + f(m ) o r f(m ) = (a –  m ) q (a ).

H e n c e  ( a  – m ) d iv id e s f(m ) .

ä Example 1. L e t f(x )  b e  a  p o ly n o m ia l, h a v in g
in te g e r c o e f fic ie n ts  a n d  le t f ( 0 )  = 1 9 8 9  a n d  f ( 1 )  =
9 8 9 1 . P r o v e  th a t f ( x )  h a s n o  in te g e r r o o ts .
ä Solution If a is a n in te g e r r o o t, th e n  a  0  a s f(0 ) 
0 . A ls o a  m u s t b e  o d d  s in c e  it m u s t d iv id e  f ( 0 )  = a n =
1 9 8 9 . B u t a  1  a s f ( 1 )  0 . S o  ta k in g  m =  1 in th e
a b o v e  N o te , w e s e e  th a t th e  e v e n  n u m b e r ( a –  1 )
d iv id e s  th e  o d d  n u m b e r f ( 1 )  = 9 8 9 1 , a  c o n tr a d ic tio n .

W h e n  o n e  r o o t o f a n  e q u a tio n
c a n b e f o u n d  b y  in s p e c tio n

u s in g   r e m a in d e r th e o r e m , th e  d e g r e e  o f th e  e q u a tio n
c a n  b e  lo w e r e d  b y  m e a n s o f d iv is io n .
I n th e  e q u a tio n ( a –  x ) 4 +  ( x  –  b ) 4 =  ( a  –  b ) 4 ,
s in c e  x  = a  a n d  x  = b  b o th  s a tis f y th e  e q u a tio n ,
(x –  a ) (x –  b ) w ill d iv id e  (a  –  x ) 4 +  (x  –  b ) 4 –  (a  –  b ) 4 , a n d
a s th e  q u o tie n t w ill b e  o f th e  s e c o n d  d e g r e e , th e
e q u a tio n  f o r m e d  b y  e q u a tin g  it to z e r o  c a n  b e  s o lv e d .

ä Example 2. F in d  p  a n d  q  s o  th a t ( x +  2 ) a n d  (x  –  1 )
m a y  b e  f a c to r s  o f  t h e  p o ly n o m ia l
f ( x )  = x 3 +  1 0 x 2 +  p x  + q .
ä Solution S in c e  ( x  +  2 ) is a  f a c to r f ( – 2 ) m u s t b e
z e r o  –  8  + 4 0  –  2 p  + q  = 0 ...( 1 )
S in c e  ( x  –  1 ) is a  f a c to r, f ( 1 )  m u s t b e  z e r o
 1  + 1 0  + p  + q  = 0 ...( 2 )
F ro m ( 1 )  a n d  ( 2 ) , b y  s o lv in g  w e  g e t p  = 7  a n d  q  = – 1 8

ä Example 3. S h o w th a t ( 2 x  + 1 ) is a  f a c to r o f th e
e x p r e s s io n  f ( x )  = 3 2 x 5 –  1 6 x 4 +  8 x 3 +  4 x  + 5 .
ä Solution S in c e  ( 2 x  + 1 ) is to b e  a  f a c to r o f

f ( x ) , f 







2

1
s h o u ld  b e  z e r o .
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1 1 1
f 3 2 1 6

2 2 2

1 1
8 4 5

2 2
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H e n c e  ( 2 x  + 1 ) is a  f a c to r o f f ( x ) .

ä Example 4. W ith o u t a c tu a l d iv is io n  p r o v e  th a t
2 x 4 –  6 x 3 +  3 x 2 +  3 x  –  2  i s  e x a c t l y d i v i s i b l e  b y
x 2 –  3 x  + 2 .
ä Solution L e t  f ( x )  = 2 x 4 –  6 x 3 +  3 x 2 +  3 x  –  2
a n d  g ( x ) =  x 2 –  3 x  + 2  b e th e  g iv e n  p o l y n o m ia ls .
T h e n

g ( x ) =  x 2 –  3 x  + 2 =  ( x  –  1 ) ( x –  2 )
I n o r d e r to p r o v e  th a t f ( x )  i s e x a c tly d iv is ib le  b y
&  ( x ) , it is s u f f i c ie n t to p r o v e  th a t x  –  1  a n d  x  –  2
a r e  f a c to r s  o f  f ( x ). F o r th is it is s u f f ic ie n t to p r o v e
th a t f ( 1 )  = 0  a n d  f ( 2 )  = 0 .
N o w ,f ( x )  = 2 x 4 –  6 x 3 +  3 x 2 +  3 x  –  2
 f ( 1 )  = 2  × 1 4 –  6  × 1 3 +  3 ×  1 2 +  3 ×  1 –  2
a n d , f ( 2 )  = 2  × 2 2 –  6  × 2 3 ×  2 2 +  3 ×  2 –  2
 f(1 ) = 2  –  6  + 3  + 3  –  2  a n d  f(2 ) = 3 2  –  4 8  + 1 2  + 6  –  2
 f ( 1 )  = 8  –  8  a n d  f ( 2 )  = 5 0  –  5 0
 f ( 1 )  = 0  a n d  f ( 2 )  = 0
 ( x –  1 ) a n d  ( x  –  2 ) a r e  f a c to r s  o f  f ( x ) .
 g ( x ) =  ( x  –  1 ) ( x –  2 ) is a  f a c to r s  o f  f ( x ) .
H e n c e , f ( x )  is  e x a c tly d iv is ib l e  b y  g ( x ) .

ä Example 5. S h o w th a t ( x –  1 ) 2 is a  f a c to r o f
x n –  n x  + n  –  1 .

ä Solution L e t f(x ) x n –  n x  + n  –  1 . S in c e  f ( x )  = 0 ,
th e re fo re  b y  th e fa c to r th e o re m f(x ) is d iv is ib le  b y  x  –  1 .
W e c a n  w rite f ( x )  = ( x n –  1 ) –  n ( x  –  1 ) ,

=  ( x  –  1 ) { x n – 1 +  x n – 2 +  .... + 1  –  n }
=  ( x  –  1 ) g ( x ) ,

w h e r e  g ( x ) =  x n – 1 +  x n – 2 +  ..... + 1  –  n .
s in c e  g (1 ) =  0 , th e r e f o re  b y  th e f a c to r th e o r e m  x –  1  is
a  f a c to r o f g ( x ) , a n d  c o n s e q u e n tly f ( x ) is d iv is ib le  b y
( x –  1 ) 2 .

ä Example 6. A  p o ly n o m ia l in  x  o f  d e g r e e  g r e a te r
th a n  3  l e a v e s  t h e  r e m a i n d e r 2 , 1  a n d  – 1   w h e n
d iv i d e d  b y   ( x –  1 ) ;   (x +  2 )   & (x +  1 )   r e s p e c tiv e ly .
F in d  th e  r e m a in d e r, if th e  p o ly n o m ia l is d iv id e d
b y ,  ( x 2 –  1 ) ( x +  2 ) .
ä Solution f (x ) = Q

1  
(x –  1 ) +  2  =  Q

2
( x +  2 ) + 1

=   Q
3
( x +  1 ) – 1

 f ( 1 )   = 2   ; f  ( – 2 ) =  1 ;     f  ( – 1 ) =  – 1
a g a in     f ( x )  =  Q

r  
( x 2 –  1 ) ( x +  2 )  +  a x 2 +  b x  + c

H e n c e    a  + b  + c  = 2   ; 4 a  –  2 b  + c  = 1
a n d    a  –  b  + c  = – 1
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ä Example 7. F in d  a ll c u b ic  p o ly n o m ia ls p ( x ) s u c h
th a t ( x –  1 ) 2 is a  f a c to r o f p ( x ) +  2 a n d  ( x  + 1 ) 2 is a
f a c to r o f p ( x ) –  2 .
ä Solution If (x –  ) d iv id e s a  p o ly n o m ia l q (x ) th e n q ()
=  0 . L e t p ( x ) =  a x 3 +  b x 2 +  c x  + d . S in c e  (x  –  1 ) d iv id e s
p ( x ) +  2 , w e  g e t a  + b  + c  + d  + 2  = 0 .
H e n c e  d  = – a  –  b  –  c –  2  a n d

p ( x ) +  2 =  a ( x 3 –  1 ) +  b ( x 2 –  1 ) +  c ( x –  1 )
=  ( x  –  1 ) { a ( x 2 +  x + 1 ) +  b ( x +  1 )  + c } .

S in c e  (x  –  1 ) 2 d iv id e s p ( x ) +  2 , w e  c o n c lu d e  th a t (x –  1 )
d iv id e s  a (x 2 +  x  +  1 )  + b (x  +  1 ) c . T h is im p lie s  th a t 3 a
+  2 b  + c  = 0 . S im ila rly , u s in g  th e  in f o r m a tio n  th a t ( x
+  1 ) 2 d iv id e s p ( x ) –  2 , w e g e t tw o  m o r e  r e la tio n s : – a
+  b –  c  + d  –  2  = 0 ; 3 a  –  2 b  + c  = 0 . S o lv in g  th e s e  f o r
a , b , c , d , w e o b ta in  b  = d  = 0 , a n d  a  = 1 , c  = – 3 . T h u s
th e r e  is  o n ly  o n e  p o ly n o m ia l s a tis f y in g  th e  g iv e n
c o n d itio n  : p ( x ) =  x 3 –  3 x .

ä Example 8. S h o w th a t th e  p o ly n o m ia l
x (x n  –  1 –  n a n  –  1 ) + a n (n –  1 ) is d iv is ib le  b y  ( x  –  a ) 2 .

ä Solution L e t  f ( x )  = x ( x n  –  1 –  n a n  –  1 )  + a n ( n –  1 )
th e n f ( a )  =  a ( a n  –  1 –  n a n  –  1 )  + a n ( n –  1 ) =  0 .
A ls o f ( x )  = n x n  –  1 –  n a n  –  1  f ( a )  = 0
S in c e  b o th  f ( a )  a n d  f ( a )  a r e z e r o . T h e  p o ly n o m ia l
f ( x )  m u s t b e  d iv is ib le  b y  ( x  –  a ) 2 .

ä Example 9. F in d  th e  r e m a in d e r w h e n
(i) x 1 0 0 +  x +  2 is d iv id e d  b y  x  –  1
(ii) x 1 0 0 +  x +  2 is d iv id e d  b y  x 2 –  1
ä Solution
(i) L e t f(x ) = x 1 0 0 +  x +  2 th e n  a n s w e r  is c le a rly f(1 ) = 4 .
(ii) N o te th a t th e  re m a in d e r  w h e n  f ( x )  is  d iv id e d  b y

x  + 1  is  f ( – 1 ) =  2

U s in g  f( 1 )  = 4 , f ( – 1 ) =  2  ( re m a in d e rs )  w e  w rite

1x

)x(f


=  g ( x )  +  

1x

2
)x(h

1x

)x(f
;

1x

4





w h e r e  g ( x ) a n d  h ( x ) a r e  tw o p o ly n o m ia ls .
O n s u b tr a c tin g  w e  g e t

1x

6x2
)x(h)x(g

1x

)x(f2
22 





o r  
1x

3x
)x(h

2

1
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2

1
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22 





 T h e  re m a in d e r w h e n  f ( x )  is  d iv id e d  b y  x 2 –  1  is

x  + 3 .

P ra c tic e  P ro b le m s

1. S h o w b y  s u b s titu tio n  th a t x –  1 , x  –  5 , x  + 2  a n d

x  +  4  a r e  f a c to r s  o f  x 4 –  2 3 x 2 –  1 8 x  + 4 0 .
2. S h o w th a t x 4 +  3 a x 3 –  7 x  –   is  d iv is ib le b y  2 x  +

3  w h e n  a  =  
1 6 2

1 2 1
.

3. P r o v e th a t 4 a x 3 –  2 x 2 +  3 b x  + 5  is  d iv is ib le b y

2 x  –  1  a n d  x  + 2  if  b =  – 3
6

1
.

4. I f  f ( x ) is a  r a tio n a l in te g r a l f u n c tio n  o f x  a n d  a ,
b  a r e  u n e q u a l, s h o w th a t th e  r e m a in d e r in th e
d iv is io n  o f f ( x )  b y  ( x  –  a )  ( x –  b ) is [ ( x –  a ) f ( b )
–  ( x  –  b ) f ( a )]/(b –  c ) .

5. F o r w h a t v a lu e s o f p a r a m e te r s  m a n d  n  is  th e
p o ly n o m ia l 5 x 6 –  p x 5 +  2 q x 2 –  2 x  + 3   d iv is ib le
b y  x 2 –  1 .

6. F in d  a q u a d r a tic f u n c tio n  o f x  w h ic h  s h a ll

v a n is h w h e n  x  = –  
7

3
a n d  h a v e  th e  v a lu e s 2 4

a n d  6 2  w h e n  x  = 3  a n d  x  = 4  r e s p e c tiv e ly .
7. I f  a , b , c , d a r e  in  G .P . th e n  p r o v e  th a t a x 2 +  b x 2

+  c x  + d  is  d iv is ib le b y  a x 2 +  c .

8. S h o w th a t x 3 +  x 2 +  x  +   w ill b e  a  p e r f e c t

c u b e  w h e n  2 =  2 7  a n d  3  =  2 .

9. P r o v e  th a t a x 3 +  b x  +  c is d iv is ib le  b y  x 2 +  p x  +

1  if  a 2 –  c 2 =  a b .

2.20 RO O TS O F A PO LYN O M IA L
EQ U ATIO N

Fundamental Theorem of Algebra
E v e r y  p o ly n o m ia l e q u a tio n  o f d e g r e e  1  w ith g iv e n
c o e f fic ie n ts  ( r e a l o r im a g in a r y ) h a s a tle a s t o n e  r o o t
( r e a l o r im a g in a r y ) . T h is  th e o re m w a s  d is c o v e r e d  b y
th e  f a m o u s G e r m a n  m a th e m a tic ia n  K a r l F rie d r ic h
G a u s s .
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L e t f(x ) = a 0 x
n +  a 1 x

n  –  1 +  a 2 x n  –  2 +  ..... + a n  –  1 x  + a n b e
a  p o ly n o m ia l o f  d e g r e e  n w ith th e  le a d in g  c o e f f ic ie n t
a 0 . A s  a r e s u lt o f  t h e  f u n d a m e n ta l th e o r e m , th e
e q u a tio n  f ( x )  = 0  h a s a  r e a l o r im a g in a r y  r o o t 1 s o
th a t f (1 )  = 0 . B y th e  r e m a in d e r th e o r e m f ( x )  is
d iv is ib le  b y  (x  –  1 ). T h e re fo r e , f( x ) = ( x –  1 ) × f 1 (x ),
w h e r e  f 1 ( x ) is p o ly n o m ia l o f  d e g r e e  n  –  1  w ith th e
le a d in g  c o e ffic ie n t a 0 . B y  th e f u n d a m e n ta l th e o r e m
a g a in , th e  e q u a tio n f1 (x ) = 0  h a s a  re a l o r im a g in a ry  ro o t
2 . T h e re fo re , f1 (2 ) = 0 .
C o n s e q u e n tly f 1 (x ) = ( x –  2 ) = ( x –  2 ) × f 2 (x ), w h e re
f 2 ( x ) is a  p o ly n o m ia l o f  d e g r e e  n  –  2  w ith th e  le a d in g
c o e f fic ie n t a 0 . T h e s a m e p r o c e d u r e  is  r e p e a te d  u n til
w e c o m e  to  a  p o ly n o m ia l o f th e  f irs t d e g r e e , f n  –  1 (x )
w ith th e  r o o t n a n d  th e  le a d in g  c o e f fic ie n t a 0 . S o ,

f n  –  1 ( x )  = a 0 ( x –  n ).

C o m b in in g  a ll th e s e  r e la tio n s , w e  g e t

f ( x ) = a 0 (x –  1 )(x –  2 )  ..... ( x  –  n ).

F r o m th e  a b o v e  r e la tio n  w e  c o n c lu d e th a t e v e r y
p o ly n o m ia l in x  o f d e g r e e  n  c a n  b e  f a c to r iz e d  in to  n
lin e a r f a c to r s  o f  th e f o r m ( x –  ) . A ll o f th e m m a y  n o t
b e  d is tin c t, s o m e  m a y  b e  e q u a l. I f  x is r e p la c e d  b y
a n y  o n e  o f  1 , 2 ,....,n f ( x )  w ill re d u c e  to  z e r o  a n d
n o  o th e r  v a lu e  o f x , d iffe re n t fro m  1 , 2 , ....., n w ill
m a k e f(x ) z e ro .

Theorem : A  p o ly n o m ia l f(x )  o f th e  n - th d e g r e e
c a n n o t v a n is h f o r  m o r e  th a n  n  v a lu e s o f x  u n le s s  a ll
its c o e f fic ie n ts  a re z e r o .
F o r  o th e r w is e  th e  p r o d u c t o f m o r e th a n  n  e x p r e s s io n s
o f th e  f o r m  x –   w o u ld  b e a  fa c to r o f th e  p o ly n o m ia l.
T h a t is to s a y , a  p o ly n o m ia l o f th e  n th  d e g r e e  w o u ld
h a v e a  f a c to r o f d e g r e e  h ig h e r  t h a n  n , w h ic h  is
im p o s s ib le .

Corollary 1 : I f  a p o ly n o m ia l in x  o f d e g r e e  n
v a n is h e s f o r  m o r e  th a n  n  d is tin c t v a lu e s o f x , it
v a n is h e s id e n tic a lly .

F o r, if f ( x ) = a 0 ( x –  1 )  ( x –  2 )  .... ( x  –  n ) ...(1 )

v a n is h e s f o r  x =  , d iffe r e n t f r o m  1 , 2 , ....., n , w e
h a v e  0  = a 0 ( –  1 ) ( –  2 ) ..... ( –  n ). T h e re fo re , a 0
=  0 . H e n c e  f r o m  ( 1 ) a ll th e  c o e f fic ie n ts  in  f ( x )  a r e
z e r o s a n d  f ( x )  v a n is h e s id e n tic a lly .

Corollary 2 : T w o  p o ly n o m ia ls in x  o f d e g r e e  n
w ill b e  id e n tic a l, if th e ir e q u a lity h o ld s fo r m o r e  th a n  n
v a lu e s o f x .
E q u a tin g  th e  d if f e r e n c e  o f th e  tw o p o ly n o m ia ls to
z e r o , w e g e t a n  e q u a tio n  o f d e g re e  n , w h ic h  is  s a tis f ie d
b y  m o r e  th a n  n  v a lu e s o f x , a n d  s o  a ll th e  c o e ffic ie n ts
w ill b e  z e r o s . H e n c e  th e  o r ig in a l p o ly n o m ia ls m u s t
b e  id e n tic a lly e q u a l.

ä Example 1. F o r m  a f o u r th d e g r e e  p o ly n o m ia l

e q u a tio n  w h o s e  r o o ts  a r e 0 ,  a , 
b

c
.

ä Solution T h e  e q u a tio n  h a s to b e  s a tis fie d  b y

x  = 0 , x  = a , x  = – a , x  =  
b

c
;

th e r e f o r e  it is x ( x  + a ) ( x –  a )  





 

b

c
x =  0 ;

th a t is , x ( x 2 –  a 2 )  ( b x  –  c ) =  0 ,
o r b x 4 –  c x 3 –  a 2 b x 2 +  a 2 c x  = 0 .

Identity
f(x ) = 0  is  s a id to b e  a n  id e n tity in x  if  it is s a tis fie d  b y
a ll v a lu e s o f x  in  th e  d o m a in  o f f ( x )

T h u s a n  id e n tity in x  is  s a tis fie d  b y  a ll v a lu e s o f x
w h e re a s  a n  e q u a tio n  in  x  is  s a tis fie d  b y  s o m e  p a rtic u la r
v a lu e s o f x .
(i) ( x +  2 ) 2 =  x 2 +  4 x  + 4  is  a n  id e n tity in x .
H e re h ig h e s t p o w e r o f x  in  th e  g iv e n  re la tio n  is  2 a n d
th is r e la tio n  is  s a tis f ie d b y  th r e e  d if f e r e n t v a lu e s  x
=  0 , x  = 1  a n d  x  = – 1  a n d  h e n c e  it is a n  id e n tity
b e c a u s e  a  p o ly n o m ia l e q u a tio n  o f n  th  d e g r e e  c a n n o t
h a v e  m o r e  th a n  n  d is tin c t r o o ts .
(ii) x 9 –  2 x 7 +  5 =  0 is a n  e q u a tio n  in  x  b e c a u s e  it is
n o t s a tis fie d  b y  x  = 0 .

Equivalent equations : T w o  e q u a tio n s a re  s a id
to b e  e q u iv a le n t if th e y  h a v e  th e  s a m e  r o o ts .

T h e  s y m b o l  is u s e d  to  d is -
tin g u is h a n  id e n tity f r o m  a n

e q u a tio n .
I n a n id e n tity in x  c o e f fic ie n ts  o f s im ila r p o w e r s  o f  x
o n  th e  tw o s id e s a r e  e q u a l.
T h u s if a x 3 +  b x 2 +  c x  + d  = 2 x 3 –  5 x 2 +  3 x  –  6  b e  a n
id e n tity in x , th e n  a  = 2 , b  = – 5 , c  = 3 , d  = – 6 .
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ä Example 2. S o lv e  th e  e q u a tio n

 

2 2

2 3

( x b ) ( x c ) ( x c ) ( x a )
a b

( a b ) (a c ) ( b c ) ( b a )

( x a )( x b )
c x

( c a )( c b )

- - - -
+ +

- - - -
- -

=
- -

ä Solution th e  e q u a tio n  is  s a tis fie d  b y  x  = a , b y  x  =
b , a n d  b y  x  = c ; a n d  th e  e q u a tio n  is  n o t a n  id e n tity ,
s in c e  th e  c o e f fic ie n t o f x 3 is n o t z e r o .
H e n c e  th e  r o o ts  o f th e  c u b ic  a r e  a , b , c .

ä Example 3. S h o w th a t, if
( a –  ) 2 x  + ( a –  ) 2 y  + ( a –  ) 2 z  = ( a –  ) 2 ,
( b –  ) 2 x  + ( b –  ) 2 y  + ( b –  ) 2 z  = ( b –  ) 2 ,
( c –  ) 2 x  + ( c –  ) 2 y  + ( c –  ) 2 z  = ( c –  ) 2 ,

th e n  w ill
(d –  ) 2 x  + (d –  ) 2 y  + ( c –  ) 2 z  = ( d –  ) 2 , w h e re

d  h a s a n y  v a lu e  w h a te v e r.
ä Solution T h e  e q u a tio n

( X –  ) 2 x  + ( X –  ) 2 y  + ( X –  ) 2 z  = ( X –  ) 2

is a  q u a d r a tic e q u a tio n  is  X , a n d  it h a s th e  th r e e  r o o ts
a , b , c . It is th e re fo r e  s a tis fie d  w h e n  a n y  o th e r q u a n tity
d  is  p u t f o r  X .

Equal Roots
A  p o ly n o m ia l o f  d e g r e e  n   h a s n  lin e a r f a c to r s  a n d  a
n u m b e r o f th e m m a y  b e r e p e a te d . T h e  f a c to r ( x –  )
m a y  o c c u r tw ic e , th ric e , o r m o r e tim e s b u t n o t m o r e
th a n  n  tim e s . I n  th is  c a s e , th e  e q u a tio n  f ( x )  = 0  s a id  to
h a v e  n  r o o ts , tw o  o r m o r e b e in g  e q u a l to o n e a n o th e r.
If f(x )  = a 0 ( x –  ) r ( x –  )......( x  –  ), th e n   is c a lle d  a
m u ltip le r o o t o f f(x ) = 0  a n d  r is c a lle d  th e  m u ltip lic ity
o f .

ä Example 4. F in d  th e  z e ro s o f th e  p o ly n o m ia l (x –  1 )
( x +  2 ) 2 ( x –  3 ) 2 a n d  g iv e  th e  m u ltip lic ity o f e a c h .
ä Solution T h e  z e r o s a r e  1 , – 2 , – 2 , 3 , 3 , i.e ., 1  is a
s in g le  r o o t, a n d  –  2   a n d  3  a r e  r o o ts  w ith m u ltip lic ity
tw o  e a c h .

Imaginary Roots
I f  a c o m p le x  n u m b e r o f th e  f o r m   +  i, 0 , b e  a
r o o t o f f ( x )  = 0  w h o s e  c o e f fic ie n ts  a r e a ll r e a l, th e n
 –  i w ill b e  a n o th e r r o o t o f f ( x )  = 0 , ( i2 =  – 1 )

T h e r e f o re  f( x ) is d iv is ib le  b y  (x  –   –  i)  ( x –   +  i),
th a t is , b y  ( x  –  ) 2 +  2 .
T h u s a  p o ly n o m ia l in x  w ith r e a l c o e f fic ie n ts  c a n  b e
r e s o lv e d  in to  f a c to r s  w h ic h  a r e  lin e a r o r q u a d r a tic
f u n c tio n s o f x  w ith r e a l c o e f fic ie n ts .

F o r  a c u b ic  e q u a tio n  a x 3 +  b x 2 +  c x  + d  =
0 , w h o s e  r o o ts  a r e   e ith e r a ll th e
th r e e  r o o ts  a r e r e a l o r o n e  r o o t is r e a l

(th e  o th e r tw o  r o o ts  b e in g  im a g in a r y ) .

I n a n  e q u a tio n  w ith c o m p le x
c o e f fic ie n ts , c o m p le x r o o ts

m a y  n o t o c c u r in c o n ju g a te  p a ir s . F o r e x a m p le , th e
r o o ts  o f th e  q u a d r a tic e q u a tio n  x 2 –  7 x i –  1 2  = 0  a r e
3 i a n d  4 i. H e r e  3 i is a  ro o t b u t its c o m p le x c o n ju g a te ,
– 3 i, is n o t a  r o o t.

ä Example 5. S o lv e  th e  e q u a tio n
2 x 3 –  1 5 x 2 +  4 6 x  –  4 2  = 0 , h a v in g  g iv e n  th a t

o n e  r o o t is 3  +  5 .

ä Solution S in c e  3 ±  5 a re  r o o ts  o f th e  e q u a tio n

( x –  3  –  5 )  ( x –  3  +  5 )
m u s t b e a  f a c to r o f th e  le f t-h a n d  s id e  o f th e  e q u a tio n ,
w h ic h  m a y  b e  w ritte n

{ ( x  –  3 ) 2 +  5 }  ( 2 x  –  3 ) =  0 .

T h e  r o o ts  r e q u ir e d  a r e  3  ± 5 , 
2

3
.

ä Example 6 F o r m  th e  e q u a tio n  o f lo w e s t d e g r e e
w ith r e a l c o e f fic ie n ts  w h ic h  h a s 2  3 i, 3 – 2 i a s tw o
o f its r o o ts .
ä Solution S i n c e  i n  a n  e q u a t i o n  w i t h r e a l
c o e f fic ie n ts , c o m p le x  r o o ts  o c c u r in c o n ju g a te  p a ir s ,
th e r e f o r e  th e  r e q u ir e d  e q u a tio n  m u s t h a v e  a t le a s t
f o u r r o o ts , n a m e ly , 2  3 i, 3  2 i, i.e . it m u s t h a v e

{ x  –  (2  + 3 i)} { x  –  (2  –  3 i}  { x  –  (3  + 2 i)} { x  –  (3  –  2 i)}
a s a  f a c to r,
i.e ., it m u s t h a v e   { ( x  –  2 ) 2 +  9 }  { ( x  –  3 ) 2 +  4 }  a s a
fa c to r.
S in c e  th e  c o e ffic ie n ts  a re re a l, th e re fo r e  { (x  –  2 ) 2 +  9 ) }
{ ( x  –  3 ) 2 +  4 }  = 0
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is th e  e q u a tio n  o f th e  lo w e s t d e g r e e  w ith r e a l
c o e f fic ie n ts  h a v in g  2  + 3 i, 3 –  2 i a s tw o  o f th e  r o o ts .

Roots as Quadratic Surds
I n a n  a lg e b r a ic  e q u a tio n  w ith r a tio n a l c o e f fic ie n ts ,
th e  r o o ts  in  th e  f o r m  o f  a q u a d r a tic s u r d o c c u r in

c o n ju g a te  p a ir s . L e t th e  q u a d r a tic s u r d p  +  q b e  a

r o o t o f th e  a l g e b r a i c  e q u a ti o n  f ( x )  = 0  w h o s e

c o e f fic ie n ts  a r e a ll ra tio n a l. T h e n  p  –  q is a ls o a

r o o t o f th e  e q u a tio n .

I f  qa n dp a r e  t w o d i s s i m i l a r

q u a d r a tic s u r d s  a n d  qa n dp is a

r o o t o f f ( x )  = 0  w ith r a tio n a l c o e f f i c ie n ts  th e n

qp  a r e  th e  r o o ts  o f  f ( x )  = 0 .

1. I n a n  e q u a tio n  w ith r a tio n a l c o e f fic ie n ts , if

3 21  is a  r o o t w e c a n n o t e a s ily c la im  th a t

3 21  is a n o th e r r o o t o f th e  e q u a tio n , s in c e  it

in v o lv e s a  c u b ic  s u r d .

2. I n a n e q u a tio n  w ith ir r a tio n a l c o e f fic ie n ts ,
irra tio n a l r o o ts  m a y  n o t o c c u r in p a ir s . F o r
e x a m p le , th e  r o o ts  o f th e  e q u a tio n

x 2 –  ( 2  +  3 ) x +  2 3 =  0 a r e  2  a n d  3 .

ä Example 7. S o lv e  th e e q u a tio n
x 4  –  2 x 2 –  2 2 x 2 +  6 2 x  –  1 5  = 0 , h a v in g  g iv e n

th a t o n e  r o o t is 2  +  3 .

ä Solution S in c e  b o th  2  +  3 a n d  2  –  3 a r e

r o o ts  o f th e  e q u a tio n ,

( x –  2  –  3 )  ( x –  2  +  3 ) ,

th a t is x 2 –  4 x  + 1 , m u s t b e  a  f a c to r o f th e  le f t-h a n d
s id e  o f th e  e q u a tio n . T h u s w e h a v e

( x 2 –  4 x  + 1 ) ( x 2 +  2 x  –  1 5 ) =  0 .

T h e  r o o ts  a r e 2  ±  3 , – 5 , 3 .

ä Example  8. O b ta in a  p o ly n o m ia l o f lo w e s t d e g re e
w ith in te g r a l c o e f fic ie n t, w h o s e  o n e  o f th e  z e r o e s is

25  .

ä Solution L e t  P ( x )  = x  –  ( 25  )  =

]2)5x[( 
N o w  f o llo w in g  th e m e th o d  u s e d in th e  p e r v io u s
e x a m p le , u s in g  th e  c o n ju g a te , w e g e t

P
1
( x )  =  ]2)5x[(  ]2)5x[( 

=  ( x 2 –  2 5 x  + 5 ) –  2  = ( x 2 +  3 –  2 5 x )

P
2
( x )  = [ ( x 2 +  3 )  – 2 5 x ] [ ( x 2 +  3 )  + 2 5 x ]

=  ( x 2 +  3 ) 2 –  2 0  x 2 =  x 4 +  6 x 2 +  9 –  2 0 x 2

=  x 4 –  1 4 x 2 +  9
P ( x ) =  a x 4 =  1 4 a x 2 +  9 a , w h e r e  a   Q , a   0 .

T h e  o th e r z e r o e s o f th is p o ly n o m ia l a r e

25,25,25  .

Rational root theory
I f  p a n d  q  a r e  tw o n u m b e r s  p rim e  to  e a c h  o th e r  a n d

q

p
is a  r o o t o f  a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2 +  .... +  a n –  1 x

+  a n =  0 , w h e r e  a 0 , a 1 , a 2 ,......, a n a re  a ll in te g e rs , th e n
p  is  a f a c to r o f a n a n d  q  is  a f a c to r o f a 0 .
P r o o f :

S in c e  q

p
is a  r o o t,

a 0

n
p

q
Ê ˆ
Á ˜Ë ¯

+  a 1

n 1
p

q

-Ê ˆ
Á ˜Ë ¯

+  .... + a n  –  1

p

q
+  a n =  0 ,

o r, a 0 p
n +  a 1 p

n  –  1 q  +  a 2 p
n  –  2 q 2 +  ..... + a n  –  1 p q n  –  1 +  a n q

n

=  0 ,
o r, a 0 p n =  – q ( a 1 p n  –  1 +  a 2 q p n  –  2 +  ..... + a n q n  –  1 ) .
B o th th e  f a c to r s  o n  th e  r ig h t- h a n d  s id e  a r e  in te g e r s .
T h e r e fo r e , q  is  a  f a c to r o f a 0 p

n . B u t q  is  p r im e to p , s o
it is a  f a c to r o f a 0 .
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S im ila rly , s in c e
a n q n =  – p ( a 0 p n  –  1 +  a 1 p n  –  2 q  + ..... + a n  –  1 q n  –  1 ) ,

W e c a n p r o v e  th a t p is a  f a c to r o f a n . T h u s th e  ra tio n a l
r o o ts  o f  a n  e q u a tio n  c a n  b e  f o u n d  b y  tria ls .

Corollary : E v e ry  ra tio n a l ro o t o f th e  e q u a tio n   x n +
a 1 x n – 1 +  ... + a n =  0 , w h e r e  e a c h a i(i = 1 , 2 , ..., n )  i s  a n
in te g e r, m u s t b e  a n  in te g e r. M o r e o v e r, e v e r y  s u c h
r o o t m u s t b e  a  d iv is o r  o f th e  c o n s ta n t te r m a n .

P r o o f :

P u t a 0 =  1 in th e  p r e c e d in g  th e o r e m . S in c e  q  m u s t b e
a  d iv is o r  o f  a 0 , th e r e f o r e  w e  m u s t h a v e  q  = 1 .

H e n c e  e v e r y  r a t io n a l r o o t m u s t b e  a n  i n te g e r.
M o r e o v e r, if p b e  s u c h  a ro o t, th e n p  m u s t b e  a  d iv is o r
o f a n .

ä Example  9. F in d  th e  r a tio n a l r o o ts  o f
6 x 4 –  x 3 +  x 2 –  5 x  + 2  = 0 .

ä Solution T h e  fa c to r s  o f  6 a re  1 , 2 , 3 , 6 a n d  th o s e  o f
2  a r e  1  a n d  2 . S o  th e  p o s s ib le  r a tio n a l r o o ts  a r e ± 1 ,

± 2 , 3
2,

6
1,

3
1,

2
1

 o f w h ic h  
2

1
a n d  

3

2
o n ly

s a tis f y th e  e q u a tio n . T h u s th e  r o o ts  a r e  
2

1
a n d  

3

2
.

ä Example  10. F in d  th e  in te g r a l r o o ts  o f  th e
e q u a tio n

x 4 –  x 3 –  1 9 x 2 +  4 9 x  –  3 0  = 0
ä Solution If  b e  a n y  in te g ra l ro o t, th e n   m u s t b e
a  d iv is o r  o f th e  c o n s ta n t te r m –  3 0 . T h e r e f o r e  th e
o n ly  in te g e r s  w h ic h  a n  p o s s ib ly  b e  th e  r o o ts  o f th e
g iv e n  e q u a tio n  a r e  1 , 2 , 3 , 5 , 6 , 1 0 , 1 5
a n d  3 0 .
B y f a c to r th e o r e m w e fin d  th a t 1  a n d  2  a r e  r o o ts  o f
th e  e q u a tio n .
T h u s x 4 –  x 3 –  1 9 x 2 +  4 9 x  –  3 0  ( x –  1 ) ( x –  2 )
( x 2 +  2 x  –  1 5 )   ( x –  1 ) ( x –  2 ) ( x –  3 ) ( x +  5 ) .
T h e  g iv e n  e q u a tio n  m a y , th e r e f o r e , b e  w ritte n  a s

( x –  1 ) ( x –  2 ) ( x –  3 ) ( x +  5 )  = 0
H e n c e  th e  r o o t a r e  1 , 2 , 3  a n d  –  5 .

ä Example  11. S h o w  th a t th e  e q u a tio n

lx

L
.....

cx

C

bx

B

ax

A 2222











=  x –  m

w h e re  a , b , c ,.....,l a re re a l n u m b e rs , a ll d iffe re n t, c a n n o t
h a v e  a n y  im a g in a r y  r o o t.
ä Solution I f  p o s s ib le  le t  +  i,   0 , b e a n
im a g in a r y  r o o t o f th e  e q u a tio n , th e n   –  i is a ls o a
r o o t.


2 2 2A B C

....
i a i b i c

+ + +
a + b - a + b - a + b -

2L

i l
+

a + b -
=   +  i –  m .....      ( 1 )

a n d
2 2 2A B C

....
i a i b i c

+ + +
a - b - a - b - a - b -

2L

i l
+

a - b -
=  –  i –  m ....     ( 2 )

S u b tr a c tin g  ( 1 ) fro m  (2 ) ,
2 2

2 2 2 2

A B
....

( a ) ( b )

È
+ +Í a - + b a - + bÎ

2

2 2

L
1

( l)

˘
+ + ˙a - + b ˚

×  2 i =  0 .

T h is is p o s s ib le  o n ly  w h e n   =  0 . H e n c e  th e  e q u a tio n
c a n n o t h a v e  a n y  im a g in a r y  r o o t.

P ra c tic e  P ro b le m s

1. O n e  o f th e  r o o ts  o f  x 4 +  x 3 –  2 0 x 2 +  1 6 x  + 2 4  =

0  is  5 –  3 . F in d  th e  o th e r r o o ts .

2. F in d  th e  e q u a tio n  o f th e  lo w e s t d e g r e e  w ith

r a tio n a l c o e f fic ie n ts  h a v in g  2  +  3 a n d  5 –

2  a s tw o  o f its r o o ts .
3. T w o  r o o ts  o f th e  e q u a tio n

x 4 –  6 x 3 +  1 8 x 2 –  3 0 x  + 2 5  = 0  a r e   +  ia n d  
+  i. F in d  a ll th e  r o o ts  o f th e  e q u a tio n .
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4. S o lv e  th e  e q u a tio n  x 4 +  2 x 2 –  1 6 x 2 –  2 2 x  + 7  =

0 , h a v in g  g iv e n  th a t 2  +  3 is o n e  r o o t.

5. F in d  th e  b iq u a d r a tic e q u a tio n  w ith r a tio n a l

c o e f fic ie n ts  o n e  r o o t o f w h ic h  is  53  .

6. P ro v e  th a t th e  e q u a tio n  
1x

1


+  

2x

2


+  

3x

3


=  1 h a s n o  im a g in a r y  r o o ts .

7. S h o w th a t th e  r o o ts  o f th e  e q u a tio n

5x

5

4x

4

3x

3

2x

2

1x

1














=  6 a re  a ll

re a l.
8. F in d  a ll th e  q u a d r a tic f a c to r s  o f   x 8 +  x 4 +  1

w ith r e a l c o e f f i c ie n ts  .

9. F in d  th e  r a tio n a l r o o ts  o f th e  e q u a tio n
2 x 3 –  3 x 2 –  1 1 x  + 6  = 0 .

10. F in d  th e  v a lu e s o f p   N , s o th a t th e  e q u a tio n
x 3 –  p x  + 1  = 0  h a s a tle a s t o n e  r a tio n a l r o o t.

2.21 PO LYN O M IA L EQ U ATIO N
RED U CIBLE TO  Q U A D RATIC
EQ U ATIO N

I. An equation of the form
(x – a) (x – b) (x – c) (x – d) = k,
w h e r e  a  < b  < c  < d , b  –  a  = d  –  c , c a n  b e  s o lv e d

b y  a  c h a n g e  o f v a r ia b le .

i.e .
4

)dx()cx()bx()ax(
y




4

)dcba(
xy




ä Example 1. T w o  s o lv e

( x +  a ) ( x +  2 a ) ( x +  3 a ) ( x +  4 a ) =  
1 6

9
a 4 .

T a k in g  to g e th e r th e  firs t a n d  la s t o f th e  fa c to rs  o n  th e
le ft, a n d  a ls o  th e  s e c o n d  a n d  th ir d , th e  e q u a tio n
b e c o m e s o f th e  f o r m  w e  a r e  n o w c o n s id e r in g . W e
h a v e

( x 2 +  5 a x  + 4 a 2 )  ( x 2 +  5 a x  + 6 a 2 )  =  
1 6

9
a 4 .

H e n c e ( x 2 +  5 a x ) 2 +  1 0 a 2 ( x 2 +  5 a x ) +  2 4 a 2  =

1 6

9
a 4 ,

 x 2 +  5 a x  = –  
4

2 5
a 2 , o r  e ls e  x 2 +  5 a x  = –  

4

1 5
a 2 .

H e n c e x  +  
2

5
a  = 0 , o r x  +  

2

5
a  = ±  1 0

2

a
.

T h u s th e  r o o ts  a r e –  
2

5
a , –  

2

5
a  ±  1 0

2

a
.

Alternative :

P u t y  = x  +  
a 2 a 3 a 4 a

4

+ + +
y  = x  +  

5 a

2

W e g e t 
3 a a a 3 a

y y y y
2 2 2 2

Ê ˆ Ê ˆ Ê ˆ Ê ˆ- - + +Á ˜Á ˜Á ˜Á ˜Ë Ë̄ Ë̄ Ë̄ ¯=  
9

1 6
a 4


2 2

2 29 a a
y y

2 2

Ê ˆ Ê ˆ
- -Á ˜Á ˜Ë Ë̄ ¯


1 6

9
a 4

W e c a n  s o lv e  th is  a s  a q u a d r a tic e q u a tio n  in  y 2 .

II. An equation of the form
(x – a) (x – b) (x – c) (x – d) = kx2

w h e r e  a b  = c d , c a n  b e  r e d u c e d  to  a  c o lle c tio n  o f tw o
q u a d r a t i c e q u a t i o n s b y  t h e  s u b s t i t u t i o n

y  = x   +  
x

a b
.

ä Example 2. S o lv e  th e e q u a tio n
( x +  2 )  ( x +  3 )  ( x +  8 )  ( x +  1 2 ) =  4 x 2

ä Solution S in c e  (– 2 ) (– 1 2 ) =  (– 3 ) (– 8 ) w e c a n  w rite
th e  e q u a tio n   a s

( x +  2 )  ( x +  1 2 ) ( x +  3 )  ( x +  8 )  = 4 x 2 ...(i)
 ( x 2 +  1 4 x  + 2 4 ) ( x 2 +  1 1 x  + 2 4 ) =  4 x 2 ...(ii)

C h e c k  th a t x  = 0  is  n o t a  r o o t o f (i).
D iv id in g  b y  x 2 o n  b o th  s id e s o f (ii) w e  g e t


2 4 2 4

x 1 4 x 1 1 4
x x

Ê ˆ Ê ˆ+ + + + =Á ˜ Á ˜Ë ¯ Ë ¯ ...( iii)

P u t y
x

2 4
x  th e n  e q u a tio n  (iii) c a n b e  re d u c e d  to

( y +  1 4 ) ( y +  1 1 ) =  4
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o r y 2 +  2 5 y  + 1 5 0  = 0
 y 1 =  – 1 5  a n d  y 2 =  – 1 0
T h u s th e  o r i g in a l e q u a tio n  is  e q u iv a le n t to th e
c o lle c tio n  o f e q u a tio n s :













1 0
x

2 4
x

1 5
x

2 4
x

i.e ., 







02 4x1 0x

02 4x1 5x
2

2

S o lv in g  th is  c o lle c tio n , w e g e t

2

1 2 91 5
x,

2

1 2 91 5
x 21





 , x 3 =  – 6 ,

x 4 =  – 4 .

III. An equation of the form (x – a)4 + (x – b)4 = k
c a n a ls o b e  s o lv e d  b y  a  c h a n g e  o f v a ria b le , i.e .,
m a k in g  a  s u b s titu tio n

2

)bx()ax(
y




ä Example 3. S o lv e  th e e q u a tio n
( 6 –  x ) 4 +  ( 8  –  x ) 4 =  1 6

ä Solution A f te r  a c h a n g e  o f v a r ia b le

2

)x8()x6(
y




 y  = 7  –  x
o r x  = 7  –  y
N o w  p u t x  = 7  –  y  in  ( i) w e  g e t

( y –  1 ) 4 +  ( y  + 1 ) 4 =  1 6
 y 4 +  6 y 2 –  7  = 0

y 2 =   – 7   g iv e s im a g in a r y  r o o ts
th e n y 1 =  – 1  a n d  y 2 =  1
T h u s x 1 =  8 a n d  x 2 =  6 a r e  th e  r e a l r o o ts .

IV. Reciprocal Equation

A  r e c ip ro c a l e q u a tio n  is  o n e in w h ic h  th e c o e ff ic ie n ts
a r e  th e  s a m e  w h e th e r r e a d  in  o r d e r b a c k w a r d s o r
f o r w a r d s ; o r in w h ic h  a ll th e  c o e f fic ie n ts  w h e n  r e a d
in o r d e r b a c k w a rd s  d iffe r in s ig n  fro m  th e  c o e ff ic ie n ts
r e a d  in  o r d e r f o r w a r d s . T h u s

a x 3 +  b x 2 +  b x  + a  = 0
a x 4 +  b x 3 + c x 2  +  b x  + a  = 0

a x 5 +  b x 4 +  c x 3 –  c x 2 –  b x  –  a  = 0  a r e  r e c ip r o c a l
e q u a tio n s .

To Solve ax4 + bx3 + cx2 + bx + a = 0.
D iv id e  b y  x 2 . th e n  w e  h a v e

a 2
2

1 1
x b x

xx
Ê ˆ Ê ˆ+ + +Á ˜ Á ˜Ë ¯ Ë ¯ +  c =  0 .

N o w  p u t x  +  
x

1
=  y

th e n x 2 +  2x

1
=  y 2  –  2 .

H e n c e a ( y 2 –  2 ) +  b y  + c  = 0 .
L e t th e  tw o r o o ts  o f th e  q u a d r a tic in y  b e   a n d  ;
th e n  th e  r o o ts  o f th e  o r ig in a l e q u a tio n  w ill b e  th e
f o u r r o o ts  o f th e  tw o e q u a tio n s

x  +  
x

1
=   a n d  x  +  

x

1
=  .

To Solve ax5 + bx4 + cx3 – cx2 – bx – a = 0.
W e h a v e a ( x 5 –  1 ) +  b x ( x 3 –  1 ) +  c x 2 ( x –  1 ) =  0 ,
th a t is ( x –  1 ) { a ( x 4 +  x 3 +  x 2 +  x +  1 )  + b x ( x 2 +  x +
1 )  +  c x 2 }  = 0 .
H e n c e x  = 1 , o r e ls e

a x 4 +  ( b  + a ) x 2 +  ( a  + b  + c ) x 2 +  ( b  + a ) x  + a  = 0 .
T h e  la s t e q u a tio n  is  a r e c ip r o c a l e q u a tio n  o f th e
f o u r th d e g r e e  a n d  is  s o lv e d  a s b e f o r e .

ä Example 4. S o lv e  th e e q u a tio n
2 x 4 +  x 3 –  1 1 x 2 +  x +  2 =  0 ...(1 )

ä Solution S in c e  x  = 0  is  n o t a  s o lu tio n  o f th e  g iv e n
e q u a tio n . D iv id in g  b y  x 2 in b o th  s id e s o f ( 1 )  w e  g e t

2 2
2

1 1
x x

xx
Ê ˆ Ê ˆ+ + +Á ˜ Á ˜Ë ¯ Ë ¯ –  1 1  = 0 ...(2 )

P u ttin g  x  +  
x

1
=  y in ( 2 ) w e  g e t 2 ( y 2 –  2 ) +  y –  1 1  = 0

 2 y 2 +  y –  1 5  = 0

  y 1 =  – 3  a n d  y 2 =  
2

5

C o n s e q u e n tly , th e  o r ig in a l e q u a tio n  is  e q u iv a le n t to

1
x 3

x
1 5

x
x 2

Ï + = -ÔÔ
Ì
Ô + =ÔÓ
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W e fin d  th a t

x 1 =  
2

53 
, x 2 =  

2

53 
, x 3 =  

2

1
, x 4 =  2 .

ä Example 5. S o lv e
6 x 5 +  1 1 x 4 –  3 3 x 3 –  3 3 x 2 +  1 1 x  + 6  = 0 .

ä Solution O n e  r o o t i s – 1 . D i v i d i n g  b y  x  +
1 , w e h a v e  6 x 4 +  5 x 3 –  3 8 x 2 +  5 x  + 6  = 0 .
D iv id in g  b y  x 2 a n d  g r o u p in g  th e  te r m s ,

6 2
2

1
x

x
Ê ˆ+Á ˜Ë ¯ +  5

1
x

x
Ê ˆ+Á ˜Ë ¯ – 3 8  = 0 .

I f  z =  x +  
x

1
, th is b e c o m e s

6 ( z 2 –  2 ) +  5 z  – 3 8  = 0 , th a t is 6 z 2 +  5 z –  5 0  = 0 ;

 z  =  
2

5
o r –  

3

1 0
, a n d  x  is  g iv e n b y  x  +  

x

1
=

2

5

o r –  
3

1 0
.

W e f i n d  x  = 2 ,
2

1
,  – 3  o r –

3

1
.  T h u s t h e  r o o t s

a r e

– 1 , 2 ,
2

1
, – 3 , –  

3

1
.

V. Trinomial Equation

E q u a tio n s o f th e  f o r m  a x 2 n +  b x n +  c =  0 , a  n  
S u b s titu te  x n  =  t

ä Example 6. S o lv e  th e  b iq u a d r a tic e q u a tio n
x 4 –  5 x 2 +  4 =  0
ä Solution P u t x 2 =  t
W e g e t t2 –  5 t +  4 =  0
t = 1  , 4
x  =  1  ,  2 .

ä Example 7. S o lv e  th e  b iq u a d r a tic e q u a tio n
2 x 4 +  2 x 2 +  3 =  0
ä Solution W e  firs t re d u c e  th e  e q u a tio n  to  x 4 +  x 2 +

2

3
=  0

x 4 +  x 2 +  
2

3
=  4 23 3

x 2 x
2 2

Ê ˆ
+ + -Á ˜Ë ¯

23
2 1 x

2

Ê ˆ
-Á ˜Ë ¯

=   
2

4 23
x ( 6 1 ) x

2

Ê ˆ
+ - -Á ˜Ë ¯

=  2 23 3
x x 6 x x 6

2 2

Ê ˆ Ê ˆ
+ + - +Á ˜ Á ˜Ë ¯Ë ¯

T h e  f irs t e q u a tio n x 2 +  x  
2

3
6  =  0

h a s a  n e g a tiv e  d is c rim in a n t :

D  =  61
2

3
4)16( 2 

a n d , c o n s e q u e n tly , its r o o ts

x 1 .2 =   –
2

16
i

2

16 




S im ila rly w e fin d  th e  r o o ts  o f th e  s e c o n d  e q u a tio n  :

x 2 –  x  
2

3
16  =  0

T h e y  a r e

x 3 .4 =  
2

16
i

2

16 



.

P ra c tic e  P ro b le m s

Solve the following equations :
1. ( x 2 +  2 ) 2 +  8 x 2 =  6 x  ( x 2 +  2 )
2. 2 x 4 –  x 3 –  1 1 x 2 –  x  + 2  = 0

3.
2xx3

x2
2 

–  
2x5x3

x7
2 

=  1

4. ( x –  1 ) 4  +  ( x  –  5 ) 4 =  8 2

5. ( 1 2 x  –  1 ) ( 6 x  –  1 ) ( 4 x  –  1 ) ( 3 x  –  1 ) =  5

6. x 2 +  3
)1x(

x
2

2
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2.22 RELATIO N  BETW EEN RO O TS
A N D  CO EFFICIEN TS

L e t f(x )  = a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2  +  .... + a n  –  1 x  + a n

a n d  f ( x )  = 0  h a v e  n  r o o ts  1 , 2 , ...., n .

T h e n  a 0 x n +  a 1 x n  –  1 +  a 2 x n  –  2 +  ..... + a n  –  1 x  + a n
=  a 0 ( x –  1 )  ( x –  2 )  ..... ( x  –  n ),

o r , x n +  
0

1

a

a
x n  –  1 +  

0

2

a

a
x n  –  2 +  .... +  

0

n

0

1n

a

a
x

a

a


=  ( x –  1 )  ( x –  2 )  ... ( x  –  n ),

o r, x n +  
0

1

a

a
x n  –  1 +  

0

2

a

a
x n  –  2 +  .... +  

0

n

0

1n

a

a
x

a

a


=  x n –  n 1
1 x -aÂ +  Â 1 2 x n  –  2 –  Â 1 2 3 x n  –  3 +

.... + (– 1 ) n 1 2 ...n .
E q u a tin g  th e  c o e f f ic ie n ts  o f lik e  p o w e rs  o f  x o n  e a c h
s id e  o f th e  id e n tity g iv e s

Â 1 =  –  
0

1

a

a
,

Â 1 2 =  
0

2

a

a
,

Â 1 2 3 =  
0

3

a

a
,

.....................

Â 1 2 ......n  –  1 =  ( – 1 ) n  –  1

0

1n

a

a 
.

1 2 ......n   =  (– 1 ) n  

0

n

a

a

T h e r e f o r e , th e  s u m o f th e  r o o ts  is  e q u a l to –  
0

1

a

a
,

th e  s u m o f th e ir p ro d u c ts in p a ir is e q u a l to  
0

2

a

a
a n d

s o o n .
F o r a  cubic equation a x 3 +  b x 2 +  c x  + d  = 0 , w h o s e
r o o ts  a r e  

S 1 =  S u m  o f th e  r o o ts  =   =  –
a

b

S 2 =  S u m  o f th e  p r o d u c t o f th e  r o o ts  ta k e n  tw o r o o ts

a t a  tim e  =  
a

c

S 3 =  P r o d u c t o f th e  r o o ts  =  =  –  
a

d

T h is c a n  b e  v e r ifie d  b y  w ritin g
a x 3 +  b x 2 +  c x  + d   a ( x  –  )  ( x –  )  ( x –  )

a n d  c o m p a r in g  c o e f fic ie n ts  o f lik e  p o w e r s .
S im ila rly f o r  a b iq u a d r a tic e q u a tio n

a x 4 +  b x 3 +  c x 2 +  d x  + e  = 0  w h o s e  r o o ts  a r e
,

S 1 =  =  –
a

b
S 2 =   =  

a

c

S 3 =   =  –  
a

d
S 4 =  =  

a

e

It s h o u ld  b e  r e m a r k e d  th a t th e
s u m  o f th e  r o o ts  o f  a n y  p o ly -

n o m ia l e q u a tio n  w ill b e  z e r o  p r o v id e d   th e  te r m  o n e
d e g r e e  lo w e r th a n  th e  h ig h e s t is a b s e n t.

ä Example  1. S o lv e  th e  e q u a tio n

a 4 4( x b )( x c ) ( x c ) ( x a )
b

(a b ) (a c ) ( b c )( b a )

- - - -
+ +

- - - -

4 ( x a ) ( x b )
c

( c a ) ( c b )

- -
- -

=  x 4 .

ä Solution T h e  e q u a tio n  is  c le a r ly s a tis fie d  b y  x  =
a . b y  x  = b , a n d  b y  x  = c . A ls o , s in c e  th e c o e ffic ie n t o f
x 3 is z e r o , th e  s u m o f th e  r o o ts  is  z e r o . H e n c e  th e
r e m a in in g  r o o t m u s t b e  –  a  –  b  –  c .

ä Example 2. L e t  a n d   b e  th e  r o o ts  o f  t h e
e q u a tio n  x 3 +  a x 2 +  b x  + c  = 0  s a tis f y in g  th e  r e la tio n
+  1 =  0 . P r o v e  th a t c 2 +  a c  + b  + 1  = 0 .
ä Solution I f   a n d   b e  th e  r o o ts  o f th e  g iv e n
e q u a tio n , th e n  w e  h a v e

=  – a ...(1 )
b ...(2 )

a n d    =  – c ...(3 )
A ls o , w e  h a v e +  1 =  0 ...(4 )
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P u ttin g  =  – 1  in  e q u a tio n  ( 3 ) , w e  h a v e   =  c
P u ttin g  th e  v a lu e  o f   in e q u a tio n  ( 1 ) ,
w e h a v e    =  – a  –  c
N o w , p u ttin g  th e  a b o v e  v a lu e s in e q u a tio n  ( 2 ) , w e
h a v e

)  = b
i.e . – 1  –  c ( a  + c ) =  b
i.e . c 2 +  a c  + b  + 1  = 0

ä Example 3. L e t u , v b e tw o  re a l n u m b e r s  s u c h  th a t
u , v  a n d  u v  a r e  r o o ts  o f  a c u b ic  p o ly n o m ia l w ith
r a tio n a l c o e f fic ie n ts . P ro v e o r d is p ro v e u v  is  ra tio n a l.
ä Solution L e t x 3 +  a x 2 +  b x  + c  = 0  b e  th e  c u b ic
p o ly n o m ia l o f  w h ic h  u , v  a n d  u v  a r e  th e  r o o ts  a n d  a ,
b , c  a r e  a ll ra tio n a ls .

u  + v  + u v  = – a
 u  + v  = – a   –  u v , u v  + u v 2 +  u 2 v  = b
a n d u 2 v 2 =  – c

b  = u v  + u v 2 +  u 2 v  = u v  ( 1  + v  + u )
=  u v  ( 1  –  a  –  u v ) =  ( 1  –  a ) u v  –  u 2 v 2

=  ( 1  –  a ) u v  + c

i.e ., u v  =  
a1

)cb(




a n d  s in c e  a , b , c  a r e  r a tio n a l, u v  is

r a tio n a l.

W h e n  it is k n o w n  th a t tw o  o r
m o r e r o o ts  o f  a n  e q u a tio n  a r e

c o n n e c te d  b y  a n y  g iv e n  r e la tio n , th e n  it b e c o m e s
e a s ie r to fin d  th e s e  r o o ts  w ith th e  h e lp  o f r e la tio n s
b e tw e e n  r o o ts  a n d  c o e f fic ie n ts .

ä Example 4. S o lv e  c o m p le te ly  th e  e q u a tio n
x 4 –  5 x 3 +  1 1 x 2 –  1 3 x  + 6  = 0

u s in g  th e f a c t th a t tw o  o f its r o o ts   a n d   a r e
c o n n e c te d  b y  th e  r e la tio n  3  +  2  =  7 .

ä Solution F r o m th e  g iv e n  r e la tio n   =  
2

37 
.

R e p la c in g  x  b y  
2

x37 
in f ( x )  = x 4 –  5 x 3 +  1 1 x 2 –

1 3 x  + 6 , w e g e t
4 3 27 3 x 7 3 x 7 3 x

5 1 1
2 2 2

- - -Ê ˆ Ê ˆ Ê ˆ- + -Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯

7 3 x
1 3

2

-
+  6

L e t it re d u c e  to
(x )  = 8 1 x 4 –  4 8 6 x 3 +  1 1 5 2 x 2 –  1 2 4 2 x  +  4 9 5 .

T h e  H .C .D . o f  f ( x )  a n d  ( x ) is x  –  1 .

  =  1 a n d  =  
2

37 
=  2 .

L e t th e  o th e r r o o ts  o f  f ( x )  = 0  b y   a n d  .
B y th e  r e la tio n  b e tw e e n  r o o ts  a n d  c o e f fic ie n ts ,

1  + 2  +   +   =  5 , o r,  +   =  2
a n d  1  . 2  .  =  6 , o r,  =  3 .

S o lv in g  a  q u a d r a tic e q u a tio n  w e  g e t  =  1 +  i 2

a n d   =  1 –  i 2 .

H e n c e  th e  r o o ts  a r e 1 , 2 , 1  ± i 2 .

ä Example 5. S o lv e  th e  c u b ic  e q u a tio n  9 x 3 –  2 7 x 2 +
2 6 x  –  8  = 0 , g iv e n  th a t o n e o f th e  r o o ts  o f th is
e q u a tio n  is  d o u b le  to  o th e r.
ä Solution L e t th e  r o o ts  b e  , 2  a n d  .

N o w , 3  =  –
9

2 7
=  3

  =  3 ( 1 –  ) ...(1 )

2 2 +  3  =  
9

2 6
...(2 )

2  =  +  
9

8
...(3 )

F r o m E q . (1 )  a n d  E q . (2 ) , w e g e t

2 2 +  3  ×  3 ( 1 –  )  =  
9

2 6

 6 3 2 –  8 1  +  2 6  = 0
 ( 2 1  –  1 3 ) ( 3  –  2 ) =  0

S o  =  
2 1

1 3
o r  

3

2

If a  =  
2 1

1 3
  =  3

1 3 2 4 8
1

2 1 2 1 7
Ê ˆ- = =Á ˜Ë ¯

T h is le a d s to 2  =  2 ×  
1 6 9 8 8

4 4 1 7 9
¥ π .

( a c o n tr a d ic tio n )
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S o  ta k in g a  =  
3

2
,

  =  3  





 

3

2
1 =  3 ×  

3

1
=  1

H e n c e  +  2  +   =  
3

4

3

2
 +  1  =  3 ,

2 2 +  3 =  2 ×  
9

2 6
1

3

23

9

4



 ,

a n d 2  =  2 ×  
9

4
×  1 =  

9

8

T h u s , th e  r o o ts  a r e  
3

4
,

3

2
a n d  1 .

ä Example 6. S h o w th a t a ll th e  ro o ts  o f  th e e q u a tio n
a x 3 +  x 2 +  x +  1 =  0 c a n n o t b e  r e a l, w h e r e  a   R .
ä Solution I f  a =  0 th e n   a ll ro o ts  a r e o b v io u s ly
n o n - r e a l th e r e f o r e  w e  h a v e  a   0 .
L e t th e  r o o ts  b e  x 1 , x 2 , x 3 th e n  w e  h a v e

x 1 +  x 2 +  x 3 =  –  
a

1
, x 1 x 2 +  x 2 x 3 +  x 2 x 1 =  

a

1
, x 1 x 2 x 3

=  –
a

1

N o w , if p o s s ib le , le t a ll th e  r o o ts  b e  r e a l. C o n s id e r
th e  e x p r e s s io n

2
1

2
3

2
3

2
2

2
2

2
1 xxxxxx  =  ( x 1 x 2 +  x 2 x 3 +  x 3 x 1 ) 2 –

2 x 1 x 2 x 3 ( x 1 +  x 2 +  x 3 )

=  
2 2

1 1 1 1
2

a aa a
Ê ˆ Ê ˆ- - - = -Á ˜Á ˜Ë Ë̄ ¯ <  0

w h ic h  is  c o n tr a d ic to r y

s in c e  2
1

2
3

2
3

2
2

2
2

2
1 xxxxxx  m u s t b e  e s s e n tia lly n o n -

n e g a tiv e  if  a ll th e  r o o ts  a r e r e a l.

P ra c tic e  P ro b le m s

1. S o lv e  th e  e q u a tio n  2 x 3 +  x 2 –  7 x  –  6  = 0 , g iv e n
th a t th e  d if f e r e n c e  b e tw e e n  tw o o f th e  r o o ts
is 3 .

2. S o lv e  th e  e q u a tio n  x 4 –  8 x 3 +  1 4 x 2 +  8 x  –  1 5  =
0 , th e  r o o ts  b e in g  in  A .P .

3. S o lv e x 4 –  1 6 x 3 +  8 6 x 2 – 1 7 6 x  + 1 0 5  = 0 , tw o
r o o ts  b e in g  1  a n d  7 .

4. S o lv e  2 x 3 –  x 2 –  2 2 x  –  2 4  = 0 , tw o  o f th e  r o o ts
b e in g  in  th e  r a tio o f 3  : 4 .

5. S o lv e  8 x 4 –  2 x 3 –  2 7 x 2 +  6 x  + 9  = 0 , tw o  o f th e
r o o ts  b e in g  e q u a l b u t o p p o s ite in s ig n .

6. S o lv e  6 x 4 –  2 9 x 3 +  4 0 x 2 –  7 x  –  1 2  = 0 , th e
p r o d u c t o f tw o  o f th e  r o o ts  b e in g  2 .

7. I f  o n e  r o o t o f th e  e q u a tio n  x 3 +  2 a x 2 –  b  = 0 , is
e q u a l to th e  s u m o f th e  o th e r tw o , th e n  s h o w
th a t a 3 =  b .

8. S o lv e  3 x 3  –  2 6 x 2 +  5 2 x  –  2 4  = 0 , th e  r o o ts  b e in g
in G .P .

2.23 TRA N SFO RM ATIO N  O F
PO LYN O M IA L EQ U ATIO N

L e t ,... b e  th e r o o ts  o f  f ( x )  = 0 , a n d  s u p p o s e  th a t
w e r e q u ir e th e  e q u a tio n  w h o s e  r o o ts  a r e  () , () ,
() ,.... w h e r e  ( x ) is a  g iv e n  f u n c tio n  o f x .
L e t y =  ( x )  a n d  s u p p o s e  th a t f r o m  th is  e q u a tio n  w e
c a n  fin d  x  a s a  s in g le - v a lu e d  f u n c tio n  o f y , w h ic h  w e
d e n o te  b y  – 1 ( y ) .
T r a n s f o rm in g  th e  e q u a tio n  f (x )  = 0  b y  th e s u b s titu tio n
x  =  – 1 ( y ) , w e o b ta in  f { – 1 ( y ) } =  0 , w h ic h  is  th e
e q u a tio n  r e q u ir e d .

A  c a s e  in  w h ic h  x  is  n o t a  s in g le - v a lu e d  f u n c tio n  o f
y  is  a ls o  s h o w n  b e lo w .

T h e  f o ll o w i n g  tr a n s f o r m a -
tio n s a r e  o f te n  r e q u ir e d .

L e t ,.... b e  th e  r o o ts  o f  f ( x )  = 0 , th e n
(1 ) th e  e q u a tio n  w h o s e  r o o ts  a r e – , – , – ,.... if

f ( – x ) =  0 ;
(2 ) th e  e q u a tio n  w h o s e  r o o ts  a r e  1 /, 1 /, 1 /,

is f ( 1 /x )  = 0
(3 ) th e  e q u a tio n  w h o s e  r o o ts  a r e k , k , k ,...

is f(x /k )  = 0 .
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(4 ) T h e  e q u a tio n  w h o s e  r o o ts  a r e  –  h ,  –  h ,  –  h
is f(x +  h )  = 0 .

ä Example 1. S o lv e  6 x 3 –  1 1 x 2 +  6 x  –  1  = 0  if  r o o ts
o f th e  e q u a tio n  a r e  in  H .P .

ä Solution P u ttin g  x  =  y

1
in th e  g iv e n  e q u a tio n  w e

g e t

1
y

6

y

1 1

y

6
23

 =  0   6  –  1 1  + 6 y 2 –  y 3 =  0

 y 3 –  6 y 2 +  1 1 y  –  6  = 0 ...(1 )
N o w   r o o ts  o f  ( 1 )  a r e in A .P .
L e t th e  r o o ts  b e   –  , +  
T h e n  s u m o f r o o ts   –   =  6
 3  =  6   =  2
P r o d u c t o f r o o ts  ( –  )   ()  = 6
 2 ( 4  –  2 )  = 6   =  ±  1
 R o o ts  o f  ( 1 )  a r e 1 , 2 , 3

H e n c e  r o o ts  o f th e  g iv e n  e q u a tio n  a r e    1 , 
3

1
,

2

1

ä Example 2. I f  a , b , c b e  th e  r o o ts  o f  e q u a tio n
x 3 +  p x 2 +  q x  + r  = 0 , th e n  fin d  a c u b ic  e q u a tio n
w h o s e  r o o ts  a r e a ( b  + c ) , b ( c +  a ), c ( a +  b ) .
ä Solution G iv e n  a  + b  + c  = – p ,

a b  + b c  + c a  = q , a b c  = – r

L e t x =  a (b +  c ) = a b  + a c  = a b  + b c +  c a  –  b c =  q –  b c  = q  +  
a

r


a

r
=  x –  q  a  =  qx

r

 ...(1 )

S in c e  a  is  a ro o t o f g iv e n  e q u a tio n  s o  a 3 +  p a 2 +  q a  + r = 0
P u t a  fr o m  ( 1 )

 )qx(

r
q

)qx(

r
p

)qx(

r
2

2

3

3







 +  r =  0

 3

2

)qx(

r



r 2 +  p r ( x –  q ) +  x ( x –  q ) 2 =  0

ä Example 3. I f  b e  th e  r o o ts  o f th e  e q u a tio n
x 3 –  p x 2 +  r =  0 , fin d  a  c u b ic  e q u a tio n  w h o s e  r o o ts  a r e

, ,
b + g g + a a + b

a b g
.

ä Solution L e t

y  =  
p p

1 p
Ê ˆb + g + a - a - a= = - a =Á ˜a a a Ë ¯Â ,

o r,  =  
1y

p


 x  =  

1y

p


.

R e p la c in g  x  b y  
1y

p


in th e  e q u a tio n , w e h a v e

2

3

3

3

)1y(

p

)1y(

p




 +  r =  0 ,

o r, r ( y +  1 ) 3 –  p 3 ( y +  1 )  + p 3 =  0 ,
o r, r y 3 +  3 r y 2 +  ( 3 r –  p 3 )  y +  r =  0 .
It is th e  r e q u ir e d  e q u a tio n  in  y .

ä Example 4. I f   a r e  th e  r o o ts  o f th e  c u b ic
x 3 + x +  2 =  0 , f in d  th e  e q u a tio n  w h o s e  ro o ts  a r e
( –  ) 2 , ( –  ) 2 , ( –  ) 2 .

ä Solution S in c e    a r e  th e  r o o ts  o f th e  c u b ic
x 3 +  x +  2 =  0 ...(1 )

th e n  =  0 ,  =  1 ,
 =  – 2 ...(2 )

I f  y is a  r o o t o f th e  r e q u ir e d  e q u a tio n , th e n

y  = (–  )2 =  ()2 –  4=  (– )2 –  
4

=   ( 0  –  ) 2 +  

8

{ fr o m  ( 2 )}

 y  =  2 +  

8

[ r e p la c in g   b y  x  w h ic h  is  r o o t

o f ( 1 ) ]

 y  = x 2 +  

8

o r x 3 –  y x  + 8  = 0 ...(3 )

T h e  r e q u ir e d  e q u a tio n  is  o b ta in e d  b y  e lim in a tin g  x
b e tw e e n  ( 1 ) a n d  ( 3 ) .
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N o w  s u b tr a c tin g  ( 1 ) f r o m  ( 3 ) , w e  g e t

( 1 +  y )  x –  6  = 0 o r x  =  
y1

6



s u b s titu tin g  in  ( 1 ) , w e  g e t

3
6 6

1 y 1 y
Ê ˆ Ê ˆ+Á ˜ Á ˜Ë ¯ Ë ¯+ +

+  2 =  0

o r y 3 +  6 y 2 +  9 y  + 1 1 2  = 0
w h ic h  is  th e  r e q u ir e d  e q u a tio n .

ä Example 5. I f   is a  r o o t o f th e  e q u a tio n
x 4 +  p x 3 –  6 x 2 –  p x  + 1  = 0 ,

th e n  s h o w th a t 



1

1
is a ls o a  ro o t. H e n c e  s h o w th a t

th e  o th e r tw o  r o o ts  a r e –
1 ( 1 )

,
( 1 )

a -Ê ˆ
Á ˜Ë ¯a a +

.

ä Solution P u t t i n g   x  =  
1

1

+ a
- a

i n t h e  g i v e n

e q u a tio n , w e g e t

4 3 21 1 1 1
6 p

1 1 1 1

+ a + a + a + aÊ ˆ Ê ˆ Ê ˆ Ê ˆ+ - -Á ˜ Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯ Ë ¯- a - a - a - a

+  1 =  0
 [(1 +  ) 4 +  (1  –  ) 4 ] + p [(1 +  ) 3 (1 –  ) + (1 +  ) 3 ]
–  6 ( 1  +  ) 2 ( 1 –  ) 2 =  0

 2 (1  + 6 2 +  4 ) + 4 (1 –  )2 p  –  6 (1  –  2 2 +  4 ) = 0
 4 +  p 3 –  6 2 –  p  +  1 =  0

w h ic h  s h o w s  th a t 
1

1

+ a
- a

is a ls o a  r o o t.

N o w  r e p la c in g  x  b y  –  
x

1
, in th e  g iv e n  e q u a tio n  w e

n o te  th a t th e  e q u a tio n  d o e s n o t c h a n g e . H e n c e  if   is

a  r o o t th e n  –
1

a
is a ls o a  r o o t.

N o w  s in c e  –  
1

a
is a  r o o t 

1
1

1
1

Ê ˆ+ -Á ˜Ë ¯a
Ê ˆ- -Á ˜Ë ¯a

is a  r o o t f r o m

a b o v e .

T h u s th e  r o o ts  a r e  , –  
)1(

)1(
a n d

1

1
,

1








.

P ra c tic e  P ro b le m s

1. F in d  th e  e q u a tio n  e a c h  o f th e  w h o s e  r o o ts  is
g r e a te r b y  u n ity th a n  a  r o o t o f th e  e q u a tio n
x 3 –  5 x 2 +  6 x  –  3  = 0 .

2. S o lv e  th e  e q u a tio n  3 x 3 –  2 2 x 2 +  4 8 x  –  3 2  = 0 ,
th e  r o o ts  o f  w h ic h  a r e  in  H .P .

3. I f  , ,  a r e  th e  r o o ts   o f  x 3 +  x 2 –  4 x  + 7  = 0 ,
fin d  th e  r e d u c e d  c u b ic  e q u a tio n  w h o s e  r o o ts
a r e   +  ,  +  ,  +  .

4. F in d  th e  e q u a tio n  w h o s e  r o o ts  a r e th o s e  o f th e

e q u a tio n  6 x 3 –  5 x 2 –  
4

1
=  0 , e a c h  m u ltip lie d

b y  c , a n d  f in d  th e  le a s t v a lu e  o f c  in  o r d e r th a t
t h e  r e s u l t i n g  e q u a tio n  m a y  h a v e  i n t e g r a l
c o e f fic ie n ts  w ith u n ity f o r th e  c o e f fic ie n t o f
th e  h ig h e s t p o w e r.

5. I f  a , b , c a r e  th e  r o o ts  o f th e  e q u a tio n
x 3 –  p x 2 +  q x  –  r =  0 fin d  th e  v a lu e  o f

(a ) 2a

1
+  2b

1
+  2c

1
(b ) 22 cb

1
+  22 ac

1
+  22 ba

1

6. I f  a , b , c a r e  th e  r o o ts  o f  x 3 +  q x  + r  = 0 , fin d  th e
v a lu e  o f
( a ) ( b –  c ) 2 +  ( c  –  a ) 2 +  ( a  –  b ) 2

( b )  
cb

1


+  

ac

1


+  

ba

1



2.24 SYM M ETRIC FU N CTIO N S O F
RO O TS

Symmetrical expressions

A n e x p r e s s io n  w h ic h  is  u n a lte r e d  b y  in te r c h a n g in g
a n y  p a ir  o f th e  le tte r s  w h ic h  it c o n ta in s is s a id to b e a
s y m m e tric a l e x p re s s io n . T h u s a  + b  + c , b c  + c a  + a b , a 3

+  b 3 +  c 3 –  3 a b c  a r e  s y m m e tric a l e x p r e s s io n s .
E x p re s s io n s w h ic h  a re  u n a lte r e d  b y  a c y c lic a l c h a n g e
o f th e  le tte r s  in v o lv e d  in  th e m a r e  c a lle d  c y c lic a lly
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s y m m e tr ic a l e x p re s s io n s . F o r e x a m p le , th e  e x p re s s io n
( b –  c ) ( c –  a ) ( a –  b ) is a  c y c lic a lly s y m m e tric a l
e x p r e s s io n  s in c e  it is u n a lte r e d  b y  c h a n g in g  a  in to  b ,
b  in to  c , a n d  c  in to  a .
It is c le a r th a t th e  p r o d u c t, o r th e  q u o tie n t, o f tw o
s y m m e tric a l e x p re s s io n s is s y m m e tr ic a l, fo r if n e ith e r
o f tw o  e x p r e s s io n s is a lte r e d  b y  a n  in te r c h a n g e  o f
tw o  le tte r s , th e ir  p r o d u c t, o r th e ir  q u o tie n t, c a n n o t
b e  a lte r e d  b y  s u c h  in te r c h a n g e .
It is a ls o c le a r th a t th e  p r o d u c t, o r th e  q u o tie n t, o f
tw o  c y c lic a lly s y m m e tric a l e x p r e s s io n s is c y c lic a lly
s y m m e tr ic a l.
E v e r y  r a tio n a l s y m m e tric f u n c tio n  o f th e  r o o ts  o f  a
p o ly n o m ia l e q u a tio n  is  e x p r e s s ib le  in  te r m s o f th e
e le m e n ta r y s y m m e tric f u n c tio n s o f th e  s a m e  a n d
th e r e f o r e  in  te rm s o f th e  c o e ffic ie n ts  o f  th e  e q u a tio n .
W ith o u t k n o w in g  th e  s e p a r a te  v a lu e s o f th e  r o o ts  in
te rm s  o f th e  c o e f f ic ie n ts , w e c a n c a lc u la te  th e v a lu e s
o f s y m m e tr ic f u n c tio n s o f r o o ts  in  te r m s o f th e
c o e f fic ie n ts . F o r e x a m p le , if   b e th e  r o o ts  o f
x 3 +  p x 2 +  q x  + r  = 0 , w e c a n  f in d  o u t th e  v a lu e  o f

(i) ,
(ii) 2  +  2  +  2  +  2  +  2  +  2 ,

( iii) 2  +  2  +  2

in te r m s  o f  p , q a n d  r a n d  e a c h  o f th e s e  r e la tio n s a r e
s y m m e tric f u n c tio n s o f th e  r o o ts , s in c e  th e r e  w ill b e
n o  c h a n g e  in  th e m if tw o  o f   a r e  in te r c h a n g e d .
T o  f i n d  o u t t h e  v a l u e  o f th e  a b o v e  s y m m e tr ic
f u n c tio n s , w e  ta k e  th e h e lp  o f th e  f o llo w in g  r e la tio n s ,

=  – p ,  =  q ,
 =  – r.

N o w  Â 2  =  Â  Â  –  3  =  – p  × q  –  3 . ( – r )

=  3 r – p q  a n d

Â 2  =   Â  =   – r × (– p ) =  p r..

Important Formulae
( 1 ) ( a +  b +  c ) 2 =  a 2 +  b 2 +  c 2 +  2 a b  + 2 b c  + 2 c a

=  a 2 +  b 2 +  c 2 +  2 a b c  
1 1 1

a b c
Ê ˆ+ +Á ˜Ë ¯

( 2 ) a 2 +  b 2 +  c 2 –  a b  –  b c  –  c a

=  
2

1
[ ( a –  b ) 2 +  ( b  –  c ) 2 +  ( c  – a ) 2 ]

( 3 ) a 3 +  b 3 +  c 3 –  3 a b c
=  ( a  + b  +  c )  ( a 2 +  b 2 +  c 2 –  a b  –  b c  –  c a )

Newton’s Theorem
I f  1 , 2 , 3 ,....., n b e  th e  r o o ts  o f

f ( x )  = x n +  p 1 x n  –  1 +  p 2 x n  –  2 +  ..... + p n =  0

a n d  if  S r =  r
1aÂ , th e n

(i) S r +  p 1 S r  – 1 +  p 2 S r  – 2 +  ...... + S 1 p r  – 1 +  r p r =  0
w h e n  r <  n
a n d

(ii) S r +  p 1 S r – 1 +  p 2 S r – 2 +  ......+ p n  –  1 S r – n  +  1 +  p n S r – n
=  0  w h e n r   n .

ä Example 1. L e t  a , b , c b e  th e  th r e e  r o o ts  o f th e
e q u a tio n   x 3 +  x 2 –  3 3 3 x  –  1 0 0 2  = 0  th e n  fin d  th e  v a lu e
o f a 3  + b 3 +  c 3 .
ä Solution L e t  t  b e  th e  r o o t o f th e  g iv e n  c u b ic
w h e r e   t c a n  ta k e  v a lu e s a , b , c
h e n c e t3 +  t2 –  3 3 3 t –  1 0 0 2  = 0
o r t3 =  1 0 0 2  + 3 3 3 t –  t2

 3tÂ =  1 0 0 2Â +  3 3 3 tÂ –  2tÂ
=  3 0 0 6  + 3 3 3 tÂ –  ( )2

1 2t 2 t t[ ]-Â Â
b u t tÂ =  – 1   ;  1 2t tÂ =  – 3 3 3

 a 3 +  b 3 +  c 3 =  3 0 0 6  –  3 3 3  –  [ 1  + 6 6 6 ]
=  3 0 0 6  –  3 3 3  –  6 6 7  = 3 0 0 6  –  1 0 0 0  = 2 0 0 6

ä Example 2. If b e  th e  ro o ts  o f th e  e q u a tio n
x 4 +  p x 3 +  q x 2 +  r x  + x  = 0 ,
s h o w th a t ( 1 +  2 )  ( 1 +  )  ( 1 +  2 )  ( 1 +  2 )

=  ( 1  –  q  + s ) 2 +  ( p  –  r ) 2 .
ä Solution S in c e     a r e  th e  r o o ts  o f th e
e q u a tio n

x 4 +  p x 3 +  q r 2 +  r x  + x  = 0 ,
th e r e f o r e   x 4 +  p x 3 +  q x 2 +  r x  + x

( x –  )  ( x –  )  ( x –  )  ( x –  ) ,
S u b s titu tin g  x  = i, – i s u c c e s s iv e ly , w e h a v e

( 1 –  q  + s )  – i(p –  r )  = (i –  )(i –  )(i –  )(i –  )
...(1 )

(1 –  q  +  s ) + i(p –  r) = (– i –  )(– i –  )(– i –  )(– i –  )
...(2 )

M u ltip ly in g  c o r r e s p o n d in g  s id e s o f ( 1 )  a n d  ( 2 ) , w e
h a v e
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(1 –  q  + s )2 +  (p  –  r)2 =  (1  +  2 ) (1 +  2 ) (1 +  2 ) (1  +  2 ).

ä Example 3. I f   b e  th e  r o o ts  o f th e  e q u a tio n
x 3 +  q x  + r  = 0 , th e n  p r o v e  th a t

5 5 5 3 3 3 2 2 2

5 3 2

a + b + g a + b + g a + b + g
= ¥

ä Solution S in c e  , ,  a re  th e r o o ts  o f th e  e q u a tio n
x 3 +  q x  + r  = 0 , ...(1 )

th e re f o r e

3

3

3

q r 0 ,

q r 0 ,

q r 0

¸a + a + =
Ô

b + b + = ˝
Ôg + g + = Ǫ̂

...(2 )

A d d in g  th e  c o r r e s p o n d in g  s id e s o f ( 2 ) , w e h a v e
3 +  q  +  3 r  = 0

S in c e  a  = 0 , th is y ie ld s ,
3 =  – 3 r ...(3 )

A ls o ,2 =  () 2 –  2  =  – 2 q ...(4 )
M u ltip ly in g  ( 1 ) th r o u g h o u t b y  x 2 , w e  f in d  th a t
 a r e  th r e e  o f th e  r o o ts  o f th e  e q u a tio n

x 5 +  q x 3 +  r x 2 =  0 ...(5 )
S u b s titu tin g  x  =  , ,  s u c c e s s iv e ly in ( v )  a n d
a d d in g , w e g e t

5 +  q 3 +  r2 =  0 ...(6 )
S u b s titu tin g  th e  v a lu e s o f  3 a n d  2 f r o m  ( 3 ) a n d
( 4 ) , w e g e t

5 =  5 q r
F r o m ( 3 ) , ( 4 )  a n d  ( 7 ), w e  g e t

5 3 31 1 1

5 3 2
Ê ˆ Ê ˆSa = Sa SaÁ ˜ Á ˜Ë ¯ Ë ¯

2.25 TRIG O N O M ETRICA L M ETH O D
O F SO LV IN G  CU BIC EQ U ATIO N

W e c o n s id e r th e  trig o n o m e tric a l id e n tity
4  c o s 3  –  3  c o s   =  c o s 3 ,

o r, c o s 3  –  
4

3
c o s   –  

4

1
c o s 3  =  0 , ...(1 )

W rittin g  z =  r c o s  , r >  0 , in z 3 +  3 H z +  G =  0 , w e h a v e

c o s 3  +  2r

H3
c o s   +  3r

G
=  0 . ...(2 )

I f  w e  a s s u m e th a t th e  e q u a tio n s ( 1 )  a n d  ( 2 ) a r e
id e n tic a l th e n  c o m p a r in g  th e m ,

2r

H3
=  –  

4

3
a n d  3r

G
=  –  

4

1
c o s 3 , o r

r  =  H2  , c o s 3  =   
33

H2

G

r

G4







...( 3 )

F r o m ( 3 ) , is k n o w n  a n d  th e n  z  = 2  H c o s   is

o b ta in e d .

I f   is a n y  v a lu e  o f  s a tis f y in g  c o s 3  =  3H2

G




,

th e n 3  =  2 n  ±  3 . T h e th r e e  d if f e r e n t v a lu e s o f

c o s   a r e  c o s  , c o s  
2

3

pÊ ˆ+ aÁ ˜Ë ¯ a n d   c o s  
2

3

pÊ ˆ- aÁ ˜Ë ¯

a n d  h e n c e  th e  s o lu tio n s a r e

2 H c o s, 2 H c o s  
2

3

pÊ ˆ+ aÁ ˜Ë ¯

a n d 2 H c o s
2

3

pÊ ˆ- aÁ ˜Ë ¯.

I f   is r e a l, |c o s 3 |  1 .

 3H2

G


1 . i.e ., G 2 +  4 H 3  0 .

I n th is c a s e  a ll th e  r o o ts  a re r e a l. F u r th e r in o r d e r th a t
r  is  r e a l, H <  0 .
T h u s th e  trig o n o m e tric a l m e th o d  to  s o lv e  a  c u b ic
e q u a tio n  is  g e n e r a lly a p p lic a b le  w h e n  th e  r o o ts  a r e
re a l.

ä Example 1. S o lv e  x 3 –  2 7 x  + 2 7  = 0 .
ä Solution H e r e H  = –  9 , G  = 2 7 , G 2 +  4 H 3 =  2 7 2 –
4 .9 3 =  9 3 –  4 .9 3 =  – 3 .9 3 <  0 .
T h e r e f o r e  a ll th e  r o o ts  a r e r e a l.

F r o m a b o v e , c o s 3  =  
3

G 1 2
c o s

2 32 H

- p= - =
-

.
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 3  =  2 n  +  
2

3

p
.

A g a in  x  = 2  H c o s   =  6 c o s  .

T h e  th r e e  d if f e r e n t v a lu e s o f c o s   a r e  c o s  
2

9

p
, c o s

9

8 
a n d  c o s  

9

4 
.

H e n c e  th e  s o lu tio n s a r e , 6  c o s  
9

2 
, 6 c o s  

9

8 
a n d

6  c o s
9

4 
.

ä Example 2. S h o w th a t th e  r o o ts  o f  8 x 3 –  4 x 2 –  4 x

+  1 =  0 a r e  c o s  
7


, c o s  

7

3 
a n d  c o s  

7

5 
a n d  h e n c e

fin d  th e  e q u a tio n  w h o s e  r o o ts  a r e s e c 2

7


, s e c 2

7

3 

a n d  s e c 2

7

5 
.

ä Solution L e t 7  =  (2 n  + 1 )   w h e re  n  is  a n y  in te g e r.

  =  
7

1n2 
 a n d  c o s   =  c o s  

7

1n2 


w h e re  n  = 0 , 1 ,....., 6 .

E x p lic itly c o s   =  c o s  
7


, c o s  

7

3 
, c o s  

7

5 
, c o s  ,

c o s  
7

9 
c o s  

7

1 1 
, c o s  

7

1 3 
.

A g a in  c o s  
7

1 3 
=  c o s  

7


, c o s  

7

1 1 
=  c o s  

7

3 
,

c o s  
7

9 
=  c o s  

7

5 
.

T h e r e f o r e  th e  d is tin c t v a lu e s o f c o s  a r e

c o s  
7


, c o s  

7

3 
, c o s  

7

5 
a n d  – 1  ( s in c e  c o s   =  – 1 )

N o w  7  =  ( 2 n  + 1 ), o r, 4  =  ( 2 n  + 1 ) –  3 .
 c o s 4  =  – c o s  3 ,

o r, 2  c o s 2 2  –  1  = – 4  c o s 3 +  3 c o s  

o r, 2  ( 2 c o s 2 –  1 ) 2 –  1 = –  4  c o s 3  3  c o s  ,

o r, 8 c o s 4 –  8 c o s 2 +  1 =  – 4  c o s 3  3  c o s  ,

o r, 8 c o s 4 +  4 c o s 3 –  8  c o s 2  –  3  c o s   1  = 0 .

P u ttin g  c o s  =  x , w e  g e t 8 x 4 +  4 x 3 –  8 x 2 –  3 x  + 1  = 0 .

T h e  r o o ts  o f th is e q u a tio n  in  x  a r e  – 1 , c o s  
7


, c o s

7

3 
a n d  c o s  

7

5 
.

F o r th e  r o o t – 1 , x  + 1  is  a f a c to r o f 8 x 4 +  4 x 3 –  8 x 2

–  3 x  + 1 . C a n c e llin g  th is  f a c to r w e g e t
8 x 3 –  4 x 2 –  4 x  + 1  = 0 .

T h is is th e  r e q u ir e d  e q u a tio n .

T ra n s fo r m in g  th e  e q u a tio n  b y  y  =  2x

1
, w e  g e t th e

e q u a tio n

w h o s e  ro o ts a re  s e c 2

7


, s e c 2

7

3 
a n d  s e c 2

7

5 
.

W e h a v e 8 x 3 –  4 x  = 4 x 2 –  1 ,
o r, 4 x  ( 2 x 2 –  1 ) =  4 x 2 –  1 ,

o r, 4 x  
y

4
1

y

2









 –  1 ,

o r, 4 x  ( 2  –  y ) =  4 –  y .
S q u a rin g , 1 6 x 2 ( 2 –  y ) 2 =  ( 4  –  y ) 2 ,

o r,
y

1 6
( 4 –  4 y  + y 2 )  = 1 6  –  8 y  + y 2 ,

o r, y 3 –  2 4 y 2 +  8 0 y  –  6 4  = 0 .

It is th e  e q u a tio n  in  y  w h o s e  r o o ts  a r e  s e c 2

7


,

s e c 2

7

3 
a n d  s e c 2

7

5 
.
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P ra c tic e  P ro b le m s

1. I f  , , b e  th e  r o o ts  o f th e  a x 3 +  b x 2 +  c x  + d  =
0  th e n  f in d  th e  v a lu e s o f ,

(i) 2aÂ (ii) 
1

aÂ (iii) 2a bÂ
2. I f  a , b , c b e  th e  r o o ts  o f th e  e q u a tio n

x 3 +  p x 2 +  q x  + r  = 0 , fin d  th e  v a lu e s o f
(i) ( b +  c –  3 a ) ( c +  a –  3 b ) ( a +  b –  3 c ) .

(ii)
1 1 1 1 1 1 1 1 1

b c a c a b a b c
Ê ˆ Ê ˆ Ê ˆ+ - + - + -Á ˜ Á ˜ Á ˜Ë ¯Ë ¯Ë ¯.

( iii)
2 2 2

1 1 1 1 1 1

b c c a a ba b c
Ê ˆ Ê ˆ Ê ˆ- - -Á ˜ Á ˜ Á ˜Ë ¯ Ë ¯ Ë ¯.

3. F in d  th e  r o o ts  o f th e  e q u a tio n  x 3 –  3 x  + 1  = 0 .
4. S o lv e  th e  e q u a tio n  8 x 3 –  3 6 x  + 2 7  = 0

2.26 CO M M O N   RO O TS IN
PO LYN O M IA L EQ U ATIO N S

I f  ( x ) is th e  h ig h e s t c o m m o n  f a c to r ( H .C .F .) o f f ( x )
a n d  g ( x ) , th e n  th e  r o o ts  o f  ( x )  = 0  a r e  th e  c o m m o n
r o o ts  o f  f ( x )  = 0  a n d  g ( x ) =  0 .

ä Example 1. F in d  th e  c o m m o n  r o o ts  o f  x 4 +  5 x 3 –
2 x 2 –  5 0 x  + 1 3 2  = 0  a n d  x 4 +  x 3 –  2 0 x 2 +  1 6 x  + 2 4  =  0
a n d  h e n c e  s o lv e  th e  e q u a tio n s .
ä Solution W e  fin d  th a t 4 ( x 2 –  5 x  + 6 ) is H .C .F . o f
th e  tw o e q u a tio n s
a n d  h e n c e , th e  c o m m o n  r o o ts  a r e th e  r o o ts  o f

x 2 –  5 x  + 6  = 0  i.e ., x =  3 o r x  = 2 .
N o w , x 4 +  5 x 3 –  2 2 x 2  –  5 0 x  + 1 3 2  = 0 ....(1 )
a n d  x 4 +  x 3 –  2 0 x 2 +  1 6 x  + 2 4  = 0 ....(2 )
h a v e  2  a n d  3  a s th e ir  c o m m o n  r o o ts .

ä Example 2. S u p p o s e  a  c u b ic p o ly n o m ia l f ( x ) = x 3

+  p x 2 +  q x  + 7 2   is  d iv is ib le b y  b o th   x 2 +  a x  + b   a n d
x 2 +  b x  +  a ( w h e r e  a , b , p , q  a re  c o n s ta n ts  a n d  a   b ) .
F in d  th e  s u m o f th e  s q u a r e s o f th e  r o o ts  o f th e  c u b ic
p o ly n o m ia l.

ä Solution S in c e  c u b ic  is  d iv is ib le b y  b o th
x 2 +  a x  + b a n d x 2 +  b x  + a

 x 2 +  a x  + b
a n d x 2 +  b x  + a   m u s t h a v e  a  c o m m o n  r o o ts .

x 2 +  a x  + b  = 0 –  x 2 +  b x  + a  = 0
s u b tr a c t
 x ( a  –  b ) =  ( a  –  b )

x  = 1  c o m m o n  r o o t is 1

x 2 +  a x  + b  = 0  

1  ·  =  b   =  b

x 2 +  b x  + a  = 0  

1  ·  =  a   =  a
 r o o ts  o f  c u b ic  b e  1 , a , b
p r o d u c t o f th e  r o o ts  b e

1  · a  · b  = –  7 2 ....(1 )
a n d a  + b  + 1  = 0 ....(2 )

( f r o m  x 2 +  a x  + b  = 0   p u t x  = 1 )

 a  –  
b

7 2
=  – 1

 a 2 +  a –  7 2  = 0 ( a +  9 ) ( a –  8 ) =  0
a  = –  9 , 8  r o o ts  a r e 1 , –  9 , 8

 s u m  o f th e ir  s q u a r e s =  1 +  8 1  + 6 4  = 1 4 6

Method of Substraction

I f   is a  c o m m o n  r o o t o f f ( x )  = 0  a n d  g ( x ) =  0 th e n
 is a ls o a  c o m m o n  r o o t o f f ( x )  – g ( x ) =  0 ; b u t n o t
a ll ro o ts  f ( x )  – g ( x ) =  0 a r e  c o m m o n  r o o ts  o f  f ( x )
a n d  g ( x ) .

P r o o f :
L e t  b e  a  c o m m o n  r o o t
T h e n f ()  = 0  a n d  g ()  = 0 ...(i)
T h e  e q u a tio n  f ( x )  – g ( x ) =  0 is s a tis fie d  b y  x  =  
b e c a u s e  o f (i)
H o w e v e r, c o n s id e r a  n u m b e r   s u c h  th a t

f() = g () = k  0 ...(ii)
T h e n   s a tis fie s  th e  e q u a tio n  f ( x )  – g ( x ) =  0 b e c a u s e
o f ( ii) b u t w e k n o w th a t  is n o t a  c o m m o n  ro o t o f f(x )
a n d  g ( x ) .
H e n c e  a ll ro o ts  o f  f ( x ) – g (x ) =  0 a r e  n o t n e c e s s a r ily
c o m m o n  r o o ts . H e r e w e s o lv e  f (x )  – g ( x ) =  0 . O n ly
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th o s e  r o o ts  o f  f ( x )  – g ( x ) =  0 w h ic h  s a tis f y f(x )  = 0  (o r
g (x ) =  0 ) a r e  th e  c o m m o n  r o o ts .

ä Example 3. F i n d  t h e  c o m m o n  r o o ts  o f  t h e
e q u a tio n s

x 3 –  2 x 2 –  x  + 2  = 0  a n d  x 3 +  6 x 2 +  1 1 x  + 6  = 0 .
ä Solution S u b s tra c t th e  tw o e q u a tio n s
W e g e t 8 x 2 +  1 2 x  + 4  = 0

2 x 2 +  3 x  + 1  = 0  x  = – 1 , –
2

1

V e rify x  = – 1 , –
2

1
in o n e  o f th e  e q u a tio n s , s a yy

x 3 –  2 x 2 –  x  + 2  = 0 .
O n ly x  = – 1  s a tis fie s  th is  e q u a tio n .
It m e a n s th a t x  = – 1  is  th e  o n ly  c o m m o n  r o o t.

ä Example 4. F in d  th e  v a lu e s  o f  a s o th a t th e
f o llo w in g  e q u a tio n s h a v e  c o m m o n  r o o t( s )  :

x 3 –  2 x 2 –  x  + a  = 0 , x 2 –  5 x  + 2 a  = 0
ä Solution x 3 –  2 x 2 –  x  + a  = 0 ...(i)

x 2 –  5 x  + 2 a  = 0 ...(ii)
x  = 0  is  a c o m m o n  r o o t w h e n  a  = 0 .

N o w  m u ltip ly (ii) b y  x  a n d  s u b s tra c t f r o m  ( i).
S o  a s  to  c a n c e l th e  x 3 te r m .

– 3 x 2 +  ( 1  + 2 a ) x  –  a  = 0 ...( iii)
M u ltip ly (ii) b y  3  a n d  a d d  to  ( iii)

( 2 a  –  1 4 ) x  + 5 a  = 0


a21 4

a5
x




F o r th is to b e  th e  c o m m o n  r o o t w e p u t th is r o o t
in to (ii).

0a2
a21 4

a5
5

a21 4

a5
2





















 a [ 2 5 a  –  2 5 ( 1 4  –  2 a ) +  2 ( 1 4  –  2 a ) 2 ]  = 0
 a ( 8 a 2 –  3 7 a  + 4 2 ) =  0
 a ( a  –  2 ) ( 8 a  –  2 1 ) =  0

 a  = 0 , 2 , 
8

2 1 .

T h e  v a lu e  o f a  f o r w h ic h  w e  g e t c o m m o n  r o o ts  a r e

a  = 0 , 2 , 
8

2 1
.

2.27 M U LTIPLE RO O TS

I f  f ( x )  c o n ta in s a  f a c to r ( x –  ) r, th e n  f '( x ) c o n ta in s a
f a c to r ( x – ) r - 1 . T h e r e f o r e  if  f ( x )  a n d  f '( x ) h a v e  n o
c o m m o n  f a c to r, n o  f a c to r in f ( x )  w ill b e  r e p e a te d  ;
h e n c e  th e e q u a tio n  f( x )  = 0  h a s  o r  h a s n o t e q u a l r o o ts ,
a c c o rd in g  a s f(x ) a n d  f '(x ) h a v e  o r h a v e  n o t a  c o m m o n
f a c to r in v o lv in g  x .
P r o o f :
I f   b e a n  r- m u ltip le r o o t o f f(x )  = 0 , w h o s e  d e g r e e  is
n , th e n

f ( x )  = ( x –  ) r ( x )
w h e r e  ( x )  is  a  p o ly n o m ia l in x  o f d e g r e e  n  –  r a n d
it is n o t d iv is ib le  b y  x  –  .

N o w f ( x )  = r  ( x –  ) r  – 1 ( x )  + ( x –  ) r( x )

=  ( x  –  ) r  – 1 { r( x )  + ( x – )( x ) }

=  ( x  –  ) r  – 1 ( x ) , w h e r e  (x )

=  r( x )  + ( x –  )  ( x ) .
( x )  is  n o t d i v is i b l e  b y  ( x  –  ) . T h e r e f o r e ,  i s
a n  ( r  – 1 ) m u ltip le r o o t o f f ( x )  = 0 . C o n s e q u e n tly
( x –  ) r  – 1 is th e  h ig h e s t c o m m o n  d iv is o r o f  f ( x )  a n d
f(x ).
I f  f ( x )  h a s n o  o th e r m u ltip le r o o t, ( x  –  ) r  – 1 is th e
h ig h e s t c o m m o n  d iv is o r s  o f  f ( x )  a n d  f ( x ) . S o , to
d e te r m in e  th e  m u ltip le r o o ts  o f  f ( x )  = 0 , w e fin d  o u t
th e  H .C .F . o f  f ( x )  a n d  f ( x ) a n d  if  it is o f th e  f o r m  (x  –
) p  –  1 ( x –  ) q  –  1 ...., th e n  , ,.... a re th e  m u ltip le ro o ts
o f f ( x )  = 0  w ith m u ltip lic itie s  p , q ,...... r e s p e c tiv e ly .

Corollary: If  is a n r-m u ltip le ro o t o f f(x )  = 0 , it is
th e n  a n  ( r  – 1 ) m u ltip le r o o t o f f ( x )  = 0  , a n  ( r  – 2 )
m u ltip le r o o t o f f ( x )  = 0 , a n d  s o  o n .

ä Example 1. F i n d  t h e  c o n d i t i o n  t h a t t h e
e q u a tio n  a x 3 +  3 b x 2 +  3 c x  + d  = 0  m a y  h a v e  tw o
r o o ts  e q u a l.
I n th is c a s e  th e  e q u a tio n s f(x ) = 0 , a n d  f'(x ) =  0 , th a t is

a x 3 +  3 b x 2 +  3 c x  + d  = 0 ...(i)
a x 2 +  2 b x  + c  = 0 ...(ii)

m u s t h a v e a  c o m m o n  r o o t, a n d  th e  c o n d itio n  r e q u ire d
w ill b e  o b ta in e d  b y  e lim in a tin g  x  b e tw e e n  th e s e  tw o
e q u a tio n s .
B y c o m b in in g  ( i) a n d  ( ii), w e  h a v e

b x 2 +  2 c x  + d  = 0 ...( iii)
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F r o m (ii) a n d  ( iii), w e  o b ta in

)ba c(2

1

a db c

x

)cb d(2

x
22

2







 ;

th u s th e  r e q u ir e d  c o n d itio n s is
( b c  –  a d ) 2 =  4 ( a c  –  b 2 )  ( b d  –  c 2 ) .

ä Example 2. F in d  th e  ro o ts  o f  4 x 3 +  2 0 x 2 –  2 3 x  + 6
=  0 if tw o  r o o ts  a r e e q u a l.
ä Solution L e t ro o ts  b e  a n d  

 =  –  
4

2 0

 2  =  – 5 ....(i)

  =  –  
4

2 3

 2 +  2  =  –  
4

2 3
& 2 =  

4

6

f r o m  e q u a tio n  ( i) 2 +  2  ( – 5  –  2 ) = –  
4

2 3

 2 –  1 0  –  4 2 =  –  
4

2 3

 1 2 2 +  4 0  –  2 3  = 0

  =  1 /2 , –  
6

2 3
w h e n   =  

2

1

f r o m  e q u a tio n  ( i)   2 =  
4

1
( – 5  – 1 ) =  –  

2

3

w h e n  =  
6

2 3

2 =  
2

3

6

2 3
x55

3 6

2 32 3



















  =  
2

1
,  =  – 6

H e n c e  r o o ts  o f  e q u a tio n =  
2

1
, 

2

1
, – 6

P ra c tic e  P ro b le m s

1. T h e  e q u a tio n s 2 x 3 +  5 x 2 –  6 x  –  9  = 0  a n d  3 x 3 +
7 x 2  +  7 x 2 –  1 1 x  –  1 5  = 0   h a v e  tw o c o m m o n
r o o ts . F in d  th e m .

2. D e te r m in e  th e  c o m m o n  r o o ts  o f th e  e q u a tio n
6 x 3 +  7 x 2 –  x  –  2  = 0 , a n d  6 x 4 +  1 9 x 3 +  1 7 x 2 –
2 x  –  6  = 0

3. I f  x 3 +  p x 2 +  q x  + r  = 0  a n d  x 3 +  a x 2 +  b x  + c  = 0
h a v e  tw o c o m m o n  r o o ts , fin d  th e  q u a d r a tic
e q u a tio n  h a v in g  th e s e  c o m m o n  r o o ts  a s  r o o ts .

4. F in d  th e  r o o ts  c o m m o n  to  th e  e q u a tio n s
x 5 –  x 3 +  x 2 –  1  = 0 , x 4 =  1 .

5. S h o w th a t x 3 –  2 x 2 –  2 x  + 1  = 0  a n d
x 4 –  7 x 2 +  1 =  0 h a v e  tw o r o o ts  in  c o m m o n .

6. F in d  th e  s o lu tio n  o f th e  f o llo w in g  e q u a tio n s
w h ic h  h a v e  c o m m o n  r o o ts  :
2 x 4 –  2 x 3 +  x 2 +  3 x  –  6  = 0 , 4 x 4 –  2 x 3 +  3 x  –  9  = 0

7. F in d  th e  r a tio o f b  to  a in o r d e r th a t th e  e q u a tio n s
a x 2 +  b x  + a  = 0  a n d  x 3 –  2 x 2 +  2 x  –  1  = 0  m a y
h a v e  ( 1 ) o n e , ( 2 ) tw o  r o o ts  in  c o m m o n .

8. F in d  th e  c o n d itio n  th a t a x 3 +  b x  +  c a n d
a x 3 +  b x  +  c  m a y  h a v e  a  c o m m o n  lin e a r f a c to r.

9. If th e  tw o e q u a tio n s a x 3 +  3 b x 2 +  3 c x  + d  = 0
a n d  a x 2 +  2 b x  + c  = 0  h a v e  a  c o m m o n  r o o t a n d
th e  s y s te m  o f  e q u a tio n s a x  + b y  = 0 , c x  + d y  = 0
h a v e a  n o n - tr iv ia l s o lu tio n  th e n  p r o v e  th a t
e ith e r a , b , c  a r e  in  G .P . o r  b , c , d a r e  in  G .P .

10. S o lv e  th e  f o llo w in g  e q u a tio n s e a c h  o f w h ic h
h a s e q u a l r o o ts  :

(i) 4 x 3 –  1 2 x 2 –  1 5 x  –  4  = 0 ,
(ii) x 4 –  6 x 3 +  1 3 x 2 –  2 4 x  + 3 6  = 0 .

11. If x 3 +  3 x 2 –  9 x  + c  is  th e  p ro d u c t o f th re e  fa c to rs ,
tw o  o f w h ic h  a r e  id e n tic a l, s h o w th a t c  is  e ith e r
5  o r –  2 7  a n d  r e s o lv e  th e  g iv e n  e x p r e s s io n  in to
f a c to r s  in  e a c h  c a s e .

2.28 IN TERM ED IATE VA LU E
TH EO R EM

If f(x ) is a  p o ly n o m ia l fu n c tio n  a n d  if  f ( a ) f(b ), th e n
f(x ) ta k e s  o n  e v e ry  v a lu e b e tw e e n f(a )  a n d  f( b ) .

I f  f ( a )  a n d  f ( b )  a r e o f o p p o s ite s ig n s th e n  o n e  r o o t o f
th e  e q u a tio n  f ( x )  = 0  m u s t lie b e tw e e n  a  a n d  b .
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A s x  c h a n g e s g r a d u a lly f r o m  a to b , th e  f u n c tio n  f ( x )
c h a n g e s g r a d u a lly fro m  f(a ) to f(b ), a n d  th e re fo re  m u s t
p a s s  th r o u g h  a ll in te r m e d ia te  v a lu e s ; b u t s in c e  f ( a )
a n d  f ( b )  h a v e  c o n tr a r y s ig n s th e  v a lu e  z e r o  m u s t lie
b e tw e e n  th e m ; th a t is , f(x ) = 0  fo r s o m e v a lu e  o f x
b e tw e e n  a  a n d  b .

It d o e s n o t f o llo w  th a t f ( x )  = 0  h a s o n ly  o n e  r o o t
b e tw e e n  a  a n d  b  ; n e ith e r d o e s it fo llo w  th a t if f(a )
a n d  f ( b )  h a v e  th e  s a m e  s ig n  f ( x )  = 0  h a s n o  r o o t
b e tw e e n  a  a n d  b .

1. E v e r y  e q u a tio n  o f a n  o d d  d e g r e e  h a s a t le a s t
o n e  r e a l r o o t w h o s e  s ig n  is  o p p o s ite to th a t o f
its la s t te r m , p r o v id e d  th e  le a d in g  c o e f fic ie n t
is p o s itiv e .
I n th e  f u n c tio n  f ( x )  s u b s titu te f o r  x th e  v a lu e s +
, 0 , –  s u c c e s s iv e ly , th e n
f ()  =  , f( 0 )  = a n , f (– ) = –  ;
I f  a n is p o s itiv e , th e n  f ( x )  = 0  h a s a  r o o t ly in g
b e tw e e n 0  a n d  – , a n d  if  p n is n e g a tiv e   f( x ) = 0
h a s a  r o o t ly in g  b e tw e e n  0  a n d  

I f  f ( x )  = a
0
x n +  a

1
x n – 1 +  a

2
x n – 2

....... + a
n
,  fo r s u ffic ie n tly la rg e

v a lu e s o f x , f ( x )  h a s th e  s a m e  s ig n  a s a
0
.

2. E v e r y  e q u a tio n  w h ic h  is  o f  a n  e v e n  d e g r e e  a n d
h a s its la s t te r m n e g a tiv e  h a s a t le a s t tw o  r e a l
r o o ts , o n e  p o s itiv e  a n d  o n e  n e g a tiv e , p r o v id e d
th e  le a d in g  c o e f fic ie n t is p o s itiv e .

I n th e  f u n c tio n  f ( x )  s u b s titu te f o r  x th e  v a lu e s +
, 0 , –  s u c c e s s iv e ly , th e n
f ()  =  , f (0 )  = a n , f (– ) =   ;

S in c e  a n is n e g a tiv e , f ( x )  = 0  h a s a  r o o t ly in g
b e tw e e n  0  a n d   a n d  a  r o o t ly in g  b e tw e e n  – 
a n d  0 .

3. If th e  e x p r e s s io n s f ( a )  a n d  f ( b )  h a v e  c o n tr a r y
s ig n s , a n  o d d  n u m b e r  o f  r o o ts  o f  f ( x )  = 0  w ill lie
b e tw e e n  a  a n d  b ; a n d  if  f ( a )  a n d  f ( b )  h a v e  th e
s a m e s ig n , e ith e r n o  r o o t o r a n  e v e n  n u m b e r o f
r o o ts  w ill lie b e tw e e n  a  a n d  b

ä Example 1. S h o w th a t th e  e q u a tio n
1 0 x 3 –  1 7 x 2 +  x +  6 =  0 h a s a tle a s t o n e  r o o t

b e tw e e n  – 1  a n d  0 .
ä Solution L e t f ( x )  =  1 0 x 3 –  1 7 x 2 +  x +  6 =  0

f ( – 1 ) =  – 1 0  – 1 7  – 1 + 6  = – 2 2  < 0
f ( 0 )  = 6  > 0

S in c e  f ( – 1 ) . f ( 0 )  < 0 , f ( x )  = 0  h a s a tle a s t o n e  r o o t
b e tw e e n  – 1  a n d  0 .

T o  d e te r m in e  th e  n a tu r e  o f
r o o ts  o f  s o m e  e q u a tio n s th e

f o llo w in g  s ta te m e n ts  a r e h e lp f u l:
(i) If th e  c o e f fic ie n ts  a r e a ll p o s itiv e , th e  e q u a tio n

h a s n o  p o s itiv e  r o o t ; th u s th e  e q u a tio n
x 5 +  4 x 3 +  2 x  + 1  =  0  c a n n o t h a v e  a  p o s itiv e  ro o t.

(ii) If th e  c o e f fic ie n ts  o f th e  e v e n  p o w e r s  o f  x a r e
a ll o f  o n e  s ig n , a n d  th e  c o e f fic ie n ts  o f th e  o d d
p o w e r s  o f  x a r e  a ll o f  o p p o s ite s ig n , th e
e q u a ti o n  h a s  n o  n e g a t i v e  r o o t ;  t h u s th e
e q u a tio n
x 7 +  x 5 –  3 x 4 +  x 3 –  3 x 2 +  2 x  –  5  = 0
c a n n o t h a v e  a  n e g a tiv e  r o o ts .

( iii) If th e  e q u a tio n  c o n ta in s o n ly  e v e n  p o w e r s  o f  x
a n d  th e  c o e f f ic ie n ts a re  a ll o f  th e  s a m e  s ig n , th e
e q u a tio n  h a s n o  r e a l r o o t ; th u s th e  e q u a tio n  x 8

+  3 x 4 +  2 x 2 +  1 =  0 c a n n o t h a v e  a  r e a l r o o t.
(iv ) If th e  e q u a tio n  c o n ta in s o n ly  o d d  p o w e r s  o f  x ,

a n d  th e  c o e f f ic ie n ts a re  a ll o f  th e  s a m e  s ig n , th e
e q u a tio n  h a s  n o  r e a l r o o t e x c e p t x  = 0  ; th u s th e
e q u a tio n  x 9 +  4 x 5 +  5 x 3 +  3 x  = 0  h a s  n o  re a l r o o t
e x c e p t x  = 0 .

2.29 D ESCA RTES'RU LE O F SIG N S

C o n s id e r a  p o ly n o m ia l e q u a tio n
f ( x ) = a 0 x n +  a 1 x n – 1 +  a 2 x n – 2 ....... + a n

w ith r e a l c o e f fic ie n ts  a n d  a n  .

W e h a v e  f(– x ) =  a 0 (– x ) n +  a 1 (– x ) n – 1 +  a 2 (– x ) n – 2 ....... + a n

B y o b s e r v in g  th e  s ig n  v a r ia tio n  in  th e  c o e f fic ie n ts
o f f ( x )  a n d  f ( – x )  w e  c a n  p r e d ic t th e  f o llo w in g  th in g s
a b o u t th e  n a tu r e  o f r o o ts  o f  f ( x ) .

(i) T h e  m a x im u m  n u m b e r o f  p o s itiv e  r o o ts  o f  f ( x )
is e q u a l to th e  n u m b e r o f s ig n  c h a n g e s in th e
c o e f fic ie n ts  o f  f ( x ) . L e t th is n u m b e r b e  'p '.
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(ii) T h e  m a x im u m n u m b e r  o f n e g a tiv e  r o o ts  o f f(x )
is e q u a l to th e  n u m b e r o f s ig n  c h a n g e s in th e
c o e f fic ie n ts  o f  f ( – x ) . L e t th is n u m b e r b e  'q '.

( iii) T h e  m in im u m n u m b e r o f  im a g in a r y  r o o ts  o f
f(x ) is e q u a l to n  –  ( p  + q ) , w h e r e n  is  th e  d e g re e

o f f(x ).

1. In th is to p ic , w e c o n s id e r e q u a tio n s o f th e  ty p e
f(x ) = 0  w h e re  f(x ) is a  p o ly n o m ia l, a n d  'e q u a tio n '
w ill m e a n  a n  e q u a tio n  o f th is k in d .

2. T h e  p o s itio n  o f a  r e a l r o o t is its p o s itio n  o n  th e
r e a l n u m b e r lin e , a n d  is  d e te r m in e d  r o u g h ly  fo r
a  n o n -in te g r a l ro o t b y  f in d in g  tw o c o n s e c u tiv e
in te g e r s  b e tw e e n  w h ic h th e  ro o t lie s .

ä Example 1. S h o w th a t x 7 +  5 x 4 –  3 x  + k  = 0  h a s  a t
le a s t fo u r im a g in a r y  r o o ts .
ä Solution
Case I. k  = 0 .
T h e  e q u a tio n  is  x 7 +  5 x 4 –  3 x  = 0   x (x 6 +  5 x 3 –  3 ) =  0 .

T h e r e f o r e , x  = 0  is  a r o o t a n d  th e  o th e r r o o ts  a r e th e
r o o ts  o f  x 6 +  5 x 3 –  3  = 0 .

L e t f(x )  = x 6 +  5 x 3 –  3 . T h e r e f o re , f(– x ) =  x 6 –  5 x 3 –  3 .

E a c h  o f f ( x )  a n d  f ( – x ) h a s o n ly  o n e  v a ria tio n  in  s ig n .
A ls o f ( 0 )  = –  3 . T h e r e f o r e , f ( x )  = 0  h a s o n e  p o s itiv e
a n d  o n e  n e g a tiv e  r o o t. T h u s th e  g iv e n  e q u a tio n
p o s s e s s e s  o n ly  th r e e  r e a l r o o ts . C o n s e q u e n tly th e
e q u a tio n  h a s f o u r im a g in a r y  r o o ts .

Case II. k  > 0 .
L e t f(x )  = x 7 +  5 x 4 –  3 x  + k .
 f ( – x ) =  – x 7 +  5 x 4 +  3 x  + k .
T h e  n u m b e r o f v a r ia tio n s in f(x )  a n d  f (– x ) is tw o  a n d
o n e  r e s p e c tiv e ly . S o  th e n u m b e r o f re a l ro o ts  o f f(x ) =
0  w ill n o t e x c e e d  th r e e . H e n c e  th e  e q u a tio n  h a s a t
le a s t fo u r im a g in a r y  r o o ts .

Case III. k  < 0 .
L e t f(x )  = x 7 +  5 x 4 –  3 x  + k .
 f ( – x ) =  – x 7 +  5 x 4 +  3 x  + k .

T h e  n u m b e r o f v a ria tio n s in f(x )  a n d  f ( – x ) is o n e a n d
tw o  r e s p e c tiv e ly . S o th e  n u m b e r o f r e a l r o o ts  o f  f ( x ) =
0  w ill n o t e x c e e d  th r e e .
H e n c e  th e  e q u a tio n  h a s a t le a s t f o u r im a g in a ry  r o o ts .

ä Example 2. F in d  th e  n u m b e r o f p o s itiv e  a n d
n e g a tiv e  r o o ts  o f th e  e q u a tio n  x 5 –  x 4 +  x 3 +  8 x 2 +  2 x
–  2  = 0 .

ä Solution L e t f(x )  = x 5 –  x 4 +  x 3 +  8 x 2 +  2 x  –  2 .
T h e n  f ( – x ) =  – x 5 –  x 4 –  x 3 +  8 x 2 –  2 x  –  2 .
f(x )  h a s th re e  v a r ia tio n s a n d  f ( – x ) h a s tw o  v a ria tio n s .
S o  th e  m a x im u m  n u m b e r o f p o s itiv e  a n d  n e g a tiv e
r o o ts  o f  f ( x )  = 0  m a y  b e  th r e e  a n d  tw o r e s p e c tiv e ly .

N o w  ( x  + 1 ) f ( x )  = x 6 +  9 x 3 +  1 0 x 2 –  2 .

D u e  to  m u ltip lic a tio n  b y  ( x  +  1 ) , th e  n u m b e r  o f
p o s i t i v e  r o o t s  i n  f ( x )  = 0  w i l l  n o t b e  a l t e r e d ,
b u t  ( x +  1 ) f ( x ) h a s o n e  s ig n  v a r ia tio n  a n d  c h a n g e s
s ig n  in  (0 , . T h e re f o re , f(x ) = 0  h a s o n ly  o n e  p o s itiv e
r o o t.
A g a in  f ( 0 )  < 0  , f ( – 1 ) >  0 a n d  f ( – )  = – . T h e s e
a lte r n a te  s ig n s d e f in ite ly s u g g e s t th a t f ( x )  = 0  h a s
tw o  n e g a tiv e  r o o ts . T h u s f ( x )  = 0  h a s o n e  p o s itiv e
a n d  tw o n e g a tiv e  r o o ts .

ä Example 3. F in d  th e  n u m b e r a n d  p o s itio n  o f th e
r e a l r o o ts  o f th e  e q u a tio n

x 4 –  4 1 x 2 +  4 0 x  + 1 2 6  = 0 .
S u b s titu te in f ( x )  th e  v a lu e s  1 , 2 , 3 , 4 , 5 , 6 in
s u c c e s s io n , a n d  th e  s ig n s w ill b e  + , + , – , – , – , + . H e n c e
th e r e  is  a tle a s t o n e  r o o t b e tw e e n  2  a n d  3 , a n d  a tle a s t
o n e   b e tw e e n  5  a n d  6 ; b u t b y  D e s c a r te s ' R u le o f S ig n s
th e r e  c a n n o t b e  m o r e  th a n  tw o p o s itiv e  r o o ts .

H e n c e  th e r e  a r e  tw o p o s itiv e  r o o ts  w h ic h  lie b e tw e e n
2  a n d  3  a n d  b e tw e e n  5  a n d  6  r e s p e c tiv e ly .

W e c a n  fin d  in  a  s im ila r  m a n n e r th a t th e r e  a r e  tw o
n e g a tiv e  r o o ts  w h ic h  lie b e tw e e n  –  1  a n d  – 2  a n d
b e tw e e n  – 6  a n d  – 7  r e s p e c tiv e ly .

ä Example 4. F in d  th e  n u m b e r a n d  p o s itio n  o f th e
r e a l r o o ts  o f th e  e q u a tio n

x 4 –  1 4 x 2 +  1 6 x  + 9  = 0 .

I n th is c a s e  w e  s h o u ld  e a s ily fin d  th e  tw o n e g a tiv e
r o o ts  w h ic h  lie b e tw e e n  0  a n d  – 1  a n d  b e tw e e n  –  4
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a n d  – 5  r e s p e c tiv e ly . T h e  p o s itiv e  r o o ts  w o u ld ,
h o w e v e r, p r o b a b ly  e s c a p e  n o tic e   a s th e y b o th  lie
b e tw e e n  2  a n d  3 ; it w ill in f a c t b e  f o u n d  th a t f(2 )  > 0 ,

f 







4

1
2 <  0 , a n d  f ( 3 )  > 0 .

P ra c tic e  P ro b le m s

1. F in d  th e  in te g r a l p a r t o f th e  g r e a te r r o o t o f th e
e q u a tio n  x 3 +  x 2 –  2 x  –  2  = 0

2. F in d  th e  n a tu r e  o f th e  r o o ts  o f th e  e q u a tio n
3 x 4 +  1 2 x 2 +  5 x  –  4  = 0

3. S h o w th a t th e  e q u a tio n  2 x 7 –  x 4 +  4 x 3 –  5  = 0
h a s a t le a s t fo u r im a g in a r y  r o o ts .

4. W h a t m a y  b e  in f e r r e d  r e s p e c tin g  th e  r o o ts  o f
th e  e q u a tio n  x 1 0 –  4 x 6 +  x 4 –  2 x  –  3  = 0  ?

5. F in d  th e  le a s t p o s s ib le  n u m b e r o f im a g in a r y
r o o ts  o f th e  e q u a tio n  x 9 –  x 5 +  x 4 +  x 2 +  1 =  0 .

6. U s e  D e s c a r te s ' r u le o f s ig n s to s h o w th a t :
(i) If q is p o s itiv e , x 3 +  q x  + r = 0  h a s o n ly  o n e

r e a l r o o t.
(ii) x 7 –  3 x 4 +  2 x 3 –  1  = 0  h a s a t le a s t fo u r

im a g in a r y  r o o ts .

2.30 A LG EBRA IC IN TERPRETATIO N
O F RO LLE’S TH EO REM

L e t f(x )  b e  a  p o ly n o m ia l h a v in g  ro o ts   a n d   w h e r e
 <   s o th a t w e h a v e  f ()  = f ()  = 0 . A ls o , a
p o ly n o m ia l fu n c tio n  is  c o n tin u o u s a n d  d if f e r e n tia b le
e v e r y w h e r e . T h u s f ( x )  s a tis fie s  th e  c o n d itio n s o f
R o lle 's th e o r e m . C o n s e q u e n tly , th e r e  e x is ts a tle a s t
o n e  n u m b e r  (, )  s u c h  th a t f '()  = 0  . In o th e r
w o rd s  x  =   is a  ro o t o f f '(x ) = 0 . T h u s , R o lle 's th e o r e m
c a n  b e  in te r p r e te d  a lg e b r a ic a lly a s f o llo w s :

B e tw e e n  a n y  tw o r o o ts  o f  a p o ly n o m ia l f(x ) , th e r e  is
a  a lw a y s a  r o o t o f its d e r iv a tiv e  f '( x ) .

ä Example 1. If a , b , c  R  s u c h  th a t 2 a  + 3 b  + 6 c  =
0 , s h o w th a t th e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0
h a s a tle a s t o n e  r e a l r o o t b e tw e e n  0  a n d  1 .

ä Solution C o n s id e r th e  p o ly n o m ia l

c xx
2

b
x

3

a
)x(f 23 

W e h a v e f(0 ) = 0

a n d 0
6

c6b3a2
c

2

b

3

a
)1(f 




[ 2 a  + 3 b  + 6 c  = 0 ]
S o , 0  a n d  1  a re  tw o ro o ts  o f  f ( x )  = 0 . T h e re f o re , f '(x )  =
0  i.e . a x 2 +  b x  + c  = 0  h a s  a tle a s t o n e  re a l ro o t b e tw e e n
0  a n d  1 .

Important Deductions
(1 ) I f  a ll th e  r o o ts  o f  f ( x )  = 0  a r e  r e a l, th e n  a ll th e

r o o ts  o f  f ( x )  = 0  a r e  a ls o r e a l, a n d  th e  r o o ts  o f
th e  la tte r e q u a tio n  s e p a r a te  th o s e  o f th e  f o r m e r.
F o r if f(x ) is o f d e g r e e  n , f ( x )  i s  o f  d e g r e e  n  –  1 ,
a n d  a  r o o t o f f ( x )  = 0  e x is ts  in  e a c h  o f th e  n –  1
in te r v a ls  b e tw e e n  th e  n  r o o ts  o f  f ( x )  = 0 .

(2 ) I f  a ll th e  r o o ts  o f  f ( x )  = 0  a r e  r e a l, s o  a ls o a r e
th o s e  o f f(x )  = 0 , f(x )  = 0 , f(x )  = 0 , ...., a n d  th e
r o o ts  o f  a n y  o n e  o f th e s e  e q u a tio n s s e p a r a te
th o s e  o f th e  p r e c e d in g  e q u a tio n .
T h is f o llo w s fro m  (1 ) .

(3 ) N o t m o r e  th a n  o n e  r o o t o f f ( x )  = 0  c a n
(i) lie b e tw e e n  tw o c o n s e c u tiv e  r o o ts  o f  f (x )

=  0 , o r
(ii) b e  le s s  th a n  th e  le a s t o f th e s e , o r

( iii) b e  g r e a te r th a n  th e  g r e a te s t o f th e s e .
F o r le t  , 2 , ......,r b e  th e  r e a l r o o ts  o f  f ( x ) ,
a n y  o f w h ic h  m a y  b e  m u ltip le r o o ts , a n d
s u p p o s e  th a t 1 <  2 <  .... <  r. L e t 1 , 2 b e re a l
r o o ts  o f  f ( x ) = 0 .
I f  1 =  2 , th e n  1 is o n e  o f th e  s e t 1 , 2 ,..... r
If 1  2 , b y  R o lle 's th e o r e m , a ro o t o f f(x ) lie s
b e tw e e n  1 a n d  2 .
H e n c e

(i) if 1 <  1 <  2 <  2 , th e n  1 a n d  2 c a n n o t
b e  c o n s e c u tiv e  r o o ts ,

(ii) if 1 <  2 <  2 , th e n  1 c a n n o t b e th e  le a s t
r o o t o f f ( x )  = 0 ;

( iii) if r <  1 <  2 , th e n  r c a n n o t b e  th e
g re a te s t.

T h u s , n o t m o r e th a n  o n e  r o o t o f f ( x )  = 0  c a n  lie
in a n y  o n e  o f th e  o p e n  in te r v a ls
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(– , 1 ), (1 , 2 ),...... (r – 1 , r), (r, ).
(4 ) I f  f ( x )  = 0  h a s r  r e a l r o o ts , th e n  f ( x )  = 0  c a n n o t

h a v e  m o r e  th a n  ( r  + 1 ) r e a l r o o ts .
I f  f ( x )  = 0  h a s n o  m u ltip le r o o t, n o n e  o f th e
r o o ts  o f  f ( x )  = 0  is  a r o o t o f f ( x )  = 0 , a n d  th e
th e o r e m fo llo w s f r o m  ( 3 ) .
If f(x ) = 0  h a s  a n  m -m u ltip le ro o t, w e  re g a r d  th is
a s th e  lim itin g  c a s e  in  w h ic h  m r o o ts  te n d  to
e q u a lity . T h u s th e  th e o r e m is tru e  in  a ll c a s e s .

(5 ) I f  f ( r )( x ) is th e  r th d e r iv a tiv e  o f f ( x )  a n d  th e
e q u a tio n  f ( r )( x )  = 0  h a s s o m e im a g in a r y  r o o ts ,
th e n  f( x ) = 0  h a s a tle a s t a s  m a n y  im a g in a ry  ro o ts .
I f  f o llo w s f r o m  ( 4 ) th a t f ( x )  = 0  h a s a t le a s t a s
m a n y  im a g in a r y  r o o ts  a s  f ( x )  = 0 .

(6 ) If a ll th e  re a l ro o ts  1 , 2 ,.... o f f(x ) = 0  a re  k n o w n ,
w e c a n fin d  th e n u m b e r o f re a l ro o ts  o f f(x ) =  0  b y
c o n s id e rin g  th e  s ig n s o f f(1 ), f(2 ),..... . A s in g le
ro o t o f f(x ) = 0 , o r n o  ro o t, lie s  b e tw e e n  1 a n d  2 .

a c c o r d in g  a s f (1 )  a n d  f (2 )  h a v e  o p p o s ite s ig n s , o r
th e  s a m e  s ig n .

ä Example 2. F in d  th e  c h a r a c te r o f th e  r o o ts  o f
f ( x )  = 3 x 4 –  8 x 3 –  6 x 2 +  2 4 x  + 1  = 0 .

ä Solution f(x ) = 1 2 x 3 –  2 4 x 2 –  1 2 x  + 2 4  = 1 2  (x 2 –  1 )
(x –  2 ).
T h e  r o o ts  o f  f ( x )  = 0  a r e  – 1 , 1 , 2 .
W h e n    x  = –  – 1 1 2 

f ( x )  =   – + + 
T h e r e f o r e  f ( x )  = 0  h a s  tw o r e a l r o o ts , o n e  ly in g
b e tw e e n  –  a n d  – 1  a n d  th e  o th e r b e tw e e n  – 1  a n d  1 .
T h e  o th e r tw o  r o o ts  a r e im a g in a r y .

ä Example 3. If x 4 –  1 4 x 2 +  2 4 x  –  k  = 0  h a s fo u r re a l
a n d  u n e q u a l ro o ts , p ro v e  th a t k  m u s t lie b e tw e e n  8  a n d  1 1 .
ä Solution L e t f(x )  = x 4 –  1 4 x 2 +  2 4 x  –  k .
T h e n  f ( x )  = 4 x 3 –  2 8 x  + 2 4  = 4 ( x  –  1 ) ( x –  2 ) ( x +  3 ) .
 f ( x )  = 0  h a s th e  r o o ts  – 3 , 1 , 2 .
B y R o lle 's th e o re m th e  p o s itio n  a n d  s ig n  o f th e  r o o ts
o f f ( x )  = 0  c a n  b e  f o u n d  o u t a s f o llo w s .

x  = –  – 3 1 2 
f(x )  =   – 1 1 7  –  k 1 1  –  k 8  –  k 

I f  f ( x )  = 0  h a s f o u r r e a l a n d  u n e q u a l r o o ts , w e m u s t
h a v e  – 1 1 7  –  k  < 0 , 1 1  –  k  > 0  a n d  8  –  k  < 0 , o r, k >
– 1 1 7 , k  < 1 1  , k  > 8  . T h e r e f o r e  8  < k  <  1 1 .

ä Example 4. S h o w th a t th e  e q u a tio n  (x  –  a ) 3 +  ( x  –
b ) 3 +  ( x  –  c ) 3 +  ( x  –  d ) 3 =  0 , w h e re  a , b , c , d  a r e n o t a ll
e q u a l, h a s o n ly  o n e  r e a l r o o t.
ä Solution L e t f(x )  = ( x –  a ) 3 +  ( x  –  b ) 3 +  ( x  –  c ) 3 +
( x –  d ) 3 .
T h e n f ( x )  = 3 [ ( x –  a ) 2  +  ( x  –  b ) 2 +  ( x  –  c ) 2 +  ( x  –  d ) 2 ].
f ( x )  r e m a in s  p o s itiv e  f o r a n y  r e a l v a lu e  o f x .
T h e r e f o r e , f ( x )  = 0  h a s o n ly  o n e  r e a l r o o t.

ä Example 5. G iv e n  th e  c u b ic  e q u a tio n
x 3 –  2 k x 2 –  4 k x  + k 2 =  0 . I f  o n e  r o o t o f th e  e q u a tio n
is le s s  th a n  1 , o th e r r o o t is in th e  in te r v a l ( 1 , 4 )  a n d
th e  th ir d r o o t is g r e a te r th a n  4 , th e n  th e  v a lu e  o f k

lie s  in  th e  in te r v a l ( )a b , b (a b )+ + w h e r e  a , b  

N . F in d  th e  v a lu e  o f a  a n d  b .

ä Solution f  ( x )  = x 3 –  2 k x 2 –  4 k x  + k 2 =  0
n o te  th a t f  ( 0 )  = k 2 >  0

f  ( 1 )  > 0
 1  –  2 k  –  4 k  + k 2 >  0

k 2 –  6 k  + 1  > 0

[ k –  ( 3 2 2+ ) ]  [ k –  ( 3 2 2- ) ]  > 0

....(1 )

A ls o f  ( 4 )  < 0
 6 4  –  3 2 k  –  1 6 k  + k 2 <  0 k 2 –  4 8 k  + 6 4  < 0

( k –  2 4 ) 2 <  5 1 2

( k –  2 4  +  216 ) ( k –  2 4  –  216 )  < 0

[ k –  8 ( 223  ) ]  [ k –  8 ( 223  ) ]  < 0

....(2 )

( 1 )   (2 )  223  <  k  <  8 ( 223  )

83  <  k <  8 ( 83  )

 a  = 3 ; b  = 8
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P ra c tic e  P ro b le m s

1. If a , b , c  R  a n d  a  + b  + c  = 0  th e n  s h o w th a t th e
q u a d ra tic e q u a tio n  3 a x 2 + 2 b x  + c  = 0  h a s  a tle a s t
o n e  r o o t in ( 0 , 1 ) .

2. I f  f ( x )  = ( x –  1 ) ( x –  2 ) ( x –  3 ) ( x –  4 ) , f in d  th e
n u m b e r o f r e a l r o o ts  o f  f ( x )  = 0  a n d  in d ic a te
th e  in te r v a ls  in  w h ic h  th e y  lie .

3. I f  f ( x )  = x 2 ( 1 –  x ) 3  th e n  p r o v e  th a t th e  e q u a tio n
f ( x )  = 0 h a s a tle a s t o n e  r o o t in ( 0 , 1 ) .

4. P r o v e  th a t th e  e q u a tio n  x 4 –  4 x  –  2  = 0  c a n n o t
h a v e  m o r e  th a n  tw o r e a l r o o ts .

5. P r o v e th a t th e  e q u a tio n  x 5  +  x 3 +  4 x  + 1   = 0  h a s
a tle a s t fo u r im a g in a r y  r o o ts .

 T a rg e t P ro b le m s  fo r JE E  A d v a n c e d

ä Problem 1. F in d  a  q u a d r a tic e q u a tio n  w h o s e
r o o ts  x

1
a n d  x

2
s a tis f y th e  c o n d itio n

) .xx(1 1)xx(3,5xx 3
2

3
1

5
2

5
1

2
2

2
1 

( A s s u m e th a t x
1
, x

2
a r e  r e a l)

ä Solution W e  h a v e  )xx(1 1)xx(3 3
2

3
1

5
2

5
1 

 3

1 1

xx

xx
3
2

3
1

5
2

5
1 



 3

1 1

)xx(

)xx(xx)xx) (xx(
3
2

3
1

21
2
2

2
1

3
2

3
1

2
2

2
1 




 )xx( 2
2

2
1  –  

3

1 1

)xxxx)(xx(

)xx(xx

21
2
2

2
121

21
2
2

2
1 




 5  –  
3

1 1

xx5

xx

21

2
2

2
1 


 3 2 2
1 2x x +  4 x

1
x

2
–  2 0  = 0

 3 2 2
1 2x x +  1 0 x

1
x

2
–  6 x

1
x

2
–  2 0  = 0

 ( x
1

x
2

–  2 ) ( 3 x
1

x
2

+  1 0 ) =  0

 x
1
x

2
=  2 , –  

3

1 0

W e h a v e ( x
1

+  x
2
) 2 =  5  +  4

( i f  ( x
1

x
2

=  2 )  = 9
 x

1
+  x

2
=  ±  3

 ( x
1

+  x
2
) 2 =  5 +  2 ( – 1 0 /3 )

( i f  x
1
x

2
=  – 1 0 /3 ) =  5 /3

w h ic h  is  n o t p o s s ib le  x
1
, x

2
a r e  r e a l

T h u s r e q u i r e d  q u a d r a tic e q u a tio n s a r e
x 2 ±  3 x  + 2  = 0

ä Problem 2. If th e  ro o ts  o f th e  e q u a tio n  a x 2 +  2 b x  +
c  = 0  a r e  re a l a n d  d is tin c t, th e n  s h o w th a t th e  r o o ts  o f
th e  e q u a tio n  (a  + c ) (a x 2 +  2 b x  + c ) =  2 (a c  –  b 2 ) (x 2 +  1 )
a r e  im a g in a r y  n u m b e r s  a n d  v ic e - v e r s a .
ä Solution G iv e n  e q u a tio n s a r e
a x 2 +  2 b x  + c  = 0 ...(1 )
a n d   ( a  + c ) ( a x 2 +  2 b x  + c ) =  2 ( a c  –  b 2 ) ( x 2 +  1 )
o r (a 2 –  a c  + 2 b 2 ) x 2 +  2 (a  + c ) b x  + c 2 –  a c  + 2 b 2 =  0

...(2 )
L e t D 1 a n d  D 2 b e  th e  d is c rim in a n ts  o f  e q u a tio n s ( 1 )
a n d  ( 2 ) r e s p e c tiv e ly , th e n

D 1 =  4 ( b 2 –  a c ) =  4 k , w h e r e  k  = b 2 –  a c
A c c o r d in g  to  q u e s tio n  D 1 >  0 ...(3 )
N o w  e q u a tio n  ( 2 ) b e c o m e s ,

( a 2 +  b 2 +  k )  x 2 +  2 ( a +  c )  b x  + b 2 +  c 2 +  k =   0
...(4 )

N o w  D 2 =  4 ( a +  c ) 2 b 2 –  4 ( a 2 +  b 2 +  k ) ( b 2 +  c 2 +  k )
=  4 [ a 2 b 2 +  c 2 b 2 +  2 a c b 2 – ( a 2 +  b 2 )  ( b 2 +  c 2 )

–  k ( a 2 +  b 2 +  b 2 +  c 2 ) – k 2 ]
=  4 [ a 2 b 2 +  c 2 b 2 +  2 a c b 2 –  a 2 b 2 –  b 4 –  a 2 c 2 –  b 2 c 2

–  k ( a 2 +  c 2 +  2 b 2 )  – k 2 ]
=  4 [ 2 a c b 2 –  b 4 –  a 2 c 2 –  k ( a 2 +  c 2 +  2 b 2 )  – k 2 ]
=  4 [ – ( b 4 +  a 2 c 2 –  2 a c b 2 )  – k ( a 2 +  c 2 +  2 b 2 )  – k 2 ]
=  4 [ – k 2 –  k ( a 2 +  c 2 +  2 b 2 )  – k 2 ]

[ b 4 +  a 2 c 2 –  2 a c b 2 =  ( b 2 –  a c ) 2 =  k 2 ]
=  – 4 k [2 k  +  a 2 +  c 2 +  2 b 2 )  = – D 1 [2 (b 2 –  a c ) +  a 2

+  c 2 +  2 b 2 ]
=  – D 1 [ 4 b 2 +  ( a  –  c ) 2 ]

 D 2  =  – D 1 ( a p o s itiv e  n u m b e r )  < 0     [ D 1 >  0 ]
4 b 2 +  ( a  –  c ) 2 =  0   b  = 0  a n d  a  = c

 D 1 =  4 (0 2 –  a .a ) =  – 4 a 2 <  0 n o t p o s s ib le  f ro m  (3 )

ä Problem 3. T h e  s e t o f r e a l p a ra m e te r 'a ' fo r w h ic h
th e  e q u a tio n  x 4 –  2 a x 2 +  x +  a 2 –  a  = 0  h a s a ll re a l
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s o lu tio n s , is g iv e n  b y  




 ,

n

m
w h e r e  m a n d  n a r e

r e la tiv e ly  p r im e  p o s itiv e  in te g e r s , fin d  th e  v a lu e  o f
( m +  n ).
ä Solution W e  h a v e a 2 –  (2 x 2 +  1 )a +  x 4 +  x =  0

 a  =  
2

)xx(4)1x2()1x2( 4222 

 2 a  = ( 2 x 2 +  1 )  ±  1x4x4 2 
=  ( 2 x 2 +  1 )  ± ( 2 x  –  1 )

+  v e  s ig n a  = x 2 +  x –  v e  s ig n
2 a  = 2 x 2 –  2 x  + 2 a  = x 2 –  x  + 1

if x 2 +  x –  a  = 0   x  =  
2

a411 

if x 2 –  x  + 1  –  a   x  =  
2

a4411 
=  

2

3a41 

f o r   x to b e  r e a l a   3 /4   a n d   a   –  1 /4
 a   3 /4
 3  + 4  = 7

ä Problem 4. F in d  a ll p o s itiv e  in te g e r s  a , b s u c h
th a t e a c h  o f th e  e q u a tio n s x 2 –  a x  + b  = 0  a n d  x 2 –  b x
+  a =  0 h a s d is tin c t p o s itiv e  in te g r a l r o o ts .
ä Solution L e t in te g e r s   >   >  0 b e  th e  r o o ts  o f
(i) x 2 –  a x  + b  = 0  a n d  le t in te g e rs   >   >  0 b e  th e
ro o ts  o f
(ii) x 2 –  b x  + a  = 0 . F o r d e fin ite n e s s , le t a  b . N o w

 +   =  a ,  =  b , a n d   +   =  b ,  =  a .
H e n c e   –   =  1 –  ( –  1 ) ( –  1 ). H e n c e  0  1  –  (a  –  1 )
( b –  1 )   1 . S o   =  1 s in c e   a r e  p o s itiv e  in te g e r s
a n d   . T h u s a  – b  = 1 . F u rth e r, a –  b  = ( –  1 ) ( –  1 )
–  1 , s o th a t ( –  1 ) ( –  1 ) =  2 . S o  s in c e   >   >  0 a r e
in te g e r s , w e s e e  th a t  –  1  =  2  a n d   –  1  = 1 , s o th a t
 =  3 ,  =  2 .
H e n c e , a  =   =  6  a n d  b  = =  5 . A ls o , th e re fo re ,  =
5 ,  =  1 .

ä Problem 5. F in d  a ll p o s itiv e  in te g e r s  n fo r  w h ic h
n 2 +  9 6  is  a p e r f e c t s q u a r e .
ä Solution S u p p o s e  m is a  p o s itiv e  in te g e r, s u c h
th a t

n 2 +  9 6  = m 2 .
T h e n m 2 –  n 2 =  9 6 ,
i.e ., ( m –  n ) ( m +  n )  = 9 6 .

S in c e  m –  n  < m  + n , a n d  m –  n  , m  + n  m u s t b e  b o th
e v e n  (b e c a u s e m  + n  = ( m –  n ) +  2 n  th e re fo re  m –  n , m
+  n m u s t b e b o th  o d d  o r b o th  e v e n ; a ls o if b o th  o f
th e m a re  o d d , th e n  th e  p r o d u c t c a n n o t b e e v e n ) .
T h e r e f o r e  th e  o n ly  p o s s ib ilitie s  a r e

m  – n  = 2 , m  + n  = 4 8  ; m  – n  = 4 , m  + n  = 2 4  ;
m  – n  = 6 , m  + n  = 1 6 ; m  – n  = 8 , m  + n  = 1 2 .

T h e  c o r r e s p o n d in g  s o lu tio n s a r e
m  = 2 5 , n  = 2 3  ; m  = 1 4 , n  = 1 0  ;
m  = 1 1 , n  = 5  ; m  = 1 0 , n  = 2  .

ä Problem 6. F in d  a ll in te g e r s  v a lu e s o f a  s u c h th a t
th e  q u a d r a tic e x p r e s s io n s ( x +  a )  ( x +  1 9 9 1 ) +  1 c a n
b e  fa c to re d  a s (x +  b ) (x +  c ), w h e re  b  a n d  c  a re  in te g e rs .
ä Solution ( x +  a )  ( x +  1 9 9 1 ) +  1 =  ( x  + b ) ( x +  c )
 1 9 9 1  + a  = b  + c
a n d 1 9 9 1 a  + 1  = b c
 (b –  c ) 2 =  (b  + c ) 2 –  4 b c  = (1 9 9 1  + a ) 2 –  (1 9 9 1 a  + 1 )

=     a1 9 9 14)a1 9 9 1( 2 
–  4

=  ( 1 9 9 1  –  a ) 2 –  4
o r ( 1 9 9 1  –  a ) 2 =  ( b  –  c ) 2 =  4
If th e  d iffe re n c e  b e tw e e n  tw o p e rfe c t s q u a r e is 4 , th e n
o n e  o f th e m is 4  a n d  th e  o th e r is z e r o .
( P r o v e th is )
T h e r e f o r e , 1 9 9 1  –  a  = ±  2 , ( b –  c ) 2 =  0

 a  = 1 9 9 1  + 2  = 1 9 9 3 a n d  b  = c
o r a  = 1 9 9 1  –  2  = 1 9 8 9 a n d  b  = c
B u t b +  c =  2 b  = 1 9 9 1  + a

=  1 9 9 1  + 1 9 9 3  o r 1 9 9 1  + 1 9 8 9
 b  = c  = 1 9 9 2  o r 1 9 9 0

S o , th e  o n ly  2  v a lu e s o f a  a r e  1 9 9 3  a n d  1 9 8 9 .

ä Problem 7. L e t  a &  c b e  p r im e  n u m b e r s  a n d  b
a n  i n t e g e r . G i v e n  t h a t t h e  q u a d r a t i c e q u a t i o n
a x 2 +  b x  +  c =  0   h a s  r a tio n a l r o o ts , s h o w th a t o n e
o f th e  r o o t is in d e p e n d e n t o f th e  c o e f f i c ie n ts . F in d
th e  tw o r o o ts  .
ä Solution b 2 –  4 a c  = n 2   ( b –  n ) ( b +  n )   = 4 a c

C a s e I b n 4 a a n d b n c

C a s e I I b n 4 c a n d b n a

- + ˘
˙- + ˚

= =
= =

n o t p o s s i b le  a s 2 b  = 4 a  + c  = o d d
 b   is  n o t a n  in te g e r
C a s e  III b  –  n  = 2 a a n d b  + n  = 2  c
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 b   = a  + c
N o w      =   c /a &     +   =   – b /a

=   –  
a c

a


=   – 1  –  c /a

 =   – 1    a n d     =  – c /a

ä Problem 8. If x
1
 N  a n d  x

1
s a tis f ie s th e  e q u a tio n .

If x 2 +  a x  + b  +  1  = 0 , w h e re  a , b   –  1  a r e  in te g e rs  h a s
a  r o o t in n a tu r a l n u m b e r s  th e n  p r o v e  th a t a 2 +  b 2 is a
c o m p o s ite .
ä Solution L e t  a n d   b e  th e  tw o r o o ts  o f th e
e q u a tio n  w h e r e  N . T h e n

 =  – a ...(1 )
 =  b +  1 ...(2 )

 =  – a  –   is a n  in te g e r. A ls o , s in c e  b  + 1   0 ,
  0 .
F r o m E q . (1 )  a n d  E q . (2 ) , w e g e t

a 2 +  b 2 =  () 2 +  (–  1 ) 2 =  +  1
=  ( 1  +  2 )  ( 1 +  2 )
N o w , a s  N  a n d   is a  n o n – z e r o  in te g e r, 1 +  2 >  1
a n d  1  +  2 >  1 .
H e n c e  a 2 +  b 2 is c o m p o s ite n u m b e r

If b =  – 1 , th e n  a 2 +  b 2 c a n n o t b e a  c o m p o s ite n u m b e r.
C o n s id e r a  = – 6 , b  = – 1

x 2 –  6 x  + ( – 1 ) +  1 =  0 , its a r e  6  a n d  0 .
a 2 +  b 2 =  3 6  + 1  = 3 7 , a  p r im e  n u m b e r.

ä Problem 9. I f  a , b , c a r e  o d d  in te g e r s , s h o w th a t
th e  r o o ts  o f th e  e q u a tio n  a x 2 +  b x  + c  = 0  c a n n o t b e
r a tio n a l.
ä Solution L e t a =  2 m  + 1 , b  = 2 n  + 1 , c  = 2 p  + 1
N o w  D  = ( 2 n  + 1 ) 2 –  4 (2 m +  1 ) ( 2 p  + 1 ) ...(1 )
=  (a n  o d d  in te g e r ) – ( a n  e v e n  in te g e r)  = a n o d d  in te g e r
I f  p o s s ib le  le t D  b e  a  p e r f e c t s q u a r e  o f a  r a tio n a l
n u m b e r. S in c e  D is a n  o d d  in te g e r a n d  is  th e  s q u a r e
o f a  r a tio n a l n u m b e r th e r e f o r e  D m u s t b e  th e  s q u a r e
o f a n  o d d  in te g e r.
L e t D =  ( 2 k  + 1 ) 2

N o w  fr o m  (1 ), (2 k  + 1 ) 2 =  (2 n  + 1 ) 2 –  4 (2 m +  1 )(2 p  + 1 )
o r 4 ( 2 m +  1 )  ( 2 p  + 1 ) =  ( 2 n  + 1 ) 2 –  ( 2 k  + 1 ) 2

= ( 2 n  + 1  + 2 k  + 1 ) ( 2 n  + 1  –  2 k  –  1 )

o r ( 2 m  + 1 ) ( 2 p  + 1 ) =  ( n  + k  + 1 ) ( n –  k ) ...(2 )
I f  n a n d  k   a r e  b o th  o d d  o r b o th  e v e n  in te g e r s , th e n  n
–  k  w ill b e  a n  e v e n  in te g e r a n d  if  o n e  o f n  a n d  k  is  a n
o d d  in te g e r a n d  o th e r a n  e v e n  in te g e r, th e n  n  + k  + 1
w ill b e  a n  e v e n  in te g e r. T h u s R . H . S . o f e q u a tio n  ( 2 )
is a n  e v e n  in te g e r a n d  L .H .S . is a n  o d d  in te g e r w h ic h
is n o t p o s s ib le . H e n c e  D c a n n o t b e  a  p e r f e c t s q u a r e
i.e . th e  r o o ts  o f  e q u a tio n  a x 2 +  b x  + c  = 0  c a n n o t b e
r a tio n a l.

ä Problem 10. S h o w th a t th e  q u a d r a tic e q u a tio n
x 2 +  7 x  –  1 4 ( m 2 +  1 )  = 0 , w h e r e  m is a n in te g e r,

h a s n o  in te g r a l r o o ts .
ä Solution G iv e n  e q u a tio n  is  x 2 +  7 x  –  1 4 (m 2 +  1 ) =  0

...(1 )
L e t  a n d   b e  th e  r o o ts  o f  e q u a tio n  ( 1 ) .
th e n  =  – 7 ...(2 )
I f  p o s s ib le , le t  a n d   b e  in te g e r s , =  1 4 ( m 2 +  1 )

...(3 )

F r o m ( 3 ), 
.

7

a b
=  2 ( m 2 + 1 ) =  a n  in te g e r

  is d iv is ib le  b y  7  a n d  7  is  a p r im e  n u m b e r
 a t le a s t o n e  o f   a n d   m u s t b e  a  m u ltip le o f 7 .
L e t  =  7 k , th e n  f r o m  ( 2 ) ,

=  – 7  – 7 k  = – 7 ( k  + 1 ) =  a m u ltip le o f 7 .
F r o m ( 3 ) , 7 k  { – 7  ( k  + 1 ) }  = 1 4  ( m 2 +  1 )

o r –  
7

)1m(2 2 
=  k ( k +  1 )  = a n  in te g e r ...(4 )

I f  m =  0 , L .H .S . o f  ( 4 ) is n o t a n  in te g e r. S in c e  m 2

o c c u r s , th e r e f o r e  w e  m a y  a s s u m e m  to  b e  a  p o s itiv e
in te g e r.
N o w  w e c la im  th a t m 2 +  1 is n o t d iv is ib le  b y  7  f o r a ll
m   N .
L e t f(m )  = m 2 +  1
L e t P ( m ) : f(m ) is n o t d iv is ib le  b y  7
N o w  f ( 1 )  = 1 2 +  1 =  2 , w h ic h  is  n o t d iv is ib le  b y  7 .
S im ila rly , w e  c a n  s h o w th a t f ( 2 ) , f ( 3 ) , f(4 ) , f ( 5 ) , f ( 6 ) ,
f ( 7 )  a r e n o t d iv is ib le  b y  7 .
H e n c e  P (1 ) , P (2 ),......., P (7 ) a re tr u e ...(A )
L e t P (m ) b e  tru e   f(m ) i.e . m 2 +  1 is n o t d iv is ib le  b y  7 .

...(5 )
N o w  f ( m +  7 )  = (m +  7 ) 2 +  1  =  m 2 +  1  +  ( 1 4 m +  4 9 ) ,
w h ic h  is  n o t d iv is ib le  b y  7  a s ( m 2 +  1 ) is n o t d iv is ib le
b y  7
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H e n c e  P (m +  7 ) is tru e  w h e n e v e r P ( m ) is tr u e    ...( B )
F r o m (A )  a n d  ( B ) it f o llo w s th a t m 2 +  1 is n o t d iv is ib le
b y  7 .
T h u s f r o m  ( 4 ) , w e  g e t a  c o n tr a d ic tio n .

H e n c e  c a n n o t b e  in te g e r s .

S in c e , =  – 7  = a n  in te g e r, th e re f o r e  e x a c tly o n e
o f   a n d   c a n n o t b e  n o n - in te g e r.

ä Problem 11. L e t a , b  a n d  c  b e in te g e r s  w ith a  > 1 ,
a n d  le t p  b e  a  p r im e  n u m b e r. S h o w th a t if a x 2 +  b x  +  c
is e q u a l to p  f o r tw o  d is tin c t in te g r a l v a lu e s o f x ,
th e n  it c a n n o t b e  e q u a l to 2 p  f o r a n y  in te g r a l v a lu e
o f x .
ä Solution G iv e n , a x 2 +  b x  + c  –  p  = 0  f o r tw o
d is tin c t in te g r a l v a lu e s o f x  s a y   a n d  . T h e n  
a r e  th e  r o o ts  o f  e q u a tio n  a x 2 +  b x  + c  –  p  = 0      ...( 1 )

 =  –  
a

b
...(2 )

a n d =  
a

pc 
...(3 )

T o  p ro v e  a x 2 +  b x  + c  –  2 p   0  fo r a n y  in te g ra l v a lu e  o f x .
I f  p o s s ib le , le t a x 2 +  b x  + c  –  2 p  = 0  f o r s o m e in te g e r
k , th e n

a k 2 +  b k  + c  –  2 p  = 0   o r a k 2 +  b x  + c  –  p  = p

o r k 2 +  
a

p

a

pc
k

a

b



 o r k 2 –  () k +  =  

a

p

o r ( k –  )  ( k –  )  =  
a

p
o r  

a

p
=  ( k  –  )  ( k –  )

=  a n  in te g e r ...(4 )

S in c e  p  is  a p r im e  n u m b e r a n d  f r o m  ( 4 ) , 
a

p
is a n

in te g e r
 a  = p  o r a  = 1  a  = p [ a  > 1 ]
N o w  f ro m  (4 ) , ( k  –  )  ( k –  )  = 1 [ p  = a ]
 e ith e r k  –   =  1 a n d  k  –   =    ( n o t
a c c e p ta b le  a s  )
o r k  –   =  – 1  a n d  k  –   =  – 1   ( n o t p o s s ib le )
H e n c e  p   a .

N o w  fr o m  ( 4 ) , (k –  )  ( k –  )  =  
a

p
( n o t p o s s ib le )

T h u s w e g e t a  c o n tr a d ic tio n .

H e n c e  a x 2 +  b x  + c   2 p  f o r a n y  in te g r a l v a lu e  o f x .

ä Problem 12. I f  e a c h p a ir o f  t h e  f o llo w in g  th r e e
e q u a t i o n s

x 2 +  a x  +  b  = 0 , x 2 +  c x  +  d  = 0 , x 2 +  e x  + f  = 0
h a s e x a c t l y o n e  r o o t i n c o m m o n , t h e n s h o w
t h a t

( a +  c +  e ) 2 =  4  ( a c  + c e  + e a  –  b  –  d  –  f )

ä Solution x 2 + a x  + b  = 0 ...( 1 )
x 2 +  c x  + d  = 0 ...( 2 )
x 2 +  e x  + f  = 0 ...( 3 )

L e t  b e  th e  r o o ts  o f  ( 1 ) ,  b e  th e  r o o ts  o f  ( 2 )
a n d   b e  th e  r o o ts  o f  ( 3 ) .
  =  – a ,  =  b ...( 4 )

 =  – c ,  =  d ...( 5 )
 =  – e ,  =  f ...( 6 )

 L .H .S . =  ( a  + c  + e ) 2 =  ( – – – – – ) 2

{ f r o m  ( 4 ) , ( 5 ) &  ( 6 ) }
=  4 () 2 ...( 7 )
R .H .S . =  4 ( a c  + c e  + e a  –  b  –  d  –  f )
=  4 { (
)  ()  –   –   –  ) }

{ f r o m  ( 4 ) , ( 5 ) &  ( 6 ) }
=  4 ()
=  () 2 ...( 8 )

F r o m ( 7 )  & ( 8 ) ,
( a +  c +  e ) 2 =  4 ( a c  + c e  + e a  –  b  –  d  –  f )

ä Problem 13. If th e  th r e e  e q u a tio n  x 2 +  a x  + 1 2  =
0 , x 2 +  b x  + 1 5  = 0  a n d  x 2 +  ( a  + b ) x  + 3 6  = 0  h a v e  a
c o m m o n  p o s s ib le  ro o t th e n  f in d  a  a n d  b  a n d  th e  r o o ts .
ä Solution L e t  b e  th e  c o m m o n  r o o t o f th e  th r e e
e q u a tio n s a r e  th e ir  o th e r r o o ts  b e  , ,  r e s p e c tiv e ly
  +   =  – a ,  =  1 2

 +   =  – b ,  =  1 5
+  =  – ( a +  b ) ,  =  3 6

 ( +  )  + (+  )  = –  ( a  + b ) =   +  
  +  +   =   ...(i)
A g a in  ( +   +  )  = 1 2  + 1 5  + 3 6  = 6 3
o r ( 2  – )  = 6 3  b y  ( i)
o r 2  –  2 –  6 3   o r 7 2  –  2 =  6 3
  =  3 6
 2 =  9   =  3 , – 3

 =  3   =  4 ,  =  5 ,  =  1 2
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 =  – 3   =  – 4 ,  =  – 5 ,  =  – 1 2
 a  = –  ( +  )  = 7 , – 7  ; b  = –  ( +  )  = 8 , – 8

ä Problem 14. I f   is a  r o o t o f th e  e q u a tio n  a x 2 +  b x
+  c =  0 ,  is a  r o o t o f th e  e q u a tio n  –  a x 2 +  b x  + c  = 0

a n d   is a  r o o t o f th e  e q u a tio n  
2

a
x 2 +  b x  + c  = 0  th e n

p r o v e  th a t  lie s  b e tw e e n   a n d  .

ä Solution F o r a  = 0 , th e  th r e e  g iv e n  e q u a tio n s
b e c o m e  lin e a r in x  a n d  h a s a  s in g le  ro o t s o th a t 

S in c e a 2 +  b  +  c =  0 ...(1 )

w e h a v e  
2

a
2 +  b  +  c =  ( a 2 +  b  +  c )  –  

2

a 2

=   –  
2

a 2
{ f r o m  ( 1 ) }

a n d  a ls o – a 2 +  b  +  c =  0 ...(2 )

th e n  
2

a
2 +  b  +  c =  – a 2 +  b  +  c +  

2

3
a 2

=   
2

3
a 2 { fr o m  ( 2 )}

C o n s e q u e n tly , th e  e x p r e s s io n s  
2

a
2 +  b  +  c =

–  
2

a 2
a n d  

2

a
2 +  b  +  c =  

2

3
a 2 a r e  o f d if f e r e n t

s ig n s . H e n c e  th e g r a p h  o f f ( x )  =  
2

a
x 2 +  b x  + c

in te r s e c ts  th e  x - a x is  a t (, 0 ) . H e n c e   is a  ro o t w h e re
 o r  .

ä Problem 15. F in d  th e  in te g r a l s o lu tio n s o f th e
e q u a tio n  x 2 +  x =  y 4 +  y 3 +  y 2 +  y
ä Solution

(a )

01
3--1

t=3y +4y+12

t

(b )
t

0 1 2 y

t=2y–y2

L e t u s  m u ltip ly b o th  m e m b e r s  o f th e  e q u a tio n  b y  4
a n d  a d d  1  to  th e m ; th is r e s u lts in th e  e q u iv a le n t
e q u a tio n

( 2 x  + 1 ) 2 =  4 y 4 +  4 y 3 +  4 y 2 +  4 y  + 1
w h o s e  le f t- h a n d  m e m b e r is a  p e r f e c t s q u a r e . F u rth e r,
w e h a v e

4 y 4 +  4 y 3 +  4 y 2 +  4 y  + 1  = ( 4 y 4 +  4 y 3 +  y 2 )
+  ( 3 y 2 +  4 y  + 1 ) =  ( 2 y 2 +  y ) 2 +  ( 3 y 2 +  4 y  + 1 )

=  ( P (y ) ) 2 +  Q (y )
S in c e  th e  q u a d r a tic trin o m ia l Q ( y )  = 3 y 2 +  4 y  + 1
p o s s e s s e s  ( re a l) ro o ts  y 1 =  – 1  a n d  y 2 =  – 1 /3  it a s s u m e s
p o s itiv e  v a lu e s f o r  a ll in te g r a l v a lu e s o f y  d if f e r e n t
f r o m  y =  – 1  ( s e e  th e  g r a p h  o f th e  f u n c tio n  t =  3 y 2 +
4 y  + 1  in  f ig u r e  ( a ) . T h e r e f o r e  ( 2 x  + 1 ) 2 >  ( P ( y ) ) 2 =
( 2 y 2 +  y ) 2 .
O n th e  o th e r h a n d ,

4 y 4 +  4 y 3 +  4 y 2 +  4 y  +  1  = (2 y 2 +  y  +  1 ) 2 +  (2 y  –  y 2 )
=  (P 1 (y )) 2 +  Q 1 (y ).

T h e  g r a p h  o f th e  f u n c tio n  Q 1 ( y )  = 2 y  –  y 2 is s h o w n  in
fig u r e  ( b ) ; th e  r o o ts  o f th e  q u a d r a tic b in o m ia l Q 1 ( y )
a r e  e q u a l to 0  a n d  2 .
T h e r e f o r e  Q 1 ( y )  < 0  f o r a ll in te g r a l v a lu e s o f y
d if f e re n t f r o m  0 , 1 a n d  2 , w h e n c e  ( 2 x  + 1 ) 2 <  ( P 1 (y )) 2

=  ( 2 y 2 +  y +  1 ) 2 .
T h u s , f o r a ll in te g r a l v a lu e s o f y  d iffe r e n t fro m  – 1 , 0 ,
1  a n d  2  th e r e  h o ld  th e  in e q u a litie s

( 2 y 2 +  y +  1 ) 2 >  ( 2 x  + 1 ) 2 >  ( 2 y 2 +  y ) 2

T h is m e a n s th a t f o r  s u c h  y  th e  n u m b e r ( 2 x  + 1 ) 2 lie s
b e tw e e n  th e  s q u a r e s o f th e  tw o c o n s e c u tiv e  w h o le
n u m b e rs  Q ( y )  a n d  Q 1 ( y ) , a n d  th e r e f o r e  2 x  + 1  c a n n o t
b e  e q u a l to a n  in te g r a l n u m b e r.
T h u s , in c a s e  y  is  a n  in te g r a l n u m b e r, th e  n u m b e r x
c a n  b e  in te g r a l o n ly  w h e n  y  is  e q u a l to – 1 , 0 , 1  o r 2 ,
th a t is w h e n  th e r ig h t- h a n d  s id e  o f  t h e  o rig in a l
e q u a tio n  is  e q u a l to 0 , 0 , 4  o r 3 0  r e s p e c tiv e ly . It n o w
r e m a in s  to  s o lv e  3  q u a d r a tic e q u a tio n s o f th e  f o r m
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x 2 +  x =  c w h e r e  c  is  e q u a l to 0 , 4  o r 3 0 (1 )
T h e s e  e q u a tio n s h a v e  th e  f o llo w in g  in te g r a l r o o ts  :

x  = 0  a n d  x  = – 1  fo r c  = 0  ; x  = 5  a n d  x  = – 6  fo r c  = 3 0 ;
f o r  c =  4 e q u a tio n  ( 1 ) h a s n o  in te g r a l r o o ts
H e n c e , fin a lly , w e  a r riv e  a t th e  f o llo w in g  s e t o f
in te g r a l s o lu tio n s o f th e  g iv e n  e q u a tio n  :

( 0 , – 1 ) , ( – 1 , – 1 ) ; (0 , 0 ) , ( – 1 , 0 ) ; (5 , 2 ) , ( – 6 , 2 )

ä Problem 16. A  q u a d ra tic trin o m ia l p (x ) = a x 2 +  b x  +
c  is  s u c h  th a t |p ( x ) | 1  f o r |x | 1 . P r o v e  th a t in th is
c a s e  f r o m  th e  c o n d itio n  |x | 1  it a ls o  f o llo w s th a t
|p 1 ( x ) | 2  w h e r e  p 1 ( x )  = c x 2 +  b x  + a .
ä Solution L e t u s  a s s u m e th a t a  0  ( if o th e r w is e ,
w e c a n r e p l a c e  t h e  p o l y n o m i a l  p ( x )  b y  t h e
p o ly n o m ia l – p ( x ) =  – a x 2 –  b x  –  c  s a tis f y in g  th e
s a m e c o n d itio n s ) . W e s h a ll a ls o  a s s u m e th a t b  0  ( if
o th e r w is e , w e  c a n  r e p la c e  p ( x ) b y  p ( – x ) =  a x 2 –  b x  +
c ) . N o w w e s u b s titu te th e  v a lu e s x  = 1 , x  = 0  a n d  x  =
–  1  in to  th e  in e q u a lity |p ( x ) | =  a x 2 +  b x  + c |  1 ,
w h ic h  r e s u lts in

|a +  b +  c | 1 , |c | 1  a n d  |a  –  b  + c | 1 ,
th a t is |c | 1  a n d  |a  + b | 2 , |a –  b | 2
F u r th e r, if c  0  th e n  0   c x 2  c  f o r |x |  1  ; f o r  |x |  1
w e a ls o h a v e  – b   b x   b . T h is m e a n s th a t f o r th e s e
v a lu e s o f x  th e r e  h o ld  th e  r e la tio n s

p 1 ( x )  = c x 2 +  b x  + a   c  + b  + a   1
a n d  p 1 ( x )  = c x 2 +  b x  + a   0  + ( – b ) +  a =  a –  b  – 2
w h e n c e  it fo llo w s th a t |p 1 ( x ) |  2 . S im ila rly , if c   0
a n d  c   c x 2  0  ( a n d , a s b e f o r e , – b   b x   b ) th e n

p 1 ( x )  = c x 2 +  b x  + a   0  + b  + a  = a  + b   2
a n d  p 1 (x ) = c x 2 +  b x  + a   c  + (– b ) +  a =  a –  b  + c  – 1
w h e n c e  it fo llo w s th a t |p 1 ( x )|  2  in  th is  c a s e  a s  w e ll.

ä Problem 17. F in d  o u t th e  v a lu e s o f 'a '  f o r w h ic h

a n y  s o lu tio n  o f th e  in e q u a lity , 
lo g

lo g ( )

( )3
2

3

3 7

3 2

x x

x

 


<   1 is a ls o a  s o lu tio n  o f th e  in e q u a lity ,  x 2 +  (5  –  2 a ) x  
1 0  a .
ä Solution N o te t h a t x 2 –  3  x  + 7  > 0  x   R
A ls o x  >   –  2 /3    a n d    x   –  1 /3
A ls o 3 x  + 2  > 1  x  >  –  1 /3
a n d  0  <  3  x  + 2  <  1       –  2 /3   < x   <  –  1 /3
H e n c e   f o r x  >  –  1 /3

lo g
3 x  + 2

( x 2 –  3 x  + 7 )  <  1
 x 2 –  3  x  + 7  <  3 x  + 2

x 2 –  6  x  + 5  <  0 ( x –  5 ) ( x –  1 ) <   0
 x   ( 1 , 5 )
f o r   –  2 /3   < x   <  –  1 /3

x    





2

3

1

3
,

H e n c e  th e  s o lu tio n  o f th e  f i r s t in e q u a lity is

x    





2

3

1

3
,  ( 1 , 5 )

N o w  if  a n y  s o lu tio n  o f th e  i n e q u a lity
is a ls o th e  s o lu tio n  o f ,

f ( x )  = x 2 +  ( 5  –  2 a ) x  –  1 0  a   0   th e n
f ( 5 )   0 a n d

f  





2

3
 0  a   5 /2

ä Problem 18. F in d  th e  s e t o f v a lu e s o f 'y '  f o r
w h ic h  th e  i n e q u a lity ,

2  lo g
0 .5

y 2 –  3  + 2 x  lo g
0 .5

y 2 –  x 2 >   0
is v a lid f o r  a tle a s t o n e  r e a l v a l u e  o f 'x ' .
ä Solution –  4  lo g

2
y –  3  –  4  lo g

2
y  x  –  x 2 >  0

o r x 2 +  4 lo g
2
y  x  + 3  + 4  lo g

2
y  <   0

o r x 2 +  4 t x  + 3  + 4 t <  0
f o r  th is  in e q u a lity to b e  tr u e  f o r a tle a s t o n e   x , 3  > 0
 4 t 2 –  4 t – 3  > 0 ( 2 t – 3 ) ( 2 t + 1 ) >  0

 t >  
3

2
o r t < –  

1

2
i.e .   lo g

2
y  >  

1

2

  y  >  2 2

 y   > 2 2 o r y   < 2 2

S im ila r l y lo g
2
y –  

1

2
 y 

1

2
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y   <  
1

2
o r y   > –  

1

2

y   ( ), 2 2- • -   ( ), 01
2

-    ( )0 , 1
2

  ( )2 2 , •

ä Problem 19. F in d  th e  v a lu e s o f 'p ' f o r w h ic h

t h e  in e q u a l ity , ( )22 lo g
p

p 1
Ê ˆ-Ë ¯+ x 2 +  2 x

( )21 lo g
p

p 1+ + –  2  ( )21 lo g
p

p 1+ + >  0   is

v a lid f o r  a l l  r e a l x  .

ä Solution ( 2 –  t)  x 2 +  2 ( 1 +  t)  x –  2  ( 1  + t )  > 0
w h e n    t =  2 ,   6 x  –  6  > 0      w h ic h  is  n o t t r u e

 x   R .
L e t   t  2    ; t < 2 ...( 1 )
a n d     4  ( 1  + t) 2 +  8 ( 1 +  t)  ( 2 –  t)  < 0
( f o r  g iv e n  in e q u a lity to b e  v a lid )
o r ( t  – 5 ) ( t  + 1 ) >  0
 t > 5   o r t < – 1 ...( 2 )
F r o m ( 1 )  a n d  ( 2 ) ; t <  – 1

 lo g
2

p

p  1
< –  1

 
p

p  1
<  

1

2
o r  

p

p




1

1
<  0

– 1  < p  < 1

b u t  
p

p  1
>  0   p  > 0    o r p  <  – 1  .

c o m m o n  s o lu ti o n  is      p   ( 0 , 1 )

äProblem 20. I f  a x 2 –  b x  + c  = 0  h a v e  tw o d is tin c t
r o o ts  ly in g  in  th e  in te r v a l ( 0 , 1 ) , a , b , c   N , th e n
p r o v e  th a t lo g

5
a b c   2 .

ä Solution L e t  r o o t s  a r e   a n d  
  =  b /a a n d   =  c /a
a n d 0  <   < 1 , 0 <   <  1
 0  < 1  –   <  1 &  < 1  –   <  1

t h e n
(1 )

(1 )
2

a + - a ≥ a - a {  A .M .  G .M .}


4

1
( 1 –  )  > 0

s im ila r l y
4

1
 ( 1 –  )  > 0


1 6

1
–  >  0

B u t  a n d   a r e  d i s tin c t.

 0  <  – –  <  
1 6

1

 0 –  <  
1 6

1

 0  <  
c b c 1

1
a a a 1 6

Ê ˆ- + <Á ˜Ë ¯

 0  < c  ( a  –  b  + c ) <  
1 6

a 2

 c ( a  –  b  + c ) =  N a tu r a l N u m b e r ( a , b , c   N )
 M in im u m  v a lu e  o f c ( a  –  b  + c ) =  1


1 6

a 2

>  1 ,  a   5 ( a   N )

a n d  c o n d itio n  f o r r e a l r o o ts , b 2 –  4  a c   0
 b 2  4  a c
 b 2  a c ( a   5 )
 b   5 ( b   N )
a n d  m in im u m v a lu e  o f c  = 1
H e n c e a b c   2 5

lo g
5

( a b c )   lo g
5  
5 2

lo g
5

( a b c )   2

ä Problem 21. S h o w th a t f o r  a ll re a l v a lu e s o f x ,

th e n  e x p r e s s io n  



22

2

s inx

s in)1x(a2
c a n n o t lie b e tw e e n

2 a s in 2

2


a n d  2 a  c o s 2

2


.

ä Solution L e t y =  



22

2

s inx

s in)1x(a2
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o r y x 2 –  2 a s in 2 x  + +  ( 2 a  –  y ) s in 2  =  0 ...(1 )
S in c e  x  is  r e a l  D   0
 4 a 2 s in 4 –  4 y ( 2 a  –  y ) s in 2  0
o r a 2 s in 2 –  y ( 2 a  –  y )   0  [ D iv id in g  b y  4  s in 2 ]
o r y 2 –  2 a y  + a 2 s in 2   0 ...(2 )
N o w  y 2 –  2 a y  + a 2 s in 2  =  0

 y  =  
2

s ina4a4a2 222 

 y  = a  ± a  c o s =  a (1 ±  c o s ) = 2  a  s in 2

2

a
, 2 a  c o s 2

2

a

s ig n  s c h e m e  f o r y 2 –  2 a y  + a 2 s in 2  is a s  f o llo w s

–

–

+ve

+ve

–ve

–ve

2a sin2

2
 2a cos2

2
 +ve 

+ve2a sin2

2
2a cos2

2



 y 2 –  2 a y  + a 2 s in 2  0   y  d o e s n o t lie b e tw e e n

2 a s in 2

2

a
a n d  2 a c o s 2

2

a

o r, 2 a  c o s 2

2

a
a n d  2 a  s in 2

2

a
a s th e  c a s e  m a y  b e .

äProblem 22. P r o v e  th a t if x  is  r e a l, th e  m in im u m

v a lu e  o f  )xc(

)xb) (xa(




( x >  – c ) , f o r

x  > c , b  > c  is  2))cb()ca((  .

ä Solution L e t y =  )xc(

)xb) (xa(




 x 2 +  ( a  + b ) x  + a b  = c y  + x y
 x 2 +  ( a  + b  + y ) x  + a b  –  c y  = 0

f o r  r e a l x , B 2 –  4 A C   0
 ( a +  b  +  y ) 2 –  4 a b  + 4 c y   0
 ( a +  b ) 2 y 2 –  2 ( a  + b ) y  –  4 a b  + 4 c y   0
 ( a –  b ) 2 +  y 2 –  2  ( a  + b  –  2 c )  y   0
 y 2 –  2  ( a  + b  –  2 c )  y +  ( a  –  b ) 2  0

 2[ y ( (a c ) ( b c ) ) ] [ y ( ( a c )- - - - - -

+ 2( b c ) ) ] 0- ≥

 y   2))cb()ca(( 

a n d  y   2))cb()ca(( 
H e n c e  m in im u m v a lu e  o f y  is

2))cb()ca((  .

ä Problem 23. I f  x  b e  r e a l, p r o v e  t h a t th e
e x p r e s s io n ,

2  ( a  – x )  ( )2 2x x b+ + c a n n o t e x c e e d   a 2 +  b 2 .

ä Solution L e t x b2 2 +  x  =  u .(1 )

th e n   
1

2 2x b x 
=  

1

u

=   
x b x

b

2 2

2

 

o r  x b2 2 –  x   =  b 2 /u (2 )

F r o m ( 1 )  &  ( 2 ) , 2  x  =   u  +  b 2 /u

L e t    y  =   2 ( a –  x )  ( )2 2x x b+ +

=   
2b

2 a u
u

È Ê ˆ ˘
- +Í ˙Á ˜Ë ¯Î ˚

u

y  =   2 a u  –  u 2 –  b 2 o r y 2 –  2 a u   + y  –  b 2 =  0
S in c e    u   R   D   0

4 a 2 –  4  ( y  –  b 2 )    0 a 2 –  ( y  –  b 2 )   0
a 2 +  b 2  y  y   a 2 +  b 2

ä Problem 24. F i n d  t h e  g r e a t e s t  v a l u e o f

4
4

4

2
2

2

1 1
x x 1

x x

1 1
x x

x x

Ï ¸Ô ÔÊ ˆ Ê ˆ+ - + -Ì ˝Á ˜ Á ˜Ë ¯ Ë ¯Ô ÔÓ ˛
Ê ˆ Ê ˆ+ + +Á ˜ Á ˜Ë ¯ Ë ¯

f o r   x   R  – { 0 } .

ä Solution L e t y =  

4
4

4

2
2

2

1 1
x x 1

x x
1 1

x x
x x

Ê ˆ Ê ˆ+ - + -Á ˜ Á ˜Ë ¯ Ë ¯

Ê ˆ Ê ˆ+ + +Á ˜ Á ˜Ë ¯ Ë ¯

.
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P u t x  +  
x

1
=  t

 y  =  
4 2 2

2 2

t [( t 2 ) 2 ] 1

t t 2

- - - -
+ -

 
4 4 2

2

t [ t 4 t 2 ] 1

2 ( t 1 )

- - + -
=

-

 y  =  
2 2

2 2

4 t 3 4 t 4 1
y

2 ( t 1 ) 2 ( t 1 )

- - +
fi =

- -

 
2

1
2

2 ( t 1 )

Ê ˆ
= +Á ˜Ë ¯-

.

A s t = x  +  
x

1
 t2  4   t2 –  1   3  

3

1

1t

1
2




.

 M a x im u m  v a lu e  o f y  is  2 +  
6

1 3

23

1




ä Problem 25. S o lv e  f o r in te g e r s  x , y , z  :
x  + y  = 1  –  z , x 3 +  y 3 =  1 –  z 2 .

ä Solution E lim in a tin g  z f r o m  th e  g iv e n  s e t o f
e q u a tio n s , w e  g e t

x 3 +  y 3 +  { 1  –  ( x  + y ) } 2 =  1 .
T h is f a c to r s  to

( x +  y )  ( x 2 –  x y  + y 2 +  x +  y –  2 ) =  0 .
Case 1. S u p p o s e  x +  y =  0 . T h e n  z  = 1  a n d  (x , y , z )
=  (m , – m , 1 ) , w h e r e  m is a n in te g e r g iv e n  o n e  f a m ily
o f s o lu tio n s .
Case 2. S u p p o s e  x  + y   0 . T h e n  w e  m u s t h a v e
x 2 –  x y  + y 2 +  x +  y –  2  = 0

T h is c a n  b e  w ritte n  in  th e  f o r m
( 2 x  –  y  + 1 ) 2 +  3 ( y +  1 ) 2 =  1 2 .

H e r e th e r e  a r e  tw o p o s s ib ilitie s  :
2 x  –  y  + 1  = 0 , y  + 1  = ±  2 ;

o r 2 x  –  y  + 1  = ±  3 , y  + 1  = ± 1 .

A n a ly s in g  a ll th e s e  c a s e  w e  g e t th e  fo llo w in g  s o lu tio n s :
( 0 , 1 , 0 ) , ( – 2 , – 3 , 6 ) , ( 1 , 0 , 0 ) ,
( 0 , – 2 , 3 ) , ( – 2 , 0 , 3 ) , ( – 3 , – 2 , 6 ) .

ä Problem 26. I f  ( a x 2 +  b x  + c ) y  + ( a x 2 +  b x  + c )
=  0 , f in d  th e  c o n d itio n  s o  th a t x  m a y  b e  e x p r e s s e d  a s
a  r a tio n a l f u n c tio n  o f y .

ä Solution T h e  g iv e n  e q u a tio n  c a n  b e  w ritte n  a s
( a +  a y )x 2 +  ( b  + b y ) x  + ( c +  c y ) =  0 ...(1 )

S o lv in g  e q u a tio n  ( 1 ) , w e  h a v e

x  =  
)yaa(2

)ycc)(yaa(4)ybb()ybb( 2




F o r x  to  b e  a  r a tio n a l f u n c tio n  o f y , th e  e x p r e s s io n
u n d e r th e  r a d ic a l s ig n  m u s t b e  a  p e r f e c t s q u a r e . T h e
e x p r e s s io n  in  y  w ill b e  a  p e r f e c t s q u a r e  if  i t s
d is c rim in a n t is z e r o ,
 ( b b  –  2 a c  –  2 a c ) 2 –  ( b 2 –  4 a c ) ( b 2 –  4 a c )  = 0
 ( a c  –  a c ) 2 =  ( a b  –  a b ) ( b c  –  b c )
w h ic h  is  th e  r e q u ir e d  c o n d itio n .

ä Problem 27. A  q u a d r a tic e q u a tio n  w ith r o o ts  
&   w h e r e    =  4 , s a tis fie s  th e  c o n d itio n ,

1


+  1


=  
4a

7a
2

2




.

F in d  th e s e t o f  v a lu e s  o f  'a '  f o r w h ic h    ,    (1 , 4 ) .

ä Solution )()1(

)1()1(




=  
4a

7a
2

2




8 ( )

5 ( )

- a + b
- a + b

=  
a

a

2

2

7

4




  +   =  a 2 +  1
H e n c e   q u a d . e q u a tio n   is     x 2 –  ( +  ) x  +   =  0

x 2 –  ( a 2 +  1 )  x +  4  =  0

L e t  f ( x )  =   x 2 –  ( a 2 +  1 )  x +  4  =  0
f ( 1 )   =  4  –  a 2 >  0 (1 )

o r f ( 4 )  =  1 6  –  4 a 2 >  0
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 4  –  a 2 >  0 (2 )

A ls o 1  <  
2a 1

2

+
<  4

 1  <  a 2 <  7 (3 )
a n d    D   0 (4 )
F r o m ( 1 )  , ( 2 )  , ( 3 )   & ( 4 )  w e  g e t th e  a n s w e r

a   ( 2 , 3 ˘- - ˚  )3 , 2ÈÎ

ä Problem 28. F in d  th e  s e t o f v a lu e s o f 'a ' f o r

w h ic h  th e  e q u a tio n , (1 +  a ) 
22

2

x

x 1

Ê ˆ
Á ˜Ë ¯+

–  3 a   
x

x

2

2 1
+   4 a   =  0 h a v e  r e a l r o o ts .

ä Solution P u t  
x

x

2

21 
=   y  y    [ 0 , 1 )

( a +  1 )  y 2 – 3  a y  +  4 a   = 0
F in d   'a ' f o r  w h ic h  th e  e q u a tio n  h a s a tle a s t o n e
s o lu tio n  , f o r     y =  0 ;   a =  0 ...( 1 )
Case I : e x a c tl y o n e  r o o t b e tw e e n   0   a n d   1

f o r    a =  – 1   ; y  =  
4

3
œ ( 0 , 1 )

f o r     a  – 1     e q u a ti o n  b e c o m e s

y 2 –  
3

1

a

a 
y   +  

4

1

a

a 
=  0

( i )    D >  0 &     ( i i )    f ( 0 )  . f ( 1 )  < 0
 ( – 1 /2 , 0 ) c o m b in in g  w ith ( 1 )
 ( – 1 /2 , 0 ]
Case  II : w h e n   b o th  r o o ts  lie i n ( 0 , 1 )

( i ) f ( a )  >  0  ; ( i i )     f ( 1 )  >  0 ;
(iii) D   0  ; ( i v )     0 <  –  b /2 a  < 1
N o s o lu tio n  in  th is  c a s e
A n s . :  – 1 /2  <  x   0

ä Problem 29. If  ,  a r e  th e ro o ts  o f th e  e q u a tio n ,
x 2 –  2 x  –  a 2 +  1 =  0 a n d    ,  a r e  th e  r o o ts  o f th e
e q u a tio n , x 2 –  2  (a  + 1 ) x  + a  (a  –  1 ) =  0 s u c h  th a t  ,
 ( , )  th e n  f in d  th e  v a lu e s o f 'a '.

ä Solution =  
2 4 4 1

2

2  ( )a
=   1 +  a o r

1  –  a

L e t   f ( x )  =   x 2 –  2  ( a  + 1 ) x  + a  ( a  –  1 )
F o r   ,   (, )  w e  s h o u ld  h a v e

f  ( 1 +  a )  <  0 a n d

f  ( 1 –  a )  <  0  a   ( ), 11
4-

ä Problem 30. P ro v e th a t 
4 2

4 2

1 s e c 3 ta n

3 s e c ta n

q - q£
q - q

<  1 .

ä Solution L e t x =  
2 2

4 2

s e c 3 ta n

s e c ta n

q - q
q - q

 [ ( 1 +  ta n 2 ) 2 –  ta n 2 ] x =  ( 1  + ta n 2 ) 2 –  3  ta n 2 
 ( x –  1 ) ta n 4  +  ( x  + 1 ) ta n 2  +  ( x  –  1 ) =  0 ...( 1 )
S in c e  ta n 2  is r e a l, th e r e f o r e  w e  h a v e

( x +  1 ) 2 –  4 ( x  –  1 )  0
 ( x +  1 +  2 x  –  2 ) ( x +  1 –  2 x  + 2 )  0
. ( 3 x  –  1 ) ( – x  + 3 )  0
 ( 3 x  –  1 ) ( x –  3 )   0


3

1
x   3 ...(2 )

A ls o , s in c e  ta n 2  is p o s itiv e , b o th  th e  r o o ts  o f
e q u a tio n  ( 1 ) m u s t b e  p o s itiv e . T h u s , w e  h a v e

s u m  o f th e  r o o ts  > 0

 –  
1x

1x




>  0 ...(3 )

a n d  p r o d u c t o f th e  r o o ts  > 0  w h ic h  is  tr u e
 x   R – { 1 } ...(4 )

I n te r s e c tio n  o f in e q u a litie s  ( 2 ) , ( 3 )  a n d  ( 4 ) g iv e s
x   [ 1 /3 , 1 )  w h ic h  is  th e  d e s ire d  r e s u lt.

ä Problem 31. I f  p ( x ) is a  p o ly n o m ia l w ith in te g e r
c o e f fic ie n ts  a n d  a , b , c  a r e  th r e e  d is tin c t in te g e r s ,
th e n  s h o w th a t it is im p o s s ib le  to  h a v e  p ( a ) =  b , p ( b )
=  c a n d  p ( c ) =  a .
ä Solution S u p p o s e  a , b , c  a r e  d is tin c t in te g e r s  s u c h
th a t

p ( a ) =  b , p ( b )  = c  a n d  p ( c ) =  a . T h e n
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p ( a ) –  p ( b ) =  b –  c ,
p ( b ) –  p ( c ) =  c –  a , p ( x ) –  p ( a ) =  a –  b .
B u t fo r  a n y  tw o in te g e r s  m   n , m  – n  d iv id e s p ( m ) –
p ( n ) . T h u s w e g e t,

a  –  b  | b  –  c , b  –  c  | c  –  a , c  –  a |a  –  b .
T h e s e  f o rc e  a  = b  =  c , a c o n tr a d ic tio n , H e n c e  th e re a re
n o  in te g e r s  a , b , a n d  c  s u c h  th a t p (a ) =  b , p ( b )  = c  a n d
p ( c ) =  a .
ä Problem 32. P r o v e  th a t if a p o ly n o m ia l

P ( x ) =  a 0 x n +  a 1 x n – 1 +  .... + a n – 1 x  +  a n

w ith in te g r a l c o e f fic ie n ts  a s s u m e s  th e  v a lu e  7  f o r
f o u r in te g r a l v a lu e s o f x  th e n  it c a n n o t ta k e th e  v a lu e
1 4  f o r a n y  in te g r a l v a lu e  o f x .
ä Solution L e t th e  p o ly n o m ia l P ( x ) ta k e  o n  th e
v a lu e  7  a t th e  p o in ts  x =  a , x =  b , x =  c a n d  x  = d . T h e n
a , b , c  a n d  d  a r e  f o u r in te g r a l r o o ts  o f th e  e q u a tio n
P ( x ) –  7  = 0 . T h is m e a n s th a t th e  p o ly n o m ia l  P ( x )  –
7  is  d iv is ib le b y  x  –  a , x  –  b , x  –  c  a n d  x  –  d , th a t is

P ( x ) –  7  = ( x –  a ) ( x –  b ) ( x –  c ) ( x –  d ) p ( x )
w h e r e  p ( x ) m a y  b e  e q u a l to 1 .
N o w  le t u s s u p p o s e  th a t th e  p o ly n o m ia l P ( x )  a s s u m e s
t h e  v a lu e 1 4  f o r a n  i n t e g r a l v a lu e  x  = A . O n
s u b s titu tin g  x  = A  in to  th e  la s t e q u a lity w e o b ta in

7  = ( A –  a ) ( A –  b ) ( A –  c ) ( A –  d ) p ( A )
w h ic h  is  im p o s s ib le  b e c a u s e th e  in te g r a l n u m b e r s
A  – a , A  – b , A  – c  a n d  A –  d  a r e  a ll d is tin c t a n d  th e
n u m b e r  7 c a n n o t b e  f a c to re d  in to  f iv e  in te g e rs  a m o n g
w h ic h  a t le a s t fo u r a r e  d if f e r e n t.

ä Problem 33. S o lv e  in  R th e  e q u a tio n
2 x 9 9 +  3 x 9 8 +  2 x 9 7 +  3 x 9 6 +  ... + 2 x  + 3  = 0 .

ä Solution 2 x 9 9 +  3 x 9 8 +  2 x 9 7 +  3 x 9 6 +  ...... + 2 x  +  3
=  ( 2 x  +  3 ) ( x 9 8 +  x 9 6 +  x 9 4 +  .... + 1 ) ,

=  ( 2 x  + 3 )  
1x

)1x(
2

1 0 0




.

T h e  e q u a tio n  x 1 0 0 –  1  = 0  h a s o n ly  tw o r e a l r o o ts ,
n a m e ly  1  w h ic h  a r e  n o t a c c e p ta b le . T h e r e f o r e  th e
g iv e n  e q u a tio n  h a s o n ly  o n e  r e a l r o o t, n a m e ly  – 3 /2 .

ä Problem 34. P r o v e  th a t th e  e q u a tio n  x 6 +  2 x 3 +

5  +  a x 3 +  a =  0 h a s a tm o s t tw o  r e a l r o o ts  f o r  a ll

v a lu e s o f  a   R  – { – 5 } .

ä Solution T h e  g iv e n  e x p r e s s io n  is

( x 3 +  1 ) 2 +  a ( x 3 +  1 )  + 4  = 0

I f  d is c r im in a n t o f th e  a b o v e  e q u a tio n  is  le s s  th a n

z e ro  i.e . D <  0

T h e n  w e  h a v e  s ix c o m p le x  r o o ts  a n d  n o  r e a l r o o ts .

If D   0 , x 3 +  1 =  t, th e n  th e e q u a tio n  re d u c e s to f(t)

=  t2 +  a t + 4  = 0

w e w ill g e t tw o  r e a l r o o ts  a n d  o th e r r o o ts  w ill b e

c o m p le x  e x c e p t w h e n  t =  1 is o n e  o f th e  r o o ts
 f ( 1 )  = 0   a  = – 5 .
ä Problem 35. I f   a re  th e  r o o ts  o f  e q u a tio n  x 2 +
p x  + q  = 0  a n d  a ls o o f e q u a tio n  x 2 n +  p n x n +  q n =  0 a n d

if 





, a r e  th e  r o o ts  o f  e q u a tio n  x n +  1 +  ( x  + 1 ) n =

0 , th e n  p r o v e  th a t n  m u s t b e  a n  e v e n  in te g e r.
ä Solution n +  n =   – p n ...(1 )

A g a in  s in c e  


is a  r o o t o f e q u a tio n

x n +  1 +  ( x  + 1 ) n  =  0



nn

11 























=  0

o r n +  n +  () n =  0
o r n +  n =  – () n =  – ( – p ) n ...(2 )
F r o m ( 1 )  a n d  ( 2 ) , w e  h a v e

– p n =  – ( – p ) n  p n = ( – p ) n

 p n =  ( – 1 ) n p n  ( – 1 ) n =  1
 n  is  a n  e v e n  in te g e r.

ä Problem 36. S o lv e  th e  e q u a tio n
6 x 6 –  2 5 x 5 +  3 1 x 4 –  3 1 x 2 +  2 5 x  –  6  = 0 .

ä Solution T h e  e x p r e s s io n  o n  th e  le ft h a s  th e  f a c to r
x 2 –  1  c o r r e s p o n d in g  to  th e  r o o ts  ± 1 . T h u s w e h a v e

6 ( x 6 –  1 ) –  2 5 x ( x 4 –  1 ) +  3 1 x 2 ( x 2 –  1 ) =  0 .
H e n c e  th e  r e q u ir e d  r o o ts  a r e ± 1 a n d  th e  r o o ts  o f

6 x 4 –  2 5 x 2 +  3 7 x 2 –  2 5 x  + 6  = 0 .
D iv id e  b y  x 2 , th e n

6 3 7
x

1
x2 5

x

1
x

2
2 






 






  =  0 .
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P u t x  +  
x

1
=  y ;  x 2 +  2x

1
=  y 2 –  2 .

H e n c e 6 y 2 –  2 5 y  + 2 5  = 0 ;

y  =  
2

5
o r y  =  

3

5
.

F r o m x  +  
2

5

x

1
 , w e  h a v e  x  = 2  o r  

2

1
.

F r o m x  +  
3

5

x

1
 , w e  h a v e  x  =  )1 15(

6

1
 .

T h u s th e  r e q u ir e d  r o o ts  a r e ± 1 , 2 , )1 15(
6

1
,

2

1
 .

ä Problem 37. S o lv e  th e  e q u a tio n  x 3 –  1 5 x  = 1 2 6 .
ä Solution P u t y  + z  f o r x , th e n

y 3 +  z 3 +  ( 3 y z  –  1 5 ) x  = 1 2 6  ;
P u t 3 y z  –  1 5  = 0
th e n y 3 +  z 3 =  1 2 6  ;
a ls o y 3 z 3 =  1 2 5 ,
h e n c e  y 3 , z 3 a r e  th e  r o o ts  o f th e  e q u a tio n

t2 –  1 2 6 t +  1 2 5  = 0  ;
 y 3 =  1 2 5 , z 3 =  1 ;
 y  = 5 , z  = 1
T h u s y  + z  = 5  + 1  = 6 ;

323zy 22  ;

323zy2  ;

a n d  th e  r o o ts  a r e 6 , – 3  + 2 3 , – 3  –  2 3 .

T h e  c u b e  r o o ts  o f  u n ity a r e  1 ,
, 2  w h e r e


2

31 

W e h a v e  z 3  –  1  = ( z –  1 ) ( z 2 +  z +  1 ) .

T h e  r o o ts  o f  z 2 +  z +  1 =  0 a r e  c a lle d  

ä Problem 38. S o lv e  th e  e q u a tio n  x 4 –  2 x 2 +  8 x  –  3
=  0

ä Solution A s s u m e
x 4 – 2 x 2 +  8 x  –  3  = ( x 2 +  k x  +  l)  ( x 2 –  k x  + m ) ;

th e n  b y  e q u a tin g  c o e f fic ie n ts , w e h a v e
l +  m –  k 2 =  – 2 , k ( m  –  l)  = 8 , lm  = –  3  ;

w e o b ta in  ( k 3 –  2 k  + 8 ) ( k 3 –  2 k  –  8 ) =  – 1 2 k 2 ,
o r k 6 –  4 k 4 +  1 6 k 2 –  6 4  = 0 .
T h is e q u a tio n  is  c le a r ly s a tis fie d  w h e n  k 2 –  4  = 0 , o r
k  =  2 . It w ill b e  s u f fic ie n t to c o n s id e r o n e  o f th e
v a lu e s o f k ; p u ttin g  k  = 2 , w e h a v e

m  +  l =  2 , m –  l =  4 ; th a t is , l =  – 1 , m  = 3 .
T h u s x 4 –  2 x 2 +  8 x  –  3  = ( x 2 +  2 x  –  1 ) ( x 2 –  2 x  + 3 ) ;
h e n c e  x 2 +  2 x  –  1  = 0 , a n d  x 2 –  2 x  + 3  = 0  ;

a n d  th e r e f o r e  th e  r o o ts  a r e – 1   2 , 1   2 .

ä Problem 39. If th e  p r o d u c t o f tw o  r o o ts  o f th e
e q u a tio n

4 x 4 –  2 4 x 3 +  3 1 x 2 +  6 x  –  8  = 0  is  1 , f in d  th e
r o o ts .
ä Solution S u p p o s e  th e  r o o ts  a r e     a n d
=  1 .

N o w ,  =  –  
4

2 4
=  6 ....(1 )

 =  
4

3 1

  =  
4

3 1
–  1  =  

4

2 7
...(2 )

 =  
2

3

  =  
2

3
...(3 )

 =  – 2
 =  – 2 ...(4 )
F r o m E q . (2 )  a n d  E q . (4 ) , w e g e t

)  =  
4

3 5
...(5 )

F r o m E q . (3 )  a n d  E q . (4 ) , w e g e t

– 2 =  
2

3
...(6 )
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F r o m E q . (1 )  a n d  E q . (6 ) , w e g e t

3 ()  =  
2

1 5
o r  =  

2

5
...(7 )

a n d =  1 ...(G iv e n )
  =  1 /

P u ttin g  th e  v a lu e  o f   in E q . ( 7 ) , w e  g e t

a  +  

1

=  
2

5

 2 2 –  5  +  2 =  0   ( 2  –  1 ) ( –  2 ) =  0
  =  1 /2 o r   =  2 a n d  h e n c e   =  2 o r   =  1 /2

T a k in g   =  1 /2 a n d   =  2 a n d  s u b s titu tin g  in  E q . ( 5 ) ,

w e g e t  +   =  
2

7

a n d  w e  k n o w th a t  =  – 2
A g a in  s o lv in g  f o r   a n d  , w e  g e t

=  
2

1
a n d   =  4 o r   =  

2

1
a n d   =  4

T h u s th e  f o u r r o o ts  a r e  
2

1
,

2

1 
, 2 a n d  4 .

ä Problem 40. If a , b , c a re  th e ro o ts  o f th e  e q u a tio n
x 3 +  p x 2 +  q x  + r  = 0 ,

f o r m th e  e q u a tio n  w h o s e  r o o ts  a r e

a b

1
c,

c a

1
b,

b c

1
a 

ä Solution W h e n  x  = a  in  th e  g iv e n  e q u a tio n  y  = a

–  
b c

1
in th e  tr a n s f o r m e d  e q u a tio n  ; b u t

r

a
a

a b c

a
a

b c

1
a  ;

a n d  th e r e f o r e  th e  tr a n s f o r m e d  e q u a tio n  w ill b e

o b ta in e d  b y  th e  s u b s titu tio n

r1

r y
xo r,

r

x
xy


 ;

th u s th e  r e q u ir e d  e q u a tio n  is
r 2 y 3 +  p r  ( 1 +  r )  y 2 +  q ( 1 +  r ) 2 y  + ( 1 +  r ) 3 =  0

ä Problem 41. F o r m  th e  e q u a tio n  w h o s e  r o o ts  a r e
th e  s q u a re s o f th e  d if fe r e n c e s o f th e  r o o ts  o f th e  c u b ic

x 3 +  q x  + r  = 0

ä Solution L e t a , b , c b e th e  r o o ts  o f th e  c u b ic  ; th e n
th e  r o o ts  o f th e  r e q u ir e d  e q u a tio n  a r e

( b –  c ) 2 , ( c  –  a ) 2 , ( a  –  b ) 2 .

N o w

(b –  c ) 2 =  b 2 +  c 2 –  2 b c  = a 2 +  b 2 +  c 2 –  a 2 –  
a

a b c2

=  ( a  + b  + c ) 2 –  2 ( b c  + c a  + a b ) –  a 2 –  
a

a b c2

=  – 2 q  –  a 2 +  
a

r2
;

a ls o w h e n  x  = a  in  th e  g iv e n  e q u a tio n , y  = ( b –  c ) 2 in
th e  tr a n s f o r m e d  e q u a tio n  ;

 y  = –  2 q  –  x 2 +  
x

r2

T h u s w e h a v e  to  e lim in a te  x  b e tw e e n  th e  e q u a tio n s

x 3 +  q x  + r  = 0 ,

a n d x 3 +  ( 2 q  + y ) x  –  2 r =  0

B y s u b tr a c tio n  ( q  + y ) x  = 3 r ; o r  
yq

r3
x




S u b s titu tin g  a n d  r e d u c in g , w e o b ta in

y 3 +  6 q y 2 +  9 q 2 y  + 2 7 y r 2 +  4 q 3 =  0

Conclusion : If a , b , c a re  re a l, (b –  c ) 2 , (c  –  a ) 2 , (a  –  b ) 2

a r e  a ll p o s itiv e , th e r e f o r e  2 7 r 2 +  4 q 3 is n e g a tiv e .

H e n c e  in  o r d e r th a t th e  e q u a tio n  x 3 +  q x  + r  = 0  m a y

h a v e  a ll its r o o ts  r e a l 2 7 r 2 +  4 q 3 m u s t b e  n e g a tiv e .

I f  2 7 r 2 +  4 q 3 =  0 , th e  tr a n s f o r m e d  e q u a tio n  h a s o n e

r o o t z e r o , th e r e f o r e  th e  o r ig in a l e q u a tio n  h a s tw o

e q u a l r o o ts .

I f  2 7 r 2 +  4 q 3 is p o s itiv e , th e  tr a n s f o r m e d  e q u a tio n

h a s a  n e g a tiv e  r o o t, th e r e f o r e  th e  o r ig in a l e q u a tio n



2.90 C o m p r e h e n s iv e  A lg e b r a

m u s t h a v e  tw o im a g in a r y  r o o ts , s in c e  it is o n ly  s u c h

a  p a ir  o f  r o o ts  w h ic h  c a n  p r o d u c e  a  n e g a tiv e  r o o t in

th e  tr a n s f o r m e d  e q u a tio n .

ä Problem 42. G iv e n  th a t th e  e q u a tio n

x 4 +  p x 3 +  q x 2 +  r x  + s  = 0

h a s f o u r p o s itiv e  r o o ts , p r o v e  th a t

(a ) p r –  1 6 s  0 ( b )  q 2 –  3 6 s  0
w ith e q u a lity in e a c h  c a s e  h o ld in g  if  a n d  o n ly  if th e

f o u r r o o ts  a r e e q u a l.

ä Solution L e t th e  r o o ts  o f th e  e q u a tio n

x 4 +  p x 3 +  q x 2 +  r x  + s  = 0 ,

b e  , , , , s o  th a t  >  0 ,  >  0 ,  >  0 ,  >  0

N o w  =  – p ,

 =  q ,

 =  –  r,

 =  s ,

(i) p r =  .
B y A .M .-  G .M . in e q u a lity

4

1
 () 1 /4 , ...(1 )

4

1
 () 3 /4 , ...(2 )

B y m u ltip ly in g  c o r r e s p o n d in g  s id e s o f th e  a b o v e

in e q u a litie s , w e h a v e

1 6

1
 ,

i.e ., p r –  1 6 s  0 . ...(3 )

E q u a lity h o ld s in ( 3 )  e q u a litie s  h o ld  in  b o th  ( 1 )

a n d  ( 2 )  , , ,  a r e  a ll e q u a l, a n d    ,   , 
  a r e  a ll e q u a l  =   =   =  .

(ii) q 2 =  () 2  [  6 ( . .  .  .  . ) 1 /6  ] 2 ,

=  3 6 ,

=  3 6 s .

T h e r e f o r e  q 2 3 6 s .

E q u a lity h o ld s if a n d  o n ly  if  , , , , , 
a r e  a ll e q u a l,

i.e ., if a n d  o n ly  if   =   =   =  .

L e t a
1
, a

2
, a

3
,....... a

n
b e  n  p o s i-

tiv e  r e a l n u m b e r s , th e n  w e  d e -
fin e  th e ir

A r ith m e tic M e a n  A .M . =  1 2 3 na a a ...... a

n

+ + + +
a n d

G e o m e tr ic  M e a n G .M . =  ( a
1
a

2
a

3
...........a

n
) 1 /n

It c a n  b e  s h o w n  th a t A .M .  G .M . a n d  e q u a lity h o ld s

p la c e s iff a
1
=  a

2
=  a

3
=  ............... = a

n
.

ä Problem 43. F in d  th e  n u m b e r a n d  p o s itio n  o f th e

r e a l r o o ts  o f th e  e q u a tio n

x 6 –  5 x 5 –  7 x 2 +  8 x  + 2 0  = 0 .

ä Solution B y D e s c a r te s ' R u le o f S ig n s w e s e e  th a t

th e r e  c a n n o t b e  m o r e  th a n  tw o p o s itiv e  r o o ts  a n d

th e r e  c a n n o t b e  m o r e  th a n  tw o n e g a tiv e  r o o ts .

N o w  f (1 ) > 0 , f(2 ) < 0  ; th u s o n e  r e a l ro o t lie s  b e tw e e n

1  a n d  2 . S in c e  f() is  , th e re  m u s t b e  a n o th e r p o s itiv e

r o o t w h ic h  is  f o u n d  to  lie b e tw e e n  5  a n d  6 .

C h a n g e  x  in to  – x , th e n  th e  n e g a tiv e  r o o ts  o f th e

g iv e n  e q u a tio n  a r e  p o s itiv e  r o o ts  o f

x 6 +  5 x 5 –  7 x 2 –  8 x  + 2 0  = 0 .

N o w  f ( x )  m u s t c le a r ly b e  p o s itiv e  f o r a ll p o s itiv e

v a lu e s b e tw e e n  0  a n d  1 ; a n d  if  x >  1 .

f ( x )  > 6 x 4 –  1 5 x 2 +  2 0 ,

w h ic h  is  a lw a y s p o s itiv e  s in c e

4  × 6  × 2 0  –  1 5 2 >  0

H e n c e  th e r e  c a n  b e  n o  r e a l n e g a tiv e  r o o ts .

•Things to Rem em ber

1. The quadratic formula
T h e  s o lu ti o n  o f th e  q u a d r a tic e q u a tio n  ,
a x ² +  b x  +  c =  0 is g iv e n   b y

x  =  
a2

a c4bb 2 

2. Sum and Product of roots
V ie ta 's  T h e o re m : If a q u a d ra tic e q u a tio n a x ² +
b x  + c  = 0 h a s r o o ts   &   th e n  th e ir  s u m  is

e q u a l to –
a

b
w h ile th e ir  p r o d u c t is  

a

c
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I f   a n d   a r e  th e  r o o ts  o f  a q u a d r a tic e q u a tio n

a x 2 +  b x  + c  = 0 , th e n  w e  h a v e

a x 2 +  b x  + c  = a ( x  –  )  ( x –  )

3. A n  identity in x  is  s a tis fie d  b y  a ll p e r m is s ib le

v a lu e s o f x , w h e r e  a s a n  equation in x  is  s a tis f ie d

b y  s o m e  p a r tic u la r v a lu e  o f x .

I f  a q u a d r a tic e q u a tio n  is  s a tis fie d  b y  th r e e  o r

m o r e d is tin c t v a lu e s o f ‘x ’, th e n it is a n  id e n tity .

T w o  e q u a tio n s in x  a r e  identical if a n d  o n ly  if

th e  c o e ffic ie n t o f s im ila r  p o w e r s  o f  x in th e  tw o

e q u a tio n s a r e  p r o p o r tio n a l. I d e n tic a l e q u a tio n s

h a v e  th e  s a m e  r o o ts .

4. Newton's Theorem :

If ,  a re  r o o ts  o f a x 2 +  b x  + c  = 0  a n d  S n =  n +

n th e n  f o r n  > 2 , n  N , w e h a v e  a S n +  b S n – 1 +

c S n – 2 =  0

5. Nature  of  Roots

6. Common Roots of Quadratic Equations
Two  Common  Roots :  a x 2 +  b x  + c  = 0

a n d   a 'x 2 +  b 'x +  c ' = 0  h a v e  b o th  ro o ts  c o m m o n

if 
'c

c

'b

b

'a

a


Atleast one  Common  Root :  L e t  b e   a
common  root  of  ax² +  b x  + c  = 0   & a x ² +
b x  + c  =  0

T h e n   baba

1

cacacbcb

2














2.92 C o m p r e h e n s iv e  A lg e b r a

T h e    c o n d i tio n   f o r a tle a s t o n e   c o m m o n
r o o t is ( c a  –  c a ) ²  = ( a b –  a b ) ( b c –  b c ) .

I f  f ( x )  = 0  & g ( x ) =  0  a r e tw o  p o ly n o m ia l
e q u a tio n s h a v in g  s o m e  c o m m o n  r o o ts ( s )  th e n
th o s e  c o m m o n  ro o t(s) is /a re  a ls o th e  ro o t( s )  o f

h (x ) =  a f(x ) + b  g  (x ) =  0 .

7. Graph of a quadratic function
y  = f ( x )  = a  x 2 +  b x  + c

2

a2

b
xa

a4

D
y 






 






 

(i) T h e  g r a p h  b e tw e e n   x , y   is   a lw a y s a
p a r a b o la .

(ii) I f  a >  0 th e n th e   s h a p e   o f th e  p a r a b o la
is c o n c a v e  u p w a r d s &  i f  a <  0 th e n  th e
s h a p e  o f t h e  p a r a b o l a  i s  c o n c a v e
d o w n w a r d s .

( iii) t h e  c o - o r d i n a t e  o f v e r t e x  a r e
b D

,
2 a 4 a

Ê ˆ- -Á ˜Ë ¯
(iv ) th e  p a r a b o la  in te r s e c t th e  y – a x is  a t p o in t

(0 , c )
(v ) th e  x  c o - o r d in a te  o f p o in t o f in te r s e c tio n

o f p a r a b o la  w ith x – a x is  a r e th e  r e a l r o o ts
o f th e  q u a d r a tic e q u a tio n  f ( x )  = 0 . H e n c e
th e  p a r a b o la  m a y o r m a y  n o t in te r s e c t th e
x – a x is  a t re a l p o in ts .

8. Position of graph based on a and D
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10. Range of Quadratic Expression f(x) = a x2 +
b x + c

(i) Range when x  R

If a  > 0  f ( x )   




  ,

a4

D

a  < 0  f ( x )   




 

a4

D
,

M a x im u m  &  M in im u m V a lu e    o f y  =
a x ² +  b x  + c  o c c u r s  a t x  =  – ( b /2 a )
a c c o r d in g  a s
a  < 0   o r a  > 0  .

(ii) Range in restricted domain

G iv e n  x   [ x
1
, x

2
]

(a ) I f  –  
a2

b
 [ x

1
, x

2
]

th e n ,

f ( x )   1 2 1 2m in { f ( x ) , f ( x ) } , m a x { f ( x ) , f ( x )}Í ˙Î ˚

1 2 1 2m in { f ( x ) , f ( x ) } , m a x { f ( x ) , f ( x ) }Í ˙Î ˚

(b ) I f  –  
a2

b
 [ x

1
, x

2
] th e n ,

f ( x )   { }1 2
D

m in f ( x ) , f ( x ) ,
4 a

È -ÍÎ

{ }1 2
D

m a x f ( x ) , f ( x ) ,
4 a

˘- ˙̊

11. Resolution of a Second Degree Expression
in X and Y

T h e  c o n d itio n  th a t a  q u a d r a tic f u n c tio n  o f x
a n d  y  m a y  b e  re s o lv e d  in to  tw o lin e a r f a c to r s  is
th a t
a b c  + 2 f g h  –  a f 2 –  b g 2 –  c h 2 =  0

OR  

cfg

fbh

gha

=  0

a n d  it c a n  b e  w ritte n  a s a  p r o d u c t o f tw o  lin e a r
f a c to r s  w ith r e a l c o e f fic ie n ts  if  a p a r t fro m  th e

9. Quadratic inequality
A ll th e  r e le v a n t p r o p e r tie s  o f th e  q u a d r a tic p o ly n o m ia l f(x )  = a x 2 +  b x  + c  a r e  g iv e n  in  T a b le  :

a  > 0 D  > 0 R e a l r o o ts
<   

f ( x ) >  0  fo r x  <  
<  0  fo r <  x  <  


 

 0  f o r x  >  

a  > 0

a  > 0

a  < 0

a  < 0

a  < 0

D  = 0

D  < 0

D  > 0

D  = 0

D  < 0

R e a l r o o ts
=   

I m a g in a r y  r o o ts
, 

R e a l r o o ts
<   

R e a l r o o ts
=   

I m a g in a r y r o o ts
,  

f ( x )

f ( x )

f ( x )

f ( x )

f ( x )

>  0  fo r x  <  
=  0  fo r x  =  




 0  f o r x  >  

>  0  fo r a ll x

<  0  fo r x  <  
>  0  fo r <  x  <  


 

 0  f o r x  >  

<  0  fo r x  <  
=  0  fo r x  =  




 0  f o r x  >  

<  0  fo r a ll x
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a b o v e  c o n d itio n  w e  h a v e  e ith e r (i) h 2 –  a b  > 0 ,
o r (ii) h 2 –  a b  = 0 , h g  –  a f =  0 , g 2 –  a c  0

12. Location of roots

Necessary and Sufficient Conditions

1. r o o ts  a r e  o f o p p o s ite s ig n a
c

<  0 <  0 ,  >  0

2. r o o ts  a r e o f s a m e s ig n

D  0  a n d  
a

c
>  0 <  0 , <  0 o r  >  0 ,  >  0

3. b o th  r o o ts  a r e p o s itiv e

D   0 , –
a

b
>  0 a n d  

a

c
>  0 >  0 ,  >  0

4. b o th  r o o ts  a r e n e g a tiv e

D   0 ,  –
a

b
<  0 a n d  

a

c
>  0 <  0 ,  <  0

5. b o th  r o o ts  g r e a te r th a n  k

a .f ( k )  > 0 , –  
a2

b
>  k , a n d  D   0 >  k ,  >  k

6. b o th  r o o ts  a r e le s s  th a n  k

a .f ( k )  > 0 , –  
a2

b
<  k , a n d  D   0 <  k ,  <  k

7. k  lie s  b e tw e e n  th e  r o o ts
a .f(k )  < 0 <  k ,  >  k

8. o n e  r o o t le s s  th a n  d  a n d  o th e r g r e a te r th a n  e

a .f(d ) < 0 , a .f(e ) < 0 <  d ,  >  e
9. b o th  r o o ts  a r e lie in ( d , e )

a .f ( d ) > 0 , a .f ( e ) > 0 , d <  –
a2

b
<  e , a n d

<  k ,  <  k D   0
10. e x a c tly o n e  r o o t lie s   in  ( d  , e )

f(d ) .f(e ) < 0 * <  k ,  <  k
*  R e f e r th e o r y  s in c e  m o r e  c o n d itio n s a r e
r e q u ire d .

13. Theory of Equations

I f   
1  
, 

2  
, 

3  
, ......

n
a r e   th e r o o ts   o f  th e

e q u a t io n ;

f ( x )  = a
0
x n  +  a

1
x n – 1  +  a

2
x n – 2  +  .... + a

n – 1
x  + a

n
=  0

where  a
0  
, a

1  
, .... a

n
a r e  a ll  re a l &  a

0
 0   th e n ,

 
1

=  –
a

a
1

0

,  
1  


2
=  +

a

a
2

0

,  
1  


2  


3
=  –

a

a
3

0

, ....., 
1


2


3  
........

n
=  ( – 1 ) n  

a

a
n

0

(i) Remainder Theorem : L e t  P ( x )  b e  a n y
p o ly n o m ia l o f  d e g r e e  g r e a te r th a n  o r e q u a l
to o n e  a n d  ‘ a ’ b e  a n y  r e a l n u m b e r .  I f  P ( x )
i s d i v i d e d  ( x –  a ) , th e n  th e  r e m a in d e r is e q u a l
to P ( a ) .
Factor Theorem : L e t P ( x )  b e  p o ly n o m ia l o f
d e g r e e  g r e a te r th a n o f e q u a l to 1  a n d  ‘ a ’ b e  a
r e a l n u m b e r s u c h  th a t P ( a ) =  0 , th e n  ( x  –  a ) is
a  f a c to r o f P ( x ) . C o n v e r s e ly , i f  ( x –  a ) is a
f a c to r o f P ( x ) , th e n P ( a ) =  0 .

(ii) E v e r y  e q u a tio n  o f n th  d e g r e e  ( n   1 ) h a s
e x a c tly n  r o o ts  & i f  t h e  e q u a ti o n  h a s m o r e
th a n  n  r o o ts , it is a n  id e n tity .

(iii) I f  t h e  c o e f f ic ie n ts o f th e  e q u a t io n  f ( x )  = 0
a r e  a ll  r e a l a n d   +  i is its r o o t, th e n  –  i
is a ls o a  r o o t. i.e . imaginary roots occur in
conjugate pairs.

(iv) I f  th e  c o e f f i c ie n t s  in  th e e q u a ti o n  a r e  a ll

r a tio n a l &   +  is o n e o f its  r o o t s , th e n  

–  is a ls o a  r o o t w h e r e   ,   Q  a n d   is

n o t a  p e r f e c t s q u a r e . A ls o if qandp a r ee

tw o  d is s im ila r  q u a d r a tic s u r d s  a n d  qp 

is a  r o o t th e n  qp  a r e  a ls o r o o ts  o f th e

e q u a tio n .
(v) I f   t h e r e   b e   a n y   tw o r e a l n u m b e r s  'a ' &  'b '

s u c h   th a t f ( a )  & f ( b )  a r e o f o p p o s ite  s ig n s ,
th e n   f ( x )  = 0   m u s t  h a v e   a tle a s t o n e   r e a l
r o o t b e tw e e n  'a ' a n d  'b '.
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(vi) E v e r y   e q u a t io n  f ( x )  = 0   o f d e g r e e   o d d   h a s
a tle a s t o n e  r e a l r o o t o f a  s ig n   o p p o s ite to
th a t o f its la s t te r m .

(vii) I f   is a n r - m u ltip le r o o t o f f ( x )  = 0 , it is th e n
a n  ( r  – 1 ) m u ltip le r o o t o f f ( x )  = 0  , a n  ( r  – 2 )
m u ltip le r o o t o f f ( x )  = 0 , a n d  s o  o n .

(viii) D e s c a r te s ' r u le o f s ig n s :
(a ) T h e  m a x im u m  n u m b e r o f  p o s itiv e  r o o ts

o f f ( x ) is e q u a l to th e  n u m b e r o f s ig n
c h a n g e s in th e  c o e f fic ie n ts  o f  f ( x ). L e t th is
n u m b e r b e  'p '.

(b ) T h e  m a x im u m  n u m b e r o f  n e g a tiv e  r o o ts
o f f ( x ) is e q u a l to th e  n u m b e r o f s ig n
c h a n g e s in th e  c o e f fic ie n ts  o f  f ( – x ) . L e t
th is n u m b e r b e  'q '.

(c ) T h e  m in im u m n u m b e r o f  im a g in a r y  r o o ts
o f f ( x ) is e q u a l to n  –  ( p  + q ) .

(ix) L e t f(x )  b e  a  p o ly n o m ia l h a v in g  r o o ts   a n d  
w h e r e   <  th e n  th e re  e x is ts  a tle a s t o n e  n u m b e r
(, )  s u c h  th a t f  '()  = 0 .

[O b je c tiv e E x e rc is e s ]

Single  Correct A n sw er  Type

1. T h e  v a lu e  o f x  s a tis f y in g  th e e q u a tio n

cb3a2x6

cb3a2x6




= c3ba6x2

c3ba6x2




is

( A )  x =  a b /c ( B )  2 a b /c

( C )  a b /3 c ( D )  a b /2 c

2. I f  a <  c <  b th e n  th e  r o o ts  o f th e  e q u a tio n
( a –  b ) 2 x 2 +  2 ( a +  b –  2 c ) x  + 1  = 0  a r e

( A )  im a g in a r y ( B )  r e a l
( C )  o n e  r e a l a n d  o n e  im a g in a r y
( D )  e q u a l a n d  im a g in a r y

3. If th e  ra tio o f th e  ro o ts  o f x 2 +  b x  + c  = 0 , is s a m e
a s th a t o f x 2 +  q x  + r  = 0 , th e n
( A ) r 2 b  = q c 2 ( B )  r 2 c  = q b 2

( C )  c 2 r  = q 2 b ( D ) b 2 r  = q 2 c

4. L e t , b e  th e  ro o ts  o f th e  e q u a tio n  a x 2 +  2 b x  + c
=  0  a n d  , b e  th e  r o o ts  o f th e  e q u a tio n  p x 2 +

2 q x  + r  = 0 . I f  , , , a r e  in  G .P . th e n
( A )  q 2 a c  = b 2 p r ( B )  q a c  = b p r
( C )  c 2 p q  = r 2 a b ( D )  p 2 a b  =  a 2 q r

5. I f  a >  b  >  0 , th e n  th e  v a lu e  o f

...ba)ba(ba)ba(ba)ba(ba 

is
( A )  i n d e p e n d e n t o f o n ly  b
( B )  i n d e p e n d e n t o f o n ly  a

( C )  i n d e p e n d e n t o f b o th  a  & b
( D )  d e p e n d e n t o n  b o th  a  & b  .

6. I f  b o th  th e  r o o ts  o f th e  e q u a tio n s

k  ( 6 x 2 +  3 )  + r x +  2 x 2 –  1  = 0
a n d 6 k  ( 2 x 2 +  1 )  + p x  + 4 x 2 –  2  = 0
a r e  c o m m o n , th e n  2 r –  p  is  e q u a l to

(A )  1 ( B )  – 1 ( C )  2 (D )  0

7. If th e  q u a d r a tic e q u a tio n s ,

a x 2 +  2 c x  + b  = 0  & a x 2 +  2 b x  + c  = 0  ( b   c )
h a v e  a  c o m m o n , r o o t, th e n  a  + 4 b  + 4 c  is  e q u a l to
( A ) – 2 ( B )  2 ( C )  0 (D )  1

8. I f   b e  th e  r o o ts  o f  x 2 –  a ( x  –  1 ) –  b  = 0 , th e n

th e  v a lu e  o f
ba

2

a

1

a

1
22 







is

(A )  )ba(

4

 ( B )  )ba(

1



( C )  0 (D )  )ba(

2



9. I f  a , c   Q  a n d  t h e r o o t s  o f  t h e  e q u a t i o n

c x 2 + 









2

1
1a2x)22( =  0 a r e  r e a l a n d

d i s t i n c t ,  t h e n  t h e  r o o t s  o f  t h e  e q u a t i o n
x 2 –  2 c a x  + 1  = 0  w ill b e
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17. If th e  e q u a tio n
ax

a


+

bx

b


=  1 h a s ro o ts  e q u a l

in m a g n itu d e  b u t o p p o s ite in s ig n , th e n  th e
v a lu e  o f a  + b  is
( A ) – 1 ( B )  0
( C )  1 ( D )  N o n e  o f th e s e

18. T h e  n u m b e r o f s o lu tio n s o f th e  e q u a tio n

s in 






 

32

x
=  x 2 –  2 3 x  + 4  is

(A ) z e ro ( B )  o n e
( C )  tw o ( D ) m o r e  th a n  tw o

19. T h e  s e t o f v a lu e s o f ‘ p ’ fo r w h ic h  th e e x p r e s s io n
x 2 –  2 p x  + 3 p  + 4  is  n e g a tiv e  fo r a tle a s t o n e  re a l x
is
( A )   ( B ) (– 1 , 4 )
(C ) (–  , – 1 )  (4 , ) (D ) { – 1 , 4 }

20. I f  o n e  r o o t o f th e  e q u a tio n
x 2 +  b x  + a  = 0  & x 2  +  a x  + b  = 0
is c o m m o n  a n d  a   b  th e n
( A ) a +  b =  0 ( B )  a +  b =  – 1
( C )  a –  b  = 1 ( D ) a +  b =  1

21. I f  1 , 2 , &  1 , 2 , a r e r o o ts  o f  t h e  e q u a tio n s
a x 2 +  b x  + c  = 0  a n d  p x 2 +  q x  + r  = 0  re s p e c tiv e ly
a n d  a  n o n - z e r o  s o lu tio n  o f th e  s y s te m  o f
e q u a tio n s  1 y  +  2 z  = 0  ,1 y  +  2 z  = 0  e x is t
th e n
( A )  p 2 b r =  a 2 q c ( B )  b 2 p r =  q 2 a c
( C )  r 2 p b  = c 2 a r ( D )  N o n e  o f th e s e

22. I f  ,  a r e  th e  r o o ts  o f  t h e  e q u a tio n

a x 2 +  3 x  + 2  = 0  ( a  > 0 ) , th e n



2

+



2

is g r e a t e r th a n
( A )  0 ( B )  1
( C )  2 ( D )  n o n e

23. I f  (2 +   –  2 ) x 2 +  ( +  2 ) x <  1 , x   R , th e n  
b e lo n g s to th e  in te r v a l
(A ) (– 2 , 1 ) ( B ) (– 2 , 2 /5 )
( C )  ( 2 /5 , 1 ) ( D )  N o n e  o f th e s e

( A )  in te g e r ( B )  r a tio n a l
( C ) irra tio n a l ( D )  im a g in a r y

10. If  a re  th e  ro o ts  o f th e  e q u a tio n  a x 2 +  b x  + c  =  0 ,
th e n  th e  q u a d r a tic e q u a tio n  w h o s e  r o o ts  a r e







1
a n d

1 is

( A )  ( a –  b  + c ) x 2 +  ( b  –  2 c ) x  + c  = 0
( B )  ( a –  b  + c ) x 2 –  ( b  –  2 c ) x  + c  = 0
( C )  ( a –  b  + c ) x 2 +  ( b  –  2 c ) –  c  = 0
( D )  N o n e  o f th e s e

11. T h e  g r e a te s t v a lu e  o f  
9x4x4

4
2 

is

( A ) 4 /9 ( B )  4 ( C )  9 /4 ( D ) 1 /2

12. I f  r o o ts  o f th e  e q u a tio n  3 x 2  +  2 ( a 2 +  1 )  x +  ( a 2 –
3 a  + 2 ) =  0 a r e  o f o p p o s ite s ig n s , th e n  a  lie s  in
th e  in te r v a l
(A ) (– , 1 ) (B ) (– , 0 )
( C )  ( 1 , 2 ) ( D )  ( 3 /2 , 2 )

13. T h e  n u m b e r o f in te g r a l v a lu e s  o f  a f o r  w h ic h
x 2 –  ( a  –  1 ) x  +  3  =  0  h a s  b o th  r o o ts  p o s itiv e  a n d
x 2 +  3 x  + 6  –  a  = 0  h a s b o th  r o o ts  n e g a tiv e  is
(A )  0 ( B )  1
( C )  2 ( D ) in fin ite

14. If th e  tw o ro o ts  o f th e  e q u a tio n , x 3 –  p x 2 –  q x  –  r =
0  a r e  e q u a l in m a g n itu d e  b u t o p p o s ite in s ig n
th e n
( A )  p r = q ( B ) q r  = p
( C ) p q  = r (D ) N o n e

15. If ,  &  a re  th e  ro o ts  o f th e  e q u a tio n , x 3 –  x  –  1  =  0

th e n  th e  v a lu e  o f  



1

1
+




1

1
+




1

1
is

(A ) z e ro ( B )  – 1 ( C )  – 7 (D )  1

16. I f  r o o ts  o f th e  e q u a tio n  x 2 –  b x  + c  = 0  a r e  tw o
s u c c e s s iv e  in te g e r s , th e n  b 2 –  4 c  e q u a l
(A )  1 ( B )  2 ( C )  3 (D )  4
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24. T h e  n u m b e r o f p o s itiv e  in te g r a l v a lu e s o f k  f o r
w h ic h  ( 1 6 x 2 +  1 2 x  + 3 9 ) +  k ( 9 x 2 –  2 x  + 1 1 ) is a
p e r f e c t s q u a r e  is
(A )  2 ( B )  0
( C )  1 (D ) N o n e

25. I f  x is r e a l, th e n  th e le a s t v a lu e th e  e x p r e s s io n

x x

x x

2

2

6 5

2 1

 
 

is

( A )   1 ( B )   1 /2

( C )   1 /3 ( D )  n o n e

26. I f  x is r e a l, th e n
x x c

x x c

2

2

2

4 3

 
 

c a n  ta k e  a ll

r e a l v a lu e s if
( A )  0 <  c <  2 ( B )  0 <  c <  1

( C )    c   1 ( D )  n o n e

27. I f  t h e  r o o ts  o f  x 2  p ( x  +  1 ) +  c =  0 a r e   &  
th e n  th e  v a lu e  o f  2 +  ( 2 p ) +  2 is
( A )  p c ( B )  p 2 +  p c

( C )  p 2  p c ( D )   p c

28. T h e  v a lu e ( s ) o f 'b ' f o r w h ic h  th e e q u a tio n ,

2  lo g 1 /2 5  ( b x  + 2 8 ) =   lo g 5  ( 1 2   4 x   x 2 )
h a s c o in c id e n t r o o ts , is /a r e

( A )  b =   1 2
( B )  b =  4

( C )  b =  4  o r b  =   1 2

( D )  b =   4  o r b  =  1 2

29. I f  t h e  q u a d r a tic e q u a tio n ,

a x 2 +  b x  + a 2 +  b 2 +  c 2  a b   b c   c a  = 0
w h e r e  a , b , c  a r e  d is tin c t r e a ls , h a s im a g in a r y
r o o ts  th e n

( A )  2 ( a  b ) +  ( a  b ) 2 +  ( b  c ) 2 +  ( c  a ) 2 >  0

( B )  2 ( a  b ) +  ( a  b ) 2 +  ( b  c ) 2 +  ( c  a ) 2 <  0

( C )  2 ( a  b ) +  ( a  b ) 2 +  ( b  c ) 2 +  ( c  a ) 2 =  0
( D )  n o n e  o f th e s e

30. T h r e e  r o o ts  o f  th e  e q u a tio n ,

x 4  p x 3 +  q x 2  rx +  s =  0 a r e  ta n A , ta n B  & ta n
C  w h e r e  A , B , C a r e  th e a n g le s o f a  tria n g le  .
T h e  f o u r t h r o o t o f th e  e q u a tio n  is

( A )  
p r

q s


 1

( B )  
p r

q s


 1

( C )  
p r

q s


 1

( D )  
p r

q s


 1

31. N u m b e r o f v a lu e s o f ' p ' f o r  w h i c h  t h e
e q u a ti o n ,

( p 2   3 p  + 2 ) x 2  ( p 2   5 p + 4 ) x  + p   p 2 =  0
p o s s e s s  m o r e  th a n  tw o r o o ts , is
( A )  0 ( B )  1
( C )  2 ( D )  n o n e

32. T h e  r o o ts  o f th e  e q u a tio n  ( x   a ) ( x   b ) =  a 2 
2  b 2 a r e  r e a l a n d  d is tin c t f o r  a ll a >  0 , p r o v id e d

( A )   a   b  <  
5

7
a ( B )   a  < b  <  

5

7
a

( C )   a  < b   5

7
a ( D )   2 a  < b  <  

7

5
a

33. If th e  ro o ts  o f th e  q u a d ra tic e q u a tio n  x 2 +  6 x  + b  =
0 a r e  r e a l a n d  d is tin c t a n d  th e y  d if f e r  b y
a tm o s t 4  th e n  th e  r a n g e  o f v a lu e s  o f  b is

( A )  [ 3 , 5 ] ( B )  [ 5 , 9 )
( C )  [ 6 , 1 0 ] ( D )  n o n e

34. I f  t h e  e q u a tio n  s in 4  x  ( k +  2 ) s in 2  x   ( k +  3 )
=  0  h a s a  s o lu tio n  th e n  k  m u s t lie in th e
in te r v a l

( A )  ( 4 ,  2 ) ( B )  [ 3 , 2 )

( C )  ( 4 ,  3 ) ( D )  [ 3 ,  2 ]

35. F o r n o n - z e r o  r e a l d i s t i n c t a , b , c , t h e

e q u a tio n , ( a 2 +  b 2 ) x 2  2 b  ( a  + c ) x  + b 2 +  c 2 =
0  h a s n o n - z e r o  r e a l r o o t s . O n e  o f t h e s e
r o o t s  i s  a l s o  t h e  r o o t o f t h e  e q u a t i o n

( A )  a 2  x 2  a ( b   c ) x  + b  c  = 0

( B )  a 2  x 2 +  a ( c   b ) x   b  c  = 0

( C )  ( b 2 +  c 2 ) x 2  2 a  ( b  + c ) x  + a 2 =  0

( D )  ( b 2  c 2 ) a 2 +  2 a  ( b   c ) x   a 2 =  0

36. T h e  v a l u e s o f a , b , c  s u c h  t h a t 2 x 2 –  5 x  –  1
 a  (x +  1 ) (x –  2 ) +  b (x –  2 ) (x –  1 ) +  c (x –  1 ) (x +  1 )
a r e  r e s p e c tiv e ly  :
( A )  – 2 , 1 , – 1 ( B )  2 , 1 , – 1
( C )  1 , 2 , – 1 ( D )  N o n e  o f th e s e
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37. I f  a +  b +  c =  0 , th e n  th e r o o ts  o f  t h e  e q u a tio n s
3 a x 2 +  4 b x  + 5 c  = 0  a r e
( A ) P o s itiv e ( B )  N e g a tiv e
( C )  R e a l a n d  d is tin c t (D ) Im a g in a r y

38. T h e  e q u a tio n  ( x  –  a ) 3 + ( x  –  b ) 3 +  ( x  –  c ) 3 h a s
( A ) th r e e  d is tin c t r e a l r o o ts
( B )  o n e  r e a l a n d  tw o im a g in a r y  r o o ts .
( C ) th r e e  r e a l r o o ts , tw o  o f w h ic h  a r e  e q u a l
( D )  N o n e  o f th e s e

39. T h e  e q u a tio n  x 5 –  5 a x  + 4 b  = 0  h a s
( A ) th r e e  r e a l r o o ts  if  a 5 >  b 4

( B )  o n ly  o n e  r e a l r o o t if a 5 >  b 4

( C ) fiv e  r e a l r o o ts
( D )  N o n e  o f th e s e

40. T h e  v a lu e o f 'a ' fo r w h ic h  th e  e q u a tio n  x 3 +  a x  + 1  =
0 a n d  x 4 +  a x 2 +  1 =  0 , h a v e  a  c o m m o n  r o o t is
( A )  a =  2 ( B )  a =  – 2
( C )  a =  0 (D ) N o n e

41. T h e  n e c e s s a r y a n d  s u f fic ie n t c o n d itio n  f o r th e
e q u a tio n  ( 1  –  a 2 ) x 2 +  2 a x  –  1  = 0  to  h a v e  r o o ts
ly in g  in  th e  in te r v a l ( 0 , 1 ) is
( A )  a >  0 ( B )  a <  0
( C )  a >  2 (D ) N o n e

42. I f  a n d  a r e  th e  r o o ts  o f  a x 2 +  b x  + c  = 0 , th e n
th e  e q u a tio n  a x 2 –  b x ( x  –  1 ) +  c ( x –  1 ) 2 =  0 h a s
r o o ts .

(A ) 





1
,

1 ( B )  



 1

,
1

(C )  1
,

1 





(D ) 



 1

,
1

43. If o n e ro o t o f th e  e q u a tio n  ix 2 –  2 (1  + i) x  + 2  –  i =
0 is ( 3 –  i) , th e n  th e  o th e r r o o t is
( A )  3 +  i ( B )  3 +  2 i
( C )  – 1  + i ( D * ) – 1  – i

44. T h e  e q u a tio n







 x

c

x

b

x

a 222

=  m –  n 2 x  ( a , b , c , m ,

n   R ) h a s n e c e s s a rily

( A )  a ll th e  r o o ts  r e a l
( B )  a ll th e  r o o ts  im a g in a r y
( C ) tw o  r e a l a n d  tw o im a g in a r y  r o o ts
( D ) tw o  r a tio n a l a n d  tw o irra tio n a l r o o ts .

45. T h e  e q u a tio n  x 5 –  2 x 2 +  7 =  0 h a s
( A )  a tle a s t tw o  im a g in a r y  r o o ts
( B ) tw o  n e g a tiv e  r e a l r o o ts
( C ) th r e e  p o s itiv e  r e a l r o o ts
( D )  N o n e  o f th e s e

46. If th e  e q u a tio n  a x 3 –  9 x 2 +  1 2 x  –  5  = 0  h a s tw o
e q u a l r e a l r o o ts  th e n  th e  ‘ a ’ e q u a ls

(A )  2 ( B )  
5 4

2 5

( C )  1 (D ) N o n e

47. If th e  e q u a tio n s a x 2 +  b x  + c  = 0  a n d  c x 2 +  b x  + a  =
0 ; a  c  h a v e  a  n e g a tiv e  c o m m o n  r o o t th e n
th e  v a l u e  o f  ( a –  b  + c ) is
(A )  0 ( B )  2
( C )  1 (D ) N o n e

48. T h e  e q u a tio n  a x 2 +  b x  + a  = 0 , x 3 –  2 x 2 +  2 x  –  1  =
0 h a v e  tw o ro o ts  c o m m o n . T h e n  a  + b  m u s t b e
e q u a l to
(A )  1 ( B )  – 1
( C )  0 (D ) N o n e

49. T h e  e q u a tio n  (x  –  3 ) 9 +  (x  –  3 2 ) 9 +  .... + (x –  3 9 ) 9 =
0 h a s
( A )  a ll th e  r o o ts  r e a l
( B )  o n e  r e a l &  8 im a g in a r y  r o o ts
( C ) re a l r o o ts  n a m e ly  x  =  3 , 3 2 , ....., 3 9

( D )  N o n e  o f th e s e

50. I f  f ( x )  = 


1 0 0

0r

r
r xa a n d  f ( 0 )  a n d  f ( 1 )  a r e e v e n

n u m b e r s , th e n  f o r a n y  in te g e r x
(A ) f(x ) is o d d  o r e v e n a c c o r d in g  a s x  is  o d d  o r

e v e n
(B ) f ( x ) is e v e n  o r o d d  a c c o r d in g  a s  x is o d d  o r

e v e n
(C ) f ( x ) is e v e n  f o r a ll in te g r a l v a lu e s o f x
(D ) f ( x ) is o d d  f o r a ll in te g r a l v a lu e s o f x .
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51. T h e  q u a d ra tic e x p re s s io n  (a x  + b ) (x –  2 ) +  c (x 2 +  3 )
is e q u a l to 1 4  f o r a ll v a lu e s o f x . T h e n
( A )  a =  – 2 , b  = – 4 , c  = 2
( B )  a =  2 , b =  4 , c =  – 2
( C )  a =  2 , b =  – 4 , c  = 2
( D )  N o n e  o f th e s e

52. T h e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  h a s
r e a l r o o ts  if  :

( A )  a <   1  , 0  < c  < 1  , b  > 0

( B )  a <   1  ,  1  < c  < 0  , 0  < b  < 1

( C )  a <   1  , c  < 0  , b  > 1

( D )  n o n e

53. T h e  e q u a tio n  x 2  4  x  + a  s in   =  0 h a s r e a l
r o o ts
(A ) f o r  a ll v a lu e s o f x

( B ) f o r  a ll v a lu e s o f ' a ' p r o v id e d  

4

<

 <  

4

( C ) f o r  a ll v a lu e s  o f  a   4  p r o v id e d  
 2  

(D ) f o r  a ll a p r o v id e d  a  4

54. T h e  in te g r a l v a lu e s o f m  f o r w h ic h  th e  r o o ts  o f

th e  e q u a tio n  m x 2 +  ( 2 m –  1 ) x  + ( m –  2 ) =  0 a r e

r a tio n a l a r e  g iv e n  b y

( A )  1 5 ( B )  1 2 ( C )  6 (D )  4

55. L e t 2 b e  th e  d is c r im in a n t a n d   b e  th e

r o o ts  o f  t h e  e q u a tio n  a x 2 +  b x  + c  = 0  . T h e n

2 a +  a n d  2 a  c a n  b e  th e  r o o ts  o f  t h e

e q u a t io n :

( A )  x 2 +  2 b x  + b 2 =  0

( B )  x 2  2 b x  + b 2 =  0

( C )  x 2 +  2 b x   3 b 2 +  1 6 a c  = 0

( D )  x 2  2 b x   3 b 2 +  1 6 a c  = 0

56. F o r w h ic h  o f t h e  f o l lo w in g  g r a p h s o f th e

q u a d r a tic e x p r e s s io n  y  = a x 2 +  b x  + c , th e n

p r o d u c t a  b c  is  n e g a tiv e .

(A ) 

y

x

( B )  

y

x

( C )  

y

x

(D ) 

y

x

57. T h e  v a lu e s o f k  f o r w h ic h  th e  e q u a tio n ,

x 2 +  2 ( k –  1 ) x  + k  + 5  = 0  h a s a tle a s t o n e
p o s itiv e  r o o t, a r e
(A ) [4 , ) ( B ) (– , – 1 ] [ 4 , )

( C ) [– 4 , – 1 ] (D ) (– , – 1 ]

58. I f  p   q  t h e n  t h e  e q u a t io n s , x 2  p x  + q  =  0

&  x 2  q x  + p  = 0  a r e  s u c h  th a t :
(A ) b o th  c a n  s im u lta n e o u s ly h a v e  a  z e r o  r o o t
( B ) i f  t h e  r o o t s  o f  t h e  f i r s t a r e b o th  p o s itiv e

s o a r e  th e  r o o t s  o f  t h e  s e c o n d
( C ) i f  t h e  r o o ts  o f  th e  f i r s t a r e b o th  n e g a tiv e ,

th o s e  o f t h e  s e c o n d  h a v e  o p p o s ite s ig n s
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(D ) b o t h  c a n  h a v e  r o o t s  b e l o n g i n g  to  t h e
s e t  { 1 , 2 , 3 , 5 }

59. G iv e n  th e e q u a tio n  ( a  –  x ) ( b –  x ) –  h 2 =  0 , a <  b ,
th e  in c o r r e c t s ta te m e n t is
( A )  b o th  th e  r o o ts  a r e le s s  th a n  b
( B )  b o th  th e  r o o ts  lie b e tw e e n  a  a n d  b
( C ) th e  r o o ts  a r e s e p a r a te d  b y  a  a n d  b y  b .
( D )  N o n e  o f th e s e

60. W h ic h  o f th e  f o llo w in g  is /a r e  f a ls e ?
(A ) 2 x 3 +  7 x 2 –  5 x  + 2 x – 1 is a  p o ly n o m ia l in

s ta n d a r d  fo rm  o f d e g r e e  3  a n d  c o n ta in s f o u r
te rm s .

(B ) If tw o  p o ly n o m ia ls o f d e g r e e  3  a r e  a d d e d ,
th e ir  s u m  m u s t b e  a  p o ly n o m ia l o f  d e g r e e
3 .

(C ) T h e r e  is  n o  s u c h  th in g  a s a  p o ly n o m ia l in x
h a v in g  f o u r te r m s , w r itte n  in  d e s c e n d in g
p o w e r s , a n d  la c k in g  a  th ir d - d e g r e e  te r m .

(D ) S u p p o s e  a  s q u a r e g a r d e n  h a s  a r e a
re p r e s e n te d  b y  9 x 2 s q u a r e m e tre . If o n e s id e
is m a d e  7  m e tr e lo n g e r a n d  th e  o th e r  s id e  is
m a d e  2  m e tr e s h o r te r, th e n  th e  trin o m ia l
th a t re p re s e n ts th e  a re a  o f th e  la r g e r g a r d e n
in 9 x 2 +  1 5 x  –  1 4  s q u a r e  m e tr e .

61. L e t a , b , c b e  th e  r o o ts  o f  x 3 –  9 x 2 +  1 1  –  1  = 0

a n d  le t s  = cba 

a n d  t =  c ab ca b  , th e n

( A )  t2 =  1 1  + 2 s
( B )  s 4 =  1 2 5  + 3 6 t +  8 s
(C ) s 4 –  1 8 s 2 –  8 s =  – 3 7
( D )  s 4 –  1 8 s 2 +  8 s  = 3 7

62. L e t x 4 –  6 x 3 +  2 6 x 2 –  4 6 x  + 6 5  = 0  h a v e  r o o ts  a k
+  i b k f o r  k =  1 , 2 , 3 , 4 w h e r e  a k , b k a r e  a ll
in te g e r s . T h e n
( A )  ( a 1

2 +  b 1
2 )  ( a 3

2 +  b 3
2 )  = 6 5

( B )  a 1 +  a 3 =  3
( C )  |b 1 | + |b 2 | + |b 3 | + |b 4 | = 1 0
( D )  a 1

2 +  b 3
2 =  1 2

63. L e t P (x ) = 1  + a 1 x  +  a 2 x 2 +  a 3 x 3 w h e r e a 1 , a 2 , a 3
I  a n d  a 1 +  a 2 +  a 3 is a n  e v e n  n u m b e r, th e n
( A )  P ( – 1 ) is a n  e v e n  n u m b e r
( B )  P ( – 1 ) is a n  o d d  n u m b e r
( C )  P ( x )  = 0  h a s  n o  in te g r a l s o lu tio n s
( D )  P ( x )  = 0  h a s a tle a s t o n e  in te g r a l s o lu tio n

64. T h e  e q u a tio n  x 3 –
4

3
x  = –

8

3
is s a tis fie d  b y

( A ) x =  c o s  





 

1 8

5
( B )  x =  c o s  






 

1 8

7

( C )  x =  c o s  





 

1 8

1 7
( D )  x =  c o s  






 

1 8

2 3

65. T h e  c o rre c t s ta te m e n ts a b o u t th e  c u b ic  e q u a tio n
2 x 3 +  x 2 +  3 x  –  2  = 0  a r e
( A )  it h a s e x a c tly o n e  p o s itiv e  r o o t
( B )  it h a s e ith e r o n e  o r th r e e  n e g a tiv e  r o o ts
( C )  it h a s a  r o o t b e tw e e n  0  a n d  1
( D )  it h a s n o  im a g in a r y  r o o ts

66. T h e  i n t e g r a l v a lu e ( s )  o f  a f o r  w h ic h  th e
e q u a tio n  x 2 –  2  ( a  –  1 ) x  + ( 2 a  + 1 ) =  0 h a s b o th
r o o ts  p o s itiv e  is / a r e
(A )  3 ( B )  4 ( C )  1 (D )  5

67. I f  b 2  4  a c  f o r th e  e q u a tio n  a x 4 +  b x 2 +  c =  0
th e n  a ll ro o ts  o f th e  e q u a tio n  w ill b e  r e a l w h e n
( A )  b >  0 , a <  0 , c >  0 ( B )  b <  0 , a >  0 , c >  0
( C )  b >  0 , a >  0 , c >  0 ( D )  b >  0 , a <  0 , c <  0

68. If x 2 +  p x  + 1  = 0  a n d  (a  –  b )x 2 +  (b  –  c )x  + (c –  a ) =  0
h a v e  b o th  r o o ts  c o m m o n , th e n  w h ic h  o f th e
f o llo w in g  is  tr u e  ?
( A )  p =  – 2 ( B )  b , a , c a r e  in  A .P .
( C )  2 a  –  3 b  + c  = 1 ( D )  2 c  –  3 b  + c  = 0

69. T h e  e q u a tio n  3 x 4 +  8 x 3 –  6 x 2 –  2 4 x  + r  = 0  h a s
n o  r e a l r o o t if r is e q u a l to
(A )  8 ( B )  2 0
( C )   2 3 (D ) N o n e

70. If th e  e q u a tio n  w h o s e  r o o ts  a r e th e  s q u a r e s o f
th e  r o o ts  o f th e  c u b ic  x 3 –  a x 2 +  b x  –  1  = 0  is
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id e n tic a l w ith th is c u b ic , th e n  th e p o s s ib le  c a s e s
a re
( A ) a =  b =  0
( B )  a , b a r e  r o o ts  o f  x 2 +  x +  2 =  0
( C )  a =  b =  3
( D )  N o n e  o f th e s e

Comprehension - 1
L e t P ( x )  b e  a  p o ly n o m ia l s u c h  th a t P ( 1 ) =  1

a n d
7x

5 6
8

)1x(P

)x2(P




 fo r a ll re a l x  f o r w h ic h

b o th  s id e s a r e  d e f in e d .
71. T h e  d e g r e e  o f P ( x ) is

(A )  2 ( B )  3 ( C )  4 (D )  5

72. T h e  v a lu e  o f P ( – 1 ) is

(A ) 
7

2
( B )  –

2 1

4

( C )  –
2 1

5
( D )  –

2 1

1 1

73. T h e  n u m b e r o f r e a l r o o ts  o f  P ( x )  = 0  is
(A )  5 ( B )  3
( C )  2 (D ) N o n e

Comprehension - 2
C o n s id e r a  p o ly n o m ia l e q u a t io n  x 4 –  6 3 x 3 +
a x 2 –  7 ! =  0 w h o s e  ro o ts  a r e fo u r d is tin c t n a tu ra l
n u m b e r s  o f  w h ic h  th r e e  a r e  o d d .

74. T h e  la r g e s t o f th e  r o o ts  is
( A ) 1 6 (B ) 4 8 ( C )  2 4 ( D )  3 2

75. T h e  v a lu e  o f a  is
( A ) 7 9 1 (B ) 9 7 1
( C )  7 1 9 (D ) N o n e

76. T h e  n u m b e r o f r o o ts  w h ic h  a r e  p r im e  is
( A ) 1 (B ) 2
( C )  3 (D ) N o n e

Comprehension - 3
C o n s id e r th e  e q u a tio n  x 4 +  a x 3 –  b x 2 +  a x  +  1  =
0 . A fte r  d iv id in g  th e  e q u a tio n  b y  x 2 , w e  c a n

r e a r r a n g e  it a s
21 1

x a x
x x

Ê ˆ Ê ˆ+ + +Á ˜ Á ˜Ë ¯ Ë ¯ –  b  –  2  = 0 .

B y s u b titu tio n , w e c a n  s o lv e  th e  e q u a tio n  a s a

q u a d r a tic e q u a tio n . L e t S b e  th e  s e t o f p o in ts
( a , b ) in th e  a  –  b  p la n e .

77. T h e  e q u a tio n  h a s f o u r r e a l s o lu tio n s if a n d
o n ly  if
( A )  2 a  + b  –  2  > 0  a n d  2 a  –  b  + 2  > 0
( B )  2 a  + b  –  2  < 0  a n d  2 a  –  b  + 2  < 0
( C )  2 a  + b  –  2  > 0  a n d  2 a  –  b  + 2  < 0
( D )  N o n e  o f th e s e

78. I f  b =  2 , th e n  th e  e q u a tio n  h a s
( A )  f o u r r e a l s o lu tio n s
( B )  tw o r e a l s o lu tio n s
( C )  n o  r e a l s o lu tio n
( D )  N o n e  o f th e s e

79. I f  0   a , b   1 , th e n  f o r th e  e q u a tio n  to  h a v e

a tle a s t o n e  r e a l r o o t, th e  a r e a  o f th e  r e g io n  S  is

(A )  1 (B ) 
2

1

(C ) 
4

1
(D ) N o n e

Comprehension - 4
L e t f(x )  = x 3 + x  +  1 . S u p p o s e  g  is  a c u b ic

p o ly n o m ia l s u c h  th a t g (0 ) =  – 1  a n d  th e  r o o ts  o f

g  a r e  s q u a r e  o f th e  r o o ts  o f  f .

80. T h e  e q u a tio n  f ( x )  = 0  h a s

( A )  a tle a s t o n e  p o s itiv e  r o o t

( B )  a tle a s t tw o  n e g a tiv e  r o o ts

( C )  e x a c tly o n e  n e g a tiv e  r o o t

( D )  N o n e  o f th e s e

81. T h e  p o ly n o m ia l g ( x 2 ) is id e n tic a l w ith

(A ) f(x 2 ) ( B )  ( f ( x )) 2

( C ) 2 f(x )  f ( – x ) ( D )  – f(x )  f ( – x )

82. T h e  v a lu e  o f g ( 9 ) is

( A ) 8 8 9 ( B )  8 9 9

( C )  9 6 1 (D ) N o n e

Comprehension - 5
A  m o n ic  in e d u c ib le p o ly n o m ia l w ith in te g r a l

c o e f f i c ie n t s  is  a  p o ly n o m ia l w ith l e a d i n g
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c o e f fic ie n t 1  th a t c a n n o t b e  f a c to r e d , a n d  th e

p r im e  f a c to r iz a ti o n  o f a  p o ly n o m ia l  w ith

le a d in g  c o e f f i c ie n t 1  is  th e f a c to r iz a tio n  in to

m o n i c  i r r e d u c i b l e  p o l y n o m i a l s . C o n s i d e r

t w o  p o l y n o m i a l s f ( x )  = x 8 +  x 4 + 1 a n d

g ( x ) =  x 8 +  x  +  1 .

83. T h e  n u m b e r o f r e a l r o o ts  o f th e  e q u a tio n

f ( x )  . g ( x ) =  0  is

(A )  2 ( B )  4

( C )  0 (D ) N o n e

84. T h e  h ig h e s t c o m m o n  f a c to r b e tw e e n  f ( x )  a n d

g ( x ) is o f d e g r e e

(A )  1 ( B * ) 2

( C )  4 (D ) N o n e

85. T h e  n u m b e r o f d is tin c t m o n ic  i r r e d u c ib le

p o ly n o m ia ls in th e  p rim e  f a c to r iz a tio n  o f f ( x )  .

g ( x ) is

(A )  2 ( B )  3

( C )  4 (D ) N o n e

A ssertion (A )and Reason (R)

(A ) B o th A  a n d  R a r e  tr u e  a n d  R is th e  c o r r e c t
e x p la n a tio n  o f A .

(B ) B o th A  a n d  R a r e  tru e  b u t R  is  n o t th e  c o rr e c t
e x p la n a tio n  o f A .

(C ) A  is  tr u e , R  is  f a ls e .
(D ) A  is  f a ls e , R  is  tr u e .

86. Assertion (A) : L e t f(x ) = a x 2 +  b x  + c , a , b , c   R .
I f  f ( x )  a s s u m e s  r e a l v a lu e s f o r  r e a l v a lu e s o f x
a n d  n o n - r e a l v a lu e s f o r  n o n - r e a l v a lu e s o f x ,
th e n  a  = 0 .

Reason (R) : If a , b , c a re  c o m p le x n u m b e rs , a   0 ,
th e n   +  i 0  is  a r o o t o f a x 2 +  b x  + c  =  0  if
a n d  o n ly  if   –  i is a  r o o t o f a x 2 +  b x  + c  = 0 .

87. Assertion (A) : If a , b , c ,  Q  a n d  2 1 /3 s a tis f ie s a
+  b x  + c x 2 =  0 , th e n  a  = 0 , b  = 0 , c  = 0 .

Reason (R) : A  p o ly n o m ia l e q u a tio n  w ith
r a tio n a l c o e f f i c ie n ts  c a n n o t h a v e i r r a tio n a l
r o o ts .

88. Assertion (A) : T h e  s u m o f a b s o lu te  v a lu e  o f
th e  r o o ts  o f
P ( x ) =  x 4 –  4 x 3  –  4 x 2 +  1 6 x  –  8

=  0 is 2  + 2 2 +  2 3 .

Reason (R) : P (x ) =  (x 4 –  4 x 3 +  4 x 2 ) – (8 x 2 –  1 6 x  + 8 )

=  ( x 2 –  ( 2  + 2 2 )  x +  2 2 )

( x 2 –  ( 2  –  2 2 )  x –  2 2 )

S u m o f a b s o lu te  v a lu e  o f th e  r o o ts

=  2 +  2 2 +  22.4)222( 2 

89. Assertion (A) : I f  x , y , z   R  a n d  2 x 2 +  y 2 +  z 2

=  2 x  –  4 y  + 2 x z –  5 , th e n th e  m a x im u m  p o s s ib le
v a lu e  o f x  –  y  + z  is  4 .
Reason (R) : T h e  a b o v e  e q u a tio n  r e a r r a n g e s a s
s u c h  o f th r e e  s q u a r e s e q u a te d  to  z e r o .

90. Assertion (A) : T h e r e  a r e  o n ly  tw o c u b ic
p o ly n o m ia ls a x 3 +  b x 2 +  c x  + d , a   0  w h o s e
c o e f fic ie n ts  a , b , c , d a r e  a  p e r m u ta tio n  o f
n u m b e r s  0 , 1 , 2 , 3 ( w ith o u t r e p e titio n ) a n d
h a v in g  a ll ra tio n a l r o o ts .
Reason (R) : T h e  p o l y n o m ia l s x 3 +  3 x 2 +
2 x  a n d  2 x 3 +  3 x 2 +  x h a v e  th r e e  r a tio n a l r o o ts
e a c h .

91. Assertion (A) : T h e r e  is  n o  f u n c tio n  f (x )  = a x 4 +
b x 3 +  c x 2 +  d x  +  e , a   0  w h o s e  c o e f f ic ie n ts  a r e
a  p e rm u ta tio n  o f 0 , 1 , 2 , 3 , 4  (w ith o u t r e p e titio n )
a n d  w h o s e  a ll ro o ts  a r e r a tio n a l.

Reason (R) : f(1 ) = a  + b  + c  + d  + e  = 1 0  c a n n o t
b e w r itte n  a s a  p r o d u c t o f 3  in te g e r s  g r e a te r
th a n 1 .

92. Assertion (A) : If tw o  q u a d r a tic f u n c tio n

p ( x ) =  a 1 x 2 +  b 1 x  + c 1 a n d  q ( x ) =  a 2 x 2 + b 2 x  + c 2
s a tis f y p ( w ) =  p ( z )  a n d  q ( w ) =  q ( z )  f o r  s a m e
w , z   R , w   z  th e n  b 1 a 1 =  b 2 a 1
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Reason (R) : 
zw

)z(p)w(p




=  a 1 ( w +  z )  + b 1 =  0 ;

zw

)z(q)w(q




=  a 2 ( w +  z )  + b 2 =  0 ;

w  + z  =  
2

2

1

1

a

b

a

b 



 b 1 a 1 =  b 2 a 1 .

93. Assertion (A) : T h e  fu n c tio n  f(x ) = x 4 +  4 x 2 –  x  +  6
c a n n o t b e  r e s o lv e d  in to  tw o q u a d r a tic f a c to r s
w ith re a l c o e f fic ie n ts .

Reason (R) : In th e  e q u a tio n  ( x 2 +  2 ) 2 +  2 =  x w e
o b s e r v e th a t a  s o lu tio n  to  x 2 +  2 =  x  is  a s o lu tio n
o f th e  q u a d r a tic e q u a tio n  b y  s u b s titu tio n  o f
th e  le f t h a n d  s id e  in to  its e lf .

94. Assertion (A) : T h e re  is  o n ly  o n e  o rd e re d  p a ir (a , b )
o f r e a l n u m b e rs  f o r w h ic h  x 2 +  a x  + b  = 0 h a s a
n o n  r e a l r o o t w h o s e  c u b e  is  3 4 3 .

Reason (R) : x 3 –  3 4 3  = ( x –  7 ) ( x 2 +  7 x  + 4 9 ) .
T h e r e f o r e  th e  o r d e r d  p a ir  ( 7 , 4 9 ) is s u ita b le .

95. Assertion (A) : If P ( x ) is a  q u a d r a tic p o ly n o m ia l
w ith r e a l c o e f fic ie n ts  s u c h  th a t

P ( x  + 1 ) . P ( x 2 –  x  + 1 )  re a l c o e ffic ie n ts  s u c h  th a t
P (x  + 1 ) . P (x 2 –  x  +  1 ) =  P (x 3 +  1 ) fo r a ll re a l x , th e n
P (2 ) =  4 .

Reason (R) : P u t P ( x ) =  a x 2 +  b x  + c  in to  th e
id e n tity .

[ a ( x +  1 ) 2 +  b ( x +  1 )  + c ] [ a ( x 2 –  x  + 1 )

+  b ( x 2 –  x  + 1 ) +  c ]   [ a ( x 3 + 1 ) 2 +  b (x 3 +  1 ) +  c ]

O n c o m p a r is io n  o f c o e f fic ie n ts  w e  g e t

P ( x ) =  x 2 –
4

1
x  + 1 .

M atch the Colum nsfor JEE A dvanced

96. M a tc h  e q u a tio n s o n  le f t w ith th e  p r o p e r tie s  o n  r ig h t.

Column - I Column - II
(A ) a  < b  < c  < d  a n d  e q u a tio n  is (P ) r e a l r o o ts

( x –  a ) ( x –  c ) + ( x –  b ) ( x –  d ) =  0

(B ) a  > 0 , a  + b  + c  < 0  a n d  e q u a tio n  is  a x 2 +  b x  + c  = 0 (Q ) d is tin c t r e a l r o o ts

(C ) b , c ,  I  a n d  th e  e q u a tio n  x 2 +  b x  + c  = 0  h a s r a tio n a l (R ) in te g r a l r o o ts

r o o ts

(D ) a , b , c , d   R  a r e in G .P . a n d  e q u a tio n  is (S ) d is c rim in a n t  0

( a 2 +  b 2 +  c 2 )  x 2 +  2 ( a b  + b c  + c d ) x  + b 2 +  c 2 +  d 2 =  0

 97. Column-I Column-II
(A ) I f  a , b a n d  c  a r e  p o s itiv e  r e a l n u m b e r s , th e n (P ) 4 a 2 <  ( 2 b  –  c ) a

a x 3 +  b x  + c = 0  h a s

(B ) I f  c >  0 a n d  th e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  h a s (Q ) a 2 +  a ( b +  c )  > 0

n o  r e a l r o o t, th e n  ( a , b , c   R )

(C ) If th e  q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  h a s r e a l r o o ts (R ) a 2 <  2 a ( b  –  2 c )

a n d  – 2  lie s  b e tw e e n  th e  r o o ts , th e n  ( a , b , c   R )

(D ) If th e q u a d r a tic e q u a tio n  a x 2 +  b x  + c  = 0  h a s  r o o ts   ,  (S ) a 2 +  a ( b +  c )  < 0

s u c h   < – 2  a n d   >  2 th e n
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98. T h e  s e t o f v a lu e ( s )  o f  k   R  f o r w h ic h
Column - I Column - II

(A ) k x 2 –  ( k  + 1 ) x  + 2 k  –  1  = 0  h a s n o  r e a l r o o ts (P ) { 1 , – 2 }

(B ) x 2 –  2  ( 4 k  –  1 ) x  + 1 5 k 2 –  2 k  –  7  > 0  f o r e a c h  x (Q ) ( – , – 1 /7 )  ( 1 , )
(C ) S u m o f th e  r o o ts  o f  x 2 +  ( 2  –  k  – k 2 )  x –  k 2 =  0 is z e r o (R ) { – 4 }

(D ) T h e  r o o ts  o f  x 2 +  (2 k  –  1 ) x  + k 2 +  2 =  0  a re in th e  ra tio (S ) (2 ,4 )

1  : 2

 99. Column-I Column-II

(A ) T h e  v a lu e  o f m  f o r w h ic h  
ca x
b xx 2




=  
1m
1m




h a v e (P ) 3

r o o ts  e q u a l in m a g n itu d e  a n d  o p p o s ite in s ig n  is /a r e

(B ) T h e  v a lu e  o f m  f o r w h ic h  x 2 –  1 5  –  m ( 2 x  –  8 ) =  0 (Q )
ba

ba




h a s e q u a l r o o ts , is /a r e

(C ) I f   a r e  r o o ts  o f th e  e q u a tio n  x 2 –  a x  + b  = 0 , (R ) 5

th e n  ( –  a ) – 4 +  ( –  a ) – 4 e q u a ls

(D ) R e c ip r o c a l o f g r e a te s t v a lu e  o f  
6x3x2

2x
2 


is (S ) 4

224

b

b2ba4a 

100. L e t a , b , c   R  b e  s u c h  b 2 – a c   0 . th e  e q u a tio n  a x 2 +  2 b x  + c  = 0  h a s
Column - I Column - II

(A ) tw o  p o s itiv e  r o o ts (P ) a , – c a re  o f th e  s a m e  s ig n
(B ) tw o  n e g a tiv e  r o o ts (Q ) a , – b , c  a re  o f th e  s a m e  s ig n
(C ) o n e  p o s itiv e  a n d  o n e  n e g a tiv e  r o o ts (R ) a , b , c  a re  o f th e  s a m e  s ig n
(D ) e q u a l r o o ts (S ) a , b , c  a r e  in  G . P .

R e v ie w  E x e rc is e s fo r JE E  A d v a n c e d

1. If th e e q u a tio n  a x 2 +  2 b x  + c  = 0  h a s re a l r o o ts , a ,
b  a n d  c b e in g  r e a l n u m b e r s  a n d  if m a n d  n  a r e
r e a l n u m b e rs  s u c h th a t m 2 >  n >  0 th e n  p r o v e
th a t th e  e q u a tio n  a x 2 +  2 m b x  +  n c =  0 h a s r e a l
ro o ts .

2. If th e  r o o ts  o f th e  e q u a tio n
( a 4 +  b 4 )  x 2 +  4 a b c d x  + c 4 +  d 4 =  0 a r e  r e a l th e n
p r o v e  th a t th e y  m u s t b e  e q u a l.

3. P r o v e  th a t if x 2 +  p x  –  q  a n d  x 2 –  p x  + q  b o th
f a c t o r i s e  in to  li n e a r f a c t o r s  w ith i n te g r a l
c o e f fic ie n ts , th e n  th e  p o s itiv e  in te g e r s  p a n d  q

a r e  r e s p e c tiv e ly  th e  h y p o te n u s e  a n d  a r e a  o f a
rig h t tria n g le  w ith s id e s o f in te g e r le n g th .

4. I f  2 ( a +  b +  c  =  2 +  2 +  2 , a n d  th e  r o o ts  o f
x 2 +  x  –  a  = 0  a r e  ,  a n d  th e r o o ts  o f
x 2 +  x  –  b  = 0  a r e  , s h o w th a t th e  e q u a tio n
w h o s e  r o o ts  a r e  ,  is x 2 +  x  –  c  = 0 .

5. If , a re  th e  ro o ts  o f e q u a tio n  x 2 –  p  (x  + 1 ) –  c  = 0 ,
s h o w th a t ( +  1 ) (+  1 )  = 1  –  c . H e n c e  p r o v e

th a t
c2

12
2

2




+
c2

12
2

2




=  1

6. If  +  c o s 2 , +  s in 2a re  th e ro o ts  o f x 2 +  2 b x  + c  = 0
a n d  +  c o s 4 , +  s in 4  a re  th e  ro o ts  o f x 2 +  2 B x +
C  =  0  th e n  p r o v e  th a t b 2 –  B 2 =  c –  C .
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7. S h o w th a t th e  r o o ts  o f th e  e q u a tio n  ( a 2 –  b c ) x 2

+  2 ( b 2 –  a c ) x  + c 2 –  a b  = 0  a r e  e q u a l if e ith e r b
=  0 o r a 3 +  b 3 +  c 3 –  3 a b c  = 0

8. If th e  e q u a tio n  x 2 – p x  + q  = 0  a n d  x 2 –  a x  + b  = 0
h a v e  a  c o m m o n  ro o t a n d  th e  o th e r r o o t o f th e
s e c o n d  e q u a tio n  is  th e  re c ip ro c a l o f th e  o th e r ro o t
o f th e  fir s t th e n  p ro v e th a t (q –  b ) 2 =  b q  (p  –  a ) 2 .

9. If th e  e q u a tio n  x 2 –  2 p x  + q  = 0  h a s tw o  e q u a l
ro o ts , th e n  p ro v e  th a t th e  e q u a tio n  (1  +  y ) x 2 –  2 (p  +
y )x  +  (q  + y ) =  0 w ill h a v e  r o o ts  r e a l a n d  d is tin c t
o n ly  w h e n  y  is  n e g a tiv e  a n d  p  is  n o t u n ity .

10. If o n e  r o o t o f th e  e q u a tio n  x 2 +  a x  +  b  = 0  is  a ls o
a  r o o t o f x 2 +  m x  + n  = 0 , th e n  s h o w th a t its
o th e r r o o t is a  r o o t o f x 2 +  ( 2 a  –  m ) x +  a 2 –  a m +
n  = 0 .

11. F in d  a ll re a l v a lu e s o f p a r a m e te r p  f o r w h ic h
th e  le a s t v a lu e  o f th e  q u a d r a tic e x p r e s s io n
4 x 2 –  4 p x  + p 2 –  2 p  + 2  o n  th e  in te r v a l 0   x  
2  is  e q u a l to 3 .

12. I f
axx

3a xx
2

2




ta k e s a ll re a l v a lu e s fo r  p o s s ib le

r e a l v a lu e s o f x  th e n  p r o v e  th a t 4 a 3 +  3 9  < 0 .

13. F in d  th e  r a n g e  o f v a lu e s o f a  f o r w h ic h  a ll th e
r o o ts  o f th e  e q u a tio n  ( a  –  1 ) ( 1 +  x +  x 2 ) 2

=  ( a  + 1 ) ( 1 +  x 2 +  x 4 )  a re im a g in a r y .

14. I f  th e q u a d r a tic f u n c tio n , y  = ( c o t )  x 2 +

2 ( s in )  x +
2

1
ta n  , ( 0 , 2 ) – { ,

c a n  ta k e  n e g a tiv e  v a lu e s f o r  a ll x   R , th e n
fin d  th e  in te r v a l in w h ic h   lie s .

15. F in d  th e  v a lu e  o f a  f o r w h ic h  th e  r a n g e  o f th e

f u n c tio n  y  =
1xa

1x
2 


d o e s n o t c o n ta in  a n y

v a lu e  b e lo n g in g  to  th e  in te r v a l 



 

3

1
,1 .

16. F in d  th e  v a lu e s o f a  f o r w h ic h  th e  in e q u a lity is
s a tis fie d  2 5 x +  ( a  + 2 ) 5 x –  ( a  + 3 ) <  0 f o r a tle a s t
o n e  x .

17. F in d  th e  in te g r a l v a lu e s o f ‘ a ’  f o r  w h ic h  th e
e q u a tio n  x 4 –  ( a 2 –  5 a  + 6 ) x 2 –  ( a 2 –  3 a  + 2 ) =  0
h a s r e a l r o o ts  o n ly .

18. F in d  th e c o n d itio n  o n  a , b , c s u c h  th a t e q u a tio n s
2 a x 3 +  b x 2 +  c x  + d  =  0  a n d  2 a x 2 +  3 b x  + 4 c =  0
h a v e  a  c o m m o n  r o o t.

19. F o r w h a t v a lu e s o f a  R  d o e s th e  e q u a tio n
a x 2 +  x +  a –  1  = 0  p o s s e s s  tw o d is tin c t r e a l
r o o t s  x 1 a n d  x 2 s a tis f y i n g  th e i n e q u a l ity

21 x

1

x

1
 >  1 ?

20. F in d  a ll th e  v a lu e s o f th e  p a r a m e te r a  fo r w h ic h
th e  in e q u a lity 4 x –  a  . 2 x –  a  + 3   0  is  s a tis fie d
b y  a tle a s t o n e  r e a l x .

21. If  a re  th e  r o o ts  o f  th e  e q u a tio n  a x 2 +  b x  + c  =
0 a n d  4 a n d  4 a r e  th e r o o ts  o f th e  e q u a tio n
x 2 +  m x +  n =  0 , th e n  p r o v e th a t th e  r o o ts  o f
th e  e q u a tio n  a 2 x 2 –  4 a c x  + 2 c 2  +  a 2 m  = 0  a r e
a lw a y s r e a l a n d  o p p o s ite in s ig n . ( a r e  r e a l
a n d  d iffe r e n t)

22. If th e  r o o ts  o f th e  e q u a tio n r

1

qx

1

px

1






a re  e q u a l in m a g n itu d e  b u t o p p o s ite in s i g n ,
s h o w th a t  p  + 1  = 2 r a n d  th a t th e  p r o d u c t o f  th e

r o o ts  is  e q u a l to –  
2

qp 22 
.

23. F in d  a ll v a lu e s o f a  f o r w h ic h  th e  in e q u a tio n
2x4 +  2 (2 a  + 1 )

2x2 +  4 a 2 –  3  > 0  is  s a tis fie d  fo r

a n y  x .

24. F o r w h a t v a lu e s o f a , th e  e q u a tio n
2 x 2 –  2 ( 2 a  + 1 ) x  + a ( a  + 1 ) =  0 h a s ( a   R )
(a ) b o th  r o o ts  s m a lle r th a n  2
(b ) b o th  r o o ts  g r e a te r th a n  2
(c ) b o th  r o o ts  ly in g  in  th e  in te r v a l ( 2 , 3 )
(d ) e x a c tly o n e  r o o t ly in g  in  th e  in te r v a l ( 2 , 3 )
(e ) o n e r o o t s m a lle r th a n  1 , a n d  o th e r r o o t

g r e a te r th a n  1
(f) a tle a s t o n e  r o o t ly in g  in  th e  in te r v a l ( 2 , 3 )
(g ) o n e ro o t le s s  th a n  2  a n d  o th e r g re a te r th a n  3 .
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25. F o r  w h a t v a l u e s o f a   R  d o e s t h e
e q u a t i o n  x 2 +  1 =  x /a p o s s e s s  tw o d is tin c t r e a l
r o o ts  x 1 a n d  x 2 s a tis f y in g  th e  in e q u a lity |x 1

2 –
x 2

2 | > 1 /a  ?

26. F o r w h a t v a lu e s o f th e  p a r a m e te r a  is  th e
in e q u a lity

[ a 3 +  ( 1  –  2 )  a 2 –  ( 3  +  2 )  a +  3 2 ]  x 2

+  2 ( a 2 –  2 ) x  + a  > – 2 s a tis f ie d  f o r a n y  x  > 0  ?

27. F o r w h a t v a l u e s o f t h e  p a r a m e t e r p  t h e
e q u a tio n  x 4 +  2 p x 3 +  x 2 +  2 p x  + 1  = 0  h a s
a tle a s t tw o  d is tin c t n e g a tiv e  r o o ts .

28. I f  a r e  th e  r o o ts  o f  x 3 +  q x  + r  = 0 , p r o v e
th a t th e  e q u a tio n  w h o s e  r o o ts  a r e






















,,

is r 2 ( z +  1 ) 3 +  q 3 ( z +  1 )  + q 3 =  0 .

29. If th e  e q u a tio n  w h o s e  r o o ts  a r e th e  s q u a r e s o f
th e  r o o ts  o f th e  c u b ic  x 3 –  a x 2 +  b x  –  1  = 0  is
id e n tic a l w ith th is c u b ic , p r o v e  th a t e ith e r a  = b  =
0  o r a  = b  = 3 , o r a , b  a re  th e  ro o ts  o f z 2 +  z +  2  =  0 .

30. I f  1 , 2 ,....,n a r e  th e  r o o ts  o f  e q u a tio n  x n +
n a x  –  b  = 0 , s h o w th a t
(1 –  2 )  (1 –  3 ).... (1 –  n )  = n (1

n  –  1 +  a )

31. F in d  th e  in te g r a l p a r t o f th e  g r e a te s t ro o t o f
e q u a tio n  x 3 –  1 0 x 2 –  1 1 x  –  1 0 0  = 0

32. T w o  r o o ts  o f th e  e q u a tio n
x 4 –  6 x 3 +  1 8 x 2 –  3 0 x  + 2 5  = 0
a r e  o f th e  f o r m   +  i,  +  i. F in d  a ll th e  ro o ts
o f th e  e q u a tio n .

33. If  a re  th e  ro o ts  o f th e  c u b ic  x 3 –  p x 2 +  q x  –  r
=  0  f in d  th e  c u b ic  e q u a tio n s w h o s e  r o o ts  a r e

(i) 

1
 

1
 +  

1

(ii) ( –  ) , ( –  ) , ( –  )
A ls o fin d  th e  v a lu e  o f ( –  ) ( –  ) (
 –  )

34. If th e  e q u a tio n  x 4 –  4 x 3 +  a x 3 +  b x  + 1  = 0  h a s
f o u r p o s itiv e  r o o ts , th e n  fin d  a  a n d  b .

35. If th e  e q u a tio n s x 2 –  a x  + b  =  0  & x 3 –  p x 2 +  q x  =
0 , w h e r e  b   0 , q   0  h a v e  c o m m o n  r o o ts  & th e
s e c o n d  e q u a tio n  h a s tw o  e q u a l ro o ts , th e n  p ro v e
th a t 2 (q  +  b ) =  a p .

 T a rg e t E x e rc is e s  fo r JE E  A d v a n c e d

1. L e t p ( x )  = a x 2 +  b x  + c  b e  s u c h  th a t p ( x ) ta k e s
r e a l v a lu e s f o r  r e a l v a lu e s o f x  a n d  n o n - r e a l
v a lu e s fo r  n o n -r e a l v a lu e s o f x . P ro v e  th a t a =  0 .

2. F o r  w h a t v a lu e s o f t h e  q u a n ti t y h  is  th e
p o ly n o m ia l
x 4 –  2 ta n h . x 2 +  ( c o s h  + c o s 2 h ) x  + 2 ta n h – 2

th e  s q u a re  o f th e  q u a d ra tic trin o m ia l w ith re s p e c t
to x  ?

3. F in d  th e  v a lu e s o f a  f o r w h ic h  th e  e q u a tio n
( x 2 +  x +  2 ) 2 –  ( a  –  3 ) ( x 2 +  x +  2 )  ( x 2 +  x +  1 )
+  ( a  –  4 ) ( x 2 +  x +  1 ) 2  =  0 h a s a tle a s t o n e  r e a l
r o o t.

4. F in d  a ll v a lu e s o f   f o r  w h ic h  th e  s o lu tio n s o f
th e  s y s te m  o f in e q u a litie s
x 2 +  6 x  + 7  +    0  , x 2 +  4 x  + 7   4  f o r m a n
in te r v a l o f le n g th  u n ity o n  th e  n u m b e r a x is .

5. F o r  r e a l v a l u e s o f x , i f  t h e  e x p r e s s i o n

)dc x)(ab x(

)cd x)(ba x(




a s s u m e s  a ll re a l v a lu e s th e n

p r o v e  th a t ( a 2 –  b 2 )  a n d  ( c 2 –  d 2 )  m u s t h a v e  th e
s a m e s ig n .

6. F in d  a  f o r w h ic h  th e  r a n g e  o f th e  f u n c tio n

y  =
ax1

1x
2 


d o e s n o t c o n ta in  a n y  v a lu e  f r o m

th e  in te r v a l [ – 1 , 1 ]
7. F o r w h a t v a l u e s o f ‘ k ’ , t h e  i n e q u a l i t y

1
)6x(k

kx 22





s a tis fie d  f o r a ll x  ( – 1 , 1 ) .

8. L e t A , B , C b e  th r e e  a n g le s s u c h  th a t A  =  /4
a n d  ta n  B . ta n  C =  p f in d  a ll p o s s ib le  v a lu e s o f
p  s u c h  th a t A , B , C  a r e th e  a n g le s o f a  tria n g le .

9. F in d  a ll v a lu e s o f   f o r  w h ic h  th e  s y s te m  o f
in e q u a litie s
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x 2 +  4 x  + 3  , x 2 –  2 x   3  –  6 a  h a s a  u n iq u e
s o lu tio n .

10. F in d  a ll re a l v a lu e s o f a  f o r w h ic h  th e  e q u a tio n

)ax(  [ x 2 +  ( 1  + 2 a 2 ) x +  2 a 2 ]  = 0  h a s o n ly

tw o  d is tin c t r o o ts .

11. F in d  th e  v a lu e  o f a  f o r w h ic h  th e  e q u a tio n
x 4 +  ( 1  –  2 a ) x 2 +  a 2 –  1  = 0
(a ) h a s n o  s o lu tio n
(b ) h a s o n e  s o lu tio n
(c ) h a s tw o  s o lu tio n s
(d ) h a s th r e e  s o lu tio n s

12. F in d  a ll v a lu e s o f k  f o r w h ic h  a ll s o lu tio n s o f
th e  in e q u a tio n  k x 2 –  2 ( k 2 –  3 ) x  –  1 2   0
a r e  th e  s o lu tio n s o f th e  in e q u a tio n  x 2 –  4 9  0

13. F in d  a ll th e  v a lu e s o f a  f o r w h ic h  f r o m  th e
in e q u a lity
x 2 –  a ( 1  + a 2 )  x +  a 4 <  0 f o llo w s th e  in e q u a lity
x 2 +  4 x  + 3  > 0 .

14. F in d  a l l  t h e  v a l u e s  o f  a f o r  w h i c h  f r o m  th e
i n e q u a l ity 0   x   1  f o l l o w s t h e  i n e q u a l ity
( a 2 +  a –  2 ) x 2 – ( a  + 5 ) x  –  2   0

15. F in d  th e  v a lu e s o f a  f o r w h ic h  th e  r a n g e  o f
f u n c tio n

y  = 2xa

1x




c o n ta in  th e  in te r v a l [ 0 , 1 ] .

16. F in d  th e  le a s t p o s s ib le  v a lu e  o f th e  e x p r e s s io n

22

234

)1x(

2x4x9x4x2




fo r re a l v a lu e s o f x .

17. F in d  th e  s e t o f v a lu e s o f k  f o r w h ic h  a n y

s o lu tio n  o f th e  in e q u a lity
 lo g

lo g ( )

2
2

2

5 6

2

x x

x

 

<  1 is  a ls o a  s o lu tio n  o f th e  in e q u a lity x 2  7 k x
+  2 k   6   0 .

18. If f(x ) = x 3 +  b x 2 +  c x  +  d  a n d  f( 0 ), f(– 1 ) a re  o d d
in te g e r s , p r o v e  th a t f ( x )  = 0  c a n n o t h a v e  a ll
in te g r a l r o o ts .

19. If th e  e q u a tio n  x 4 +  p x 3 +  q x 2 +  r x  + 5  = 0  h a s
fo u r p o s itiv e  r o o ts , th e n  fin d  th e m in im u m  v a lu e
o f p r.

20. I f  e q u a tio n  a x 3 +  2 b x 2 +  3 c x  + 4 d  + 0
a n d  a x 2 +  b x  + c  = 0  h a v e  a  n o n - z e r o  c o m m o n
r o o t, th e n  p r o v e  th a t ( c 2 –  2 b d ) ( b 2 –  2 a c )   0 .

21. P r o v e th a t t h e  r o o ts  o f  t h e  e q u a tio n  x 5 +  a x 4

+  b x 3 +  c x 2 +  d x  + e  = 0  c a n n o t a ll  b e  r e a l if
2 a 2 <  5 b .

22. I f  ( n –  1 ) x 2 –  2  ( a n –  a 1 )  x +  a 1
2  +  2 a 3

2 +  ....
+  2 a n – 1

2  +  a n
2 =  2 ( a 1 a 2 +  a 2 a 3  +  .... + a n  – 1  a n ).

s h o w th a t a 1 , a 2 ........, a n a re  in  A .P . w ith c o m m o n
d if f e re n c e  x .

23. I f  a , b , c b e  th e  th r e e  p o s s ib le  v a lu e s o f n   N
f o r  w h ic h  th e  p o ly n o m ia l 1 +  x 2 +  x 4 ......... +
x 2 n – 2 is d iv is ib le  b y  1  + x  + x 2 +  ...... + x n – 1 , th e n
s h o w th a t th e  r o o ts  o f th e  q u a d r a tic e q u a tio n
a x 2 +  b x  + c  = 0  a r e  n o t r a tio n a l.

24. If th e  e q u a tio n s a x 3 +  b x  + c  = 0  a n d  , a ’ x 3 +
b ’ x  + c ’ =  0 h a v e  a  c o m m o n  r o o t th e n  p r o v e
th a t

a (c a ’– c ’a ) 3 +  b (a b ’– a ’b )2 (c a ’– c ’a ) + c (a b ’– a ’b )3 =  0 .

25. I f  ( x 2 –  7 x  + 1 2 ) .f ( x )  = ( x 2 +  7 x  + 1 2 ) .g ( x ) th e n
p r o v e  th a t h ( x ) =  f ( x )  . g ( x ) +  x 4 –  2 5 x 2 +  1 4 4
h a s f o u r r e a l r o o ts . A ls o fin d  th e m .

26. S h o w th a t a x 4 +  b x 3 +  









a4

b
a

2

x 2 +  d x  + e  w ill

h a v e  th e  s a m e  s ig n  a s a  if  4 a e  > d 2 .

27. S h o w t h a t
)1x(x

1x3x 3




i s u n a l t e r e d  b y

s u b s titu tin g  e ith e r
x1

1


o r 1  –

x

1
f o r  x . H e n c e

o r o th e r w is e fin d  a ll th e  r o o ts  o f  
3x 3 x 1

x ( x 1 )

- + =
-

3 2c 3 c 1

c (1 c )

- +
-

.

28. P r o v e t h a t t h e  n e c e s s a r y a n d  s u f f i c i e n t
c o n d itio n s th a t th e  r o o ts  o f
 ( a x 2 +  b x  +  c )  +  ( a  x 2 +  b x  +  c )  = 0  m a y  b e
r e a l a ll re a l v a u e s o f   a n d   a r e  th a t
b 2 –  4 a c  > 0  a n d  (b c  –  b c ) (a b  –  a b ) –  (c a  –  c a )2 >  0 .
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29. F in d  a ll v a lu e s o f k  f o r e a c h  o f w h ic h  th e r e  is
a tle a s t o n e c o m m o n  s o lu tio n  o f th e  in e q u a litie s
x 2 +  4 k x  + 3 k 2 >  1  +  2 k , x 2 +  2 k x  3 k 2 –  8 k  + 4 .

30. F in d  a ll re a l v a lu e s o f th e  q u a n tity h  f o r w h ic h
th e  e q u a tio n  x 4 +  ( h  –  1 ) x 2 +  x 2 +  ( h  –  1 ) x  + 1  =
0  p o s s e s s e s  n o t le s s  th a n  tw o d is tin c t n e g a tiv e
r o o ts .

31. F o r w h a t v a lu e s o f a  d o e s th e  e q u a tio n
lo g 3 ( 9 x +  9 a 3 )  = x  p o s s e s s  tw o s o lu tio n s ?

32. F in d  th e r e a l v a lu e s o f th e  p a r a m e te r a  fo r w h ic h
e v e r y  s o lu tio n  o f th e  in e q u a lity lo g 1 /2 x 2 lo g 1 /

2 (x +  2 )  is a  s o lu tio n  o f th e  in e q u a lity 4 9 x 2 –
4 a 4  0 .

33. F o r w h a t v a lu e s o f ‘p ’ d o e s th e  e q u a tio n  p  2 x +  2 – x =
5  p o s s e s s  a u n iq u e  s o lu tio n .

34. F o r w h a t r e a l v a lu e s o f a  is  th e  s u m o f r o o ts  o f

t h e  e q u a t i o n 










xaa

1

a

1

a

1

x

1
22

s m a lle r th a n  a 3 /1 0  ?

35. P r o v e t h a t f o r  e v e r y  a  > 0  th e  in e q u a lity

2

1a41
a...aaa


 ( t h e

le ft s id e  c o n ta in s a n in f in ite n u m b e r o f r a d ic a ls )
h o ld s tru e .

P re v io u s Y e a r’s Q u e s tio n s
(JE E  A d v a n c e d )

A. Fill in the blanks :

1. If : 2 +  i 3 a  r o o t o f th e  e q u a tio n  x 2 +  p x  + q  =
0  w h e re  p  a n d  q  a re  r e a l, th e n  (p , q ) =  ( ............) .

[IIT - 1982]

2. I f  t h e  q u a d r a tic e q u a tio n s x 2 +  a x  +  b  = 0  a n d
x 2 +  b x  + a  = 0  (a   b ) h a v e  a  c o m m o n  r o o t, th e n
th e  n u m e r ic a l v a lu e  o f a  + b  is .............

[IIT - 1986]

B. True / False :
3. I f  a <  b  <  c <  d , th e n  th e r o o ts  o f  t h e  e q u a tio n

( x –  a ) ( x –  c ) +  2 ( x –  b ) ( x –  d ) =  0 a r e  r e a l a n d
d is tin c t. [IIT - 1984]

4. I f  P ( x )  = a x 2 +  b x  + c  a n d  Q ( x )  = – a x 2 +  b x  + c ,
w h e re  a c   0 , th e n P (x ) Q ( x ) =  0 h a s  a t le a s t tw o
r e a l r o o ts . [IIT - 1985]

C. Multiple Choice Question with ONE correct
answer :

5. If l, m , n  a re  r e a l, l  m , th e n  th e  ro o ts  b y  th e
e q u a tio n : (l – m )x 2 –  5 (l + m )x  –  2 (l – m ) =  0 a re

                 [IIT - 1979]
( A )  R e a l a n d  e q u a l ( B )  C o m p le x
( C )  R e a l a n d  u n e q u a l ( D )  N o n e  o f th e s e

6. I f  x , y a n d  z  a r e  r e a l a n d  d if f e r e n t a n d  u  = x 2 +
4 y 2 +  9 z 2 –  6 y z  –  3 z x  –  2 x y , th e n  u  is  a lw a y s .

[IIT - 1979]
( A )  n o n  n e g a tiv e ( B )  z e r o
( C )  n o n  p o s itiv e ( D )  N o n e  o f th e s e

7. L e t a >  0 , b >  0 a n d  c  > 0 . T h e n  th e  r o o ts  o f th e
e q u a tio n  a x 2 +  b x  + c  = 0 [IIT - 1979]
( A )  a r e r e a l a n d  n e g a tiv e
( B )  h a v e  n e g a tiv e  r e a l p a r ts
( C ) a r e im a g in a r y
( D )  n o n e  o f th e s e

8. B o th th e  r o o ts  o f  th e e q u a tio n
(x –  b ) ( x –  c ) +  (x  –  a ) (x –  c )  + (x –  a ) ( x –  b ) =  0
a r e  a lw a y s [IIT - 1980]
( A )  p o s itiv e ( B )  r e a l
( C )  n e g a tiv e ( D )  N o n e  o f th e s e

9. I f  ( x 2 +  p x  + 1 ) is a  f a c to r o f (a x 3 +  b x  + c ) , th e n
[IIT - 1980]

( A )  a 2 +  c 2 =  – a b ( B )  a 2 –  c 2 =  – a b
( C )  a 2 –  c 2 =  a b ( D )  N o n e  o f th e s e

10. T h e  n u m b e r o f r e a l s o lu tio n s o f th e  e q u a tio n
|x |2 –  3 |x | +  2 =  0 is [IIT - 1982]
(A )  4 ( B )  1 ( C )  3 (D )  2

11. T h e  la r g e s t in te r v a l f o r  w h ic h
x 1 2 –  x 9 +  x 4 –  x  + 1  > 0  is [IIT - 1982]
( A )  – 4  < x   0 ( B )  0 <  x <  1
( C )  – 1 0 0  < x  < 1 0 0 ( D ) –  <  x <  

12. I f  a 2 +  b 2 +  c 2 =  1 , th e n  a b  + b c  + c a  lie s  in  th e
in te r v a l [IIT - 1984]
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( A )  [ 1 /2 , 2 ] ( B ) [– 1 , 2 ]
( C ) [– 1 /2 , 1 ] ( D ) [– 1 , 1 /2 ]

13. If  a n d   a r e  th e ro o ts  o f  x 2 +  p x  + q  = 0  a n d  
 a r e  th e  r o o ts  o f  x 2 –  r x  + s  = 0 , th e n  th e
e q u a tio n   x 2 –  4 q x  + 2 q 2 –  r =  0 h a s a lw a y s

[IIT - 1989]
( A ) tw o  re a l r o o ts
( B ) tw o  p o s itiv e  r o o ts
( C ) tw o  n e g a tiv e  r o o ts
( D )  o n e  p o s itiv e  a n d  o n e  n e g a tiv e  r o o ts

14. L e t a , b , c b e r e a l n u m b e rs  a   0 . If  is a  r o o t o f
a 2 x 2 +  b x  + c  = 0 .  is th e  r o o t o f  a 2 x 2 –  b x  –  c
=  0 th e n  th e  e q u a tio n  a 2 x 2 +  2 b x  + 2 c  = 0  h a s a
r o o t  th a t a lw a y s s a tis f ie s [IIT - 1989]

(A )  
2


 ( B )  

2




( C )   ( D )  .

15. L e t  b e  th e  r o o ts  o f th e  e q u a tio n
( x –  a ) ( x –  b ) =  c , c  0 . T h e n  th e  r o o ts  o f th e
e q u a tio n  ( x  –  )  ( x –  )  + c  = 0  a r e [IIT - 1992]
(A ) a , c (B ) b , c (C ) a ,b (D ) a +  c , b +  c

16. If th e  ro o ts  o f th e  e q u a tio n  x 2 –  2 a x  + a 2 +  a –  3  =
0 a r e  r e a l le s s  th a n  3 ; th e n [IIT - 1999]
( A )  a <  2 ( B )  0   a   3
( C )  3 <  a   4 ( D )  a >  4

17. I f  a n d  ()  a r e th e  r o o ts  o f th e  e q u a tio n
x 2 +  b x  + c  = 0 , w h e r e  c  < 0  < b , th e n

[IIT - 2000]
( A )  0 <   ( B )  0 
( C )  0 ( D )   <  0 <  | 

18. I f  b >  a , th e n  th e  e q u a tio n  ( x  –  a ) ( x –  b ) –  1  = 0
h a s [IIT - 2000]
( A )  b o th  r o o ts  in  ( a , b )
( B )  b o th  r o o ts  in  ( – , a )
( C )  b o th  r o o ts  in  ( a , + )
( D )  o n e  r o o t in ( – , a )  a n d  th e  o th e r in ( b , + )

19. F o r th e  e q u a tio n  3 x 2 +  p x  + 3  = 0 , p  > 0 , if o n e
o f th e  ro o t is s q u a r e  o f th e  o th e r, th e n  p  is  e q u a l
to [IIT - 2000]

( A ) 1 /3 ( B )  1 ( C )  3 ( D ) 2 /3
20. F o r a ll ‘x ’ , x 2 +  2 a x  + 1 0 –  3 a  > 0 , th e n  th e

in te r v a l in w h ic h  ‘ a ’ lie s  is [IIT - 2004]
( A )  a <  – 5 ( B )  – 5  < a  < 2
( C )  a >  5 ( D ) 2 <  a <  5

21. I f  o n e  r o o t is s q u a r e  o f th e  o th e r r o o t o f th e
e q u a tio n  x 2 +  p x  + q  = 0 , th e n  th e  r e la tio n
b e tw e e n  p  a n d  q  is [IIT - 2004]
( A )  p 3 –  q ( 3 p  –  1 ) +  q 2 =  0
( B )  p 3 –  q ( 3 p  + 1 ) +  q 2 =  0
( C )  p 3 +  q ( 3 p  –  1 ) +  q 2 =  0
( D )  p 3 +  q ( 3 p  + 1 ) +  q 2 =  0

22. I f  p , q , r a r e  + v e  a n d  a r e  in  A .P ., th e  r o o ts  o f
q u a d r a tic e q u a tio n  p x 2 +  q x  + r  = 0  a r e  a ll re a l
fo r [IIT - 1994]

(A ) 347
p

r
 (B ) 347

r

p


( C )  a ll p a n d  r ( D )  n o  p  a n d  r

23. L e t p , q   { 1 , 2 , 3 , 4 } . T h e  n u m b e r o f e q u a tio n s
o f th e  f o r m  p x 2 +  q x  + 1  = 0  h a v in g  re a l r o o ts  is

[IIT - 1994]
( A )  1 5 ( B )  9 ( C )  7 (D )  8

24. L e t a , b , c b e  th e s id e s o f a  tria n g le  w h e re a   b   c
a n d   R . If th e  r o o ts  o f th e  e q u a tio n
x 2 +  2 ( a +  b +  c ) x +  3  ( a b  + b c  + c a ) =  0 r e a l,
th e n [IIT - 2006]

(A )   <  
3

4
(B )  <  

3

5

( C )   







3

5
,

3

1
( D )   








3

5
,

3

4

25. L e t  b e  th e  r o o ts  o f th e  e q u a tio n  x 2  –  p x  + r

=  0 a n d
2


; 2  b e  th e  r o o ts  o f  th e  e q u a tio n

x 2 –  q x  + r  = 0 . T h e n  th e  v a lu e  o f r is
[IIT - 2007]
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(A ) 
2

9
( p –  q ) (2 q  –  p ) (B ) 

2

9
(q –  p )( 2 p  –  q )

(C ) 
2

9
(q –  2 p )(2 q  –  p ) (D ) 

2

9
(2 p  –  q ) (2 q  –  p )

26. L e t p a n d  q  b e  r e a l n u m b e r s  s u c h  th a t p  0 , p 3 
q  a n d  p 3  – q . I f   a n d   a r e  n o n z e r o  c o m p le x
n u m b e r s  s a tis f y in g   +   =  – p  a n d  3 +  3  q ,

th e n  a  q u a d r a tic e q u a tio n  h a v in g  


,



a s its

r o o ts  is   [IIT - 2010]
( A )  ( p 3 +  q )  x 2 –  ( p 3  +  2 q ) x  + ( p 3 +  q )  = 0
( B )  ( p 3 +  q )  x 2 –  ( p 3  –  2 q ) x  + ( p 3 +  q )  = 0
( C )  ( p 3 –  q ) x 2 –  ( 5 p 3  –  2 q ) x  + ( p 3 –  q ) =  0
( D )  ( p 3 –  q ) x 2 –  ( 5 p 3  +  2 q ) x  + ( p 3 –  q ) =  0

27. L e t  a n d   b e  th e  r o o ts  o f  x 2 –  6 x  –  2  = 0 ,
w ith   > . I f  a n =  n –  n f o r  n   1 , th e n  th e

v a lu e  o f  
1 0 8

9

a 2 a

2 a

-
is   [IIT - 2011]

(A )  1 ( B )  2
( C )  3 (D )  4

28. A  V a lu e  o f b  f o r w h ic h  th e  e q u a tio n s
x 2 +  b x  –  1  = 0
x 2 +  x +  b =  0

h a v e  o n e  r o o t in c o m m o n  is [IIT - 2011]

(A ) 2- ( B )  i 3-

( C )  i 5 (D ) 2-
29. L e t ( a )  a n d   ( a )  b e  th e  r o o ts  o f th e  e q u a tio n

( ) ( ) ( )23 61 a 1 x 1 a 1 1 a 1+ - + + - + + -
=  0
w h e re  a  > –  1 .

T h e n  
a 0
lim
Æ +

( a )  a n d  
a 0
lim
Æ +

( a ) a r e [IIT - 2012]

(A ) 
5

2
- a n d  1 ( B )  

1

2
- a n d  1

(C )
7

2
- a n d  2 (D ) 

9

2
- a n d  3

D. Multiple Choice Question with ONE or MORE
THAN ONE correct answer :

30. F o r r e a l x , th e  f u n c tio n
cx

)bx) (ax(




w ill

a s s u m e a ll re a l v a lu e s p r o v id e d [IIT - 1984]

( A )  a >  b >  c ( B )  a <  b <  c
( C )  a >  c >  b ( D )  a <  c <  b

31. I f  a , b , c , d a n d  p  a r e  d is tin c t r e a l n u m b e r s
s u c h th a t ( a 2 +  b 2 +  c 2 ) p 2 –  2  ( a b  + b c  + c d ) p
+  ( b 2 +  c 2 +  d 2 )   0  th e n  a , b , c , d [IIT - 1987]
(A ) a r e in A .P . ( B )  a r e in G .P .
( C )  a r e in H .P . ( D )  s a tis f y a b  = c d

E. Subjective Problems:

32. If ,  a re  th e  r o o ts  o f x 2 +  p x  +  q  =  0  a n d   a re
th e  ro o ts  o f x 2 +  rx  + s  = 0 , e v a lu a te  ( –  ) (–  ) (
–  ) (–  ) in te rm s  o f p , q , r a n d  s .
D e d u c e  th e  c o n d itio n  th a t th e  e q u a tio n s h a v e
a  c o m m o n  r o o t. [IIT - 1979]

33. If o n e ro o t o f th e  q u a d ra tic e q u a tio n  a x 2 +  b x  + c  =
0 is e q u a l to th e  n - th p o w e r o f th e  o th e r, th e n

s h o w th a t 1n
1

n )a c(  + 1n
1

n )ca(  +  b =  0
[IIT - 1983]

34. L e t a , b , c b e  re a l. If a x 2 +  b x  + c  = 0  h a s tw o  re a l
r o o ts   a n d  , w h e r e   <  – 1  a n d   >  1 , th e n

s h o w th a t 1  +
a

b

a

c
 <  0 . [IIT - 1995]

35. T h e  r e a l n u m b e r s  x 1 , x 2 , x 3 s a tis f y in g  th e
e q u a tio n  x 3 –  x 2 +  x  +  =  0 a re  in  A P . F in d  th e
in te r v a ls  in  w h ic h   a n d   lie . [IIT - 1996]

36. L e t S b e  a  s q u a r e  o f u n it a r e a . C o n s id e r a n y
q u a d rila te ra l w h ic h  h a s o n e  v e rte x  o n  e a c h  s id e
o f S . I f  a , b , c a n d  d  d e n o te  th e  le n g th s o f th e
s id e s o f th e  q u a d r ila te r a l, p r o v e  th a t 2   a 2 +  b 2

+  c 2 +  d 2  4 . [IIT - 1997]

37. I f   a r e  th e  r o o ts  o f  a x 2 +  b x  + c  = 0 , ( a   0 )
a n d   a r e  th e ro o ts  o f A x 2  +  B x  + C  = 0
( A   0 ) f o r  s o m e c o n s ta n t , th e n  p r o v e  th a t

2

2

2

2

A

A C4B

a

a c4b 



[IIT - 2000]

38. L e t a , b , c b e  r e a l n u m b e r s  w ith a   0  a n d  le t 
 b e  th e  r o o ts  o f th e  e q u a tio n  a x 2 +  b x  + c  = 0 .
E x p r e s s  th e  r o o ts  o f  a 3 x 2 +  a b c x  + c 3 =  0 in
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te rm s  o f  . [IIT - 2001]

39. I f  x 2 +  ( a  –  b ) x  + ( 1 –  a  –  b ) =  0 w h e r e  a , b   R
th e n  f in d  th e  v a lu e s o f a  f o r w h ic h  e q u a tio n
h a s u n e q u a l r e a l r o o ts  f o r  a ll v a lu e s o f b .

[IIT - 2003]

40. L e t a a n d  b  b e  th e r o o t s  o f  t h e  e q u a ti o n
x 2 –  1 0  c x  –  1 1 d  = 0  a n d  th o s e  o f x 2 –  1 0 a x  –
1 1 b  = 0  a r e  c , d  th e n  th e  v a lu e  o f a  + b  + c  + d ,
w h e n  a   b   c   d , is . [IIT - 2006]

F. Assertion A and Reason R :
41. L e t a , b , c , p , q b e  r e a l n u m b e r s . S u p p o s e  

a r e  th e  r o o ts  o f th e  e q u a tio n  x 2 +  2 p x  + q  = 0
a n d  ,1 / a re  th e  ro o ts  o f th e  e q u a tio n  a x 2 +  2 b x  +
c  = 0 , w h e r e  2   { – 1 , 0 , 1 } . [IIT - 2008]
Assertion (A): ( p 2 –  q ) ( b 2 –  a c )   0
Reasons (R): b   p a  o r c   q a

G. Integer answer type

42. T h e  s m a lle s t v a lu e o f k , f o r  w h ic h  b o th  th e
r o o ts  o f th e  e q u a tio n  x 2 –  8 k x  + 1 6 ( k 2 –  k  + 1 )
=  0  a r e r e a l, d is tin c t a n d  h a v e  v a lu e  a t le a s t 4 ,
is . [IIT - 2009]

A n s w e rs

Practice Problems

1. m , 
2 m

m1 2
2. 1 , 

cb

ba




3. – 1 , 4 4. – 1 /3 , 1 /2

5. – 9 , 2

Practice Problems
1. a  = – 2 , c  = –  4 2. x 2 +  (3 1 /3 6 ) x  –

( 4 4 9 /2 1 6 ) =  0

3. 4 x 2 –  5 x  –  6 4. ( a )  ( b )  –
9

8
(c )  

1 1

3

5. ( a )  1 5 ( b )  – 2 2 ( c )  1 2 7
7. a 1 =  – 3 /2 , a 2 =  6 8. a 1 =  3 /2 , a 2 =  3

10. – 3 , – 4 12. b  = –  1 3

14. a 2 l2 x 2 –  a b lm x +  ( b 2 –  2 a c ) ln +  ( m 2 –  2 ln ) a c  = 0

Practice Problems
1. 1 2. p ( x ) =  x 2 +  c
3. a  = 3 , b  = – 3 , c  = 1 . 4. a  = 5 , b  = – 3 , c  = 1 .

5. x   R

6. x  = a b  + b c  + c a  ; I f  
1 1 1

a b b c c a






=  0

th e  g iv e n  e q u a tio n  b e c o m e s a n  id e n tity &  is

t r u e  f o r a ll x   R
7. 8 x 2 –  1 0 x  –  6 1  = 0
9. (i) x 2 –  6 x  + 1 1  = 0 (ii) 3 x 2 –  2 x  + 1  = 0

10. ( i)   





, , ( ii)  +  
1

, +

1

Practice Problems
1. –  4 3 , –  2 9 /1 4 , 1 4
2. a 2 c 2 x 2 –  ( b 2 –  2 a c ) ( a 2 + c 2 ) x +  ( b 2 –  2 a c ) 2 =  0

3. x 2 –  4 m n x  –  ( m 2 –  n 2 ) 2  =  0

4. (i) q

)qp) (q4p(p 22 
 (ii) 4

224

q

q2qp4p 

5. 33

3

ca

a b c3b 
7. –  1 6 0

8. x 2 –  3 x  + 2  = 0 9. x 2 +  3 1 x  + 1 1 2  = 0

Practice Problems
1. a  = 4 2. 1 , –  1 /3
4. ( a )  a  – 8 1 /4 , ( b )  a  2 , ( c )  a ll re a l a

9. r e a l a n d  d is tin c t.

Practice Problems
1. k 2 +  k , k  W 5. { – 2 , 0 }
6. – 4 , – 3

Practice Problems

7. In,
6

)1(n n 


 8.  =  3 /2 ,  =  – 6
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Practice Problems
1.

x

y =
4x

+
4 x

+ 1
2

y =
x

+ x
+ 1

2

y =
x

+ 5
x +

6
2

01
2

–

1

y

2.
1
2

x
1 2

– 2

y = 3 x – x
– 2

2

y = 2 x –x
– 1

2

y =
x –

x
– 12

0

3. { – 4 , – 3 , 3 , 4 } 4. ( a ) (– , 1 .5 ) ,
( b ) (– 2  , )

5. ( a ) (– 1 .5  , ) , ( b ) (–  , 2 )

6. [5 , ) 7. 4

8. (i) a <  0 , b <  0 , c >  0 ,D  > 0 ,

(ii) a >  0 , b >  0 ,c  > 0 , D  = 0 ,

(iii) a <  0 , b >  0 , c  < 0 , D  < 0 .

9. N e g a tiv e 12. p o s itiv e

Practice Problems
1. (i) [ – 1 , 4 ] , (ii) { – 1 /2 }
2. (A ) A ll r e a ls ,

( B )  x >  3 o r x  < 1

(C ) 1 31x1 31  ,

( D )  – 1  x   8 /3

3. ( i) [– 4 , – 1 ) ( 3 , ) , ( ii) { 4 } , (iii) ( 6 , 8 ]

4. 











 


2

a4a–a
–,–

2

 















,

2

a–a4a 2

,

a  (– , 0 ) (4 , ) ; R , a  (0 , 4 ) ; R –  








2

a
,

a  { 0 , 4 }
5. 1 2 , 1 3 6. k  –  7 /9  , k  
7. [ 0 , 1 /2 )

8. k  = 3 9. F o r  a ll a  ( 5 /3 , + ) .
10. (– , 6 )
11. ( – 6 , 3 ) 12. 3

13. ( – , 0 )   





 ,

2

9

15. ( a )  N o t f o r  a n y  a , (b )  f o r  a n y  a , ( c )  a   0 , (d )  f o r
a n y  a , ( e )  a =  0 , ( f )  a   0

Practice Problems

1. (i) 
2

3
 , , ( ii) – 1 , (iii) 

2

3
 , 2 3

2. ( a )  y m in =  y ( 1 )  = 7 , y m a x =  y ( 2 )  = 1 5
( b )  y m a x =  y ( 2 )  = – 1 4 , y m in =  y ( 3 )  = –  2 9
( c )  y m a x =  y ( – 1 ) =  8 , y m in =  y ( 1 )  = 4
( d )  y m in =  y ( 0 )  = – 1 , y m a x =  y ( 3 )  = 8 .

3. 8
25

. 4. –  3 /8 , 3 3 /8

5. –  2 6. 




 

8

7
,y

7. – 7 , 1 ac
Practice Problems
1. y   (,  2 ]   ( 1 , ) 9. –12 < a < 2

10. m < 
4

1 1

Practice Problems
1.(i) (3 x  + 4 y  –  1 ) (x –  y  + 3 ) (ii) (3 x  –  4 y  + 2 ) (x +  2 y  –  3 )

2.(i)  =  1 , ( 2 x  + y  –  2 ) ( x –  y  + 1 ) ;  =  – 7 /8 ,
( x –  7 y  + 4 ) ( x –  y  –  4 ) /8
(ii)  =  – 1 , ( y –  1 ) ( y –  2 ) ;  =  – 2 , – ( x  + y ) ( x –  y ) ;
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=  –  
9

1 0
, – ( x +  3 y  + 4 ) ( x –  3 y  –  4 ) /9 .

3. –  5 /2 4. 0 , –  1 7 /3 6 ice

Practice Problems

1. 





4

1 5
,3 2. ( 0 , 4 )

3. ba

ba




4. 2  < m  < 8 /3

5. ( i)  ( a ) (0 , 3 ) , (b )  { 0 , 3 } ,
(c ) (– , 0 )  (3 , ),( d )  ( – , – 1 )  [ 3 , ) , ( e )  

(ii) 







8

1
–1 ,– (iii) 







 3,0,

3

1
(iv )  









3

1

( v ) (– , – 1 )  



 

2

1
,1 [ 3 , )

( v i) 





 

8

1
,1

( v ii) { 0 } ( v iii) 







3

1
–1 ,–

(ix )   





 

8

1
,

3

1

6.  7. 

. a  < – 2 9. 







8

1
,0

10. 2 2  a  <  
3

1 1

11. ( i)  [ 4 , ) (ii) (– 1 , 0 ) (iii) (– 1 , 0 ]
( iv ) [3 , ) ( v ) (– , – 1 )  [ 1 , ) ( v i)  ( v ii) 

13.
1

,
2

È ˆ• ˜Í ¯Î

Practice Problems

2. (1 , ) 3. 





 ,

2

5

4. a  < 3

6. ( a )  ( 0 , 3 ), (b )  , ( c ) (– , – 1 ) , ( d ) ( 1 , )

7. [1 , )

Practice Problems
5. p  = – 2 , q  = – 4 6. 7 x 2 –  1 1 x  –  6

Practice Problems

1. – 5 –  3 , 2 , 3 2. x 4 –  1 6 x 2 +  8 x  –  1  = 0

3. 1  ± 2 i a n d  2  ± i 4. 23,32 
5. x 4 –  1 6 x 2 +  4 =  0

8. ( x 2 + x + 1 )  ( x 2 x + 1 ) ( x 2 + 3 x + 1 )

( x 2  3 x + 1 )

9. –2, 1/2, 3 10. 2

Practice Problems

1. 22  2.
2

53
,

2

1
2 ,




3.
6

9 71 1– 
4. 4 , 2

5.
2

1
,

1 2

1
 6.

2

51 

Practice Problems
1. – 1 , 2 , – 3 /2 2. – 1 , 1 , 3 , 5

3. 1 , 3 , 5 , 7 4. –
2

3
, – 2 , 4

5.
2

1
,

4

3
,3  6. 4 /3 , 3 /2 , 1  ± 2

8. 6 , 2 , 2 /3

Practice Problems
1. y 3 –  8 y 2 +  1 9 7  –  1 5  = 0
2. 4 , 2 , 4 /3 3. x 3 –  2 x 2 +  5 x  –  1 1  = 0
4. 6

Practice Problems

1. (i) 2a

1
( b 2 –  2 a c ) (ii) 

c

a

-
(iii) 2a

b ca d3 
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2. (i) 3 p 3 – 1 6 p q  + 6 4 r.
(ii) (q 3 –  4 p q r +  8 r 2 )/r 3 .
(iii) (q 3 –  p 3 r)/r 4 .

3.
9

1 4
c o s2,

9

8
c o s2,

9

2
c o s2



4.  51
4

3
,

2

3


5. ( a ) 2

2

r

p r2q 
(b ) 2

2

r

q2p 

6. ( a )  – 6 q  ( b ) q /r

Objective Exercise
1. A 2. A 3. D 4. A 5. A
6. D 7. C 8. C 9. D 10. A

11. D 12. C 13. D 14. C 15. C
16. A 17. B 18. B 19. C 20. B
21. B 22. D 23. B 24. B 25. C
26. B 27. A 28. B 29. A 30. A
31. B 32. B 33. B 34. D 35. B
36. B 37. C 38. B 39. A 40. B
41. C 42. C 43. D 44. A 45. A
46. A 47. A 48. C 49. B 50. C
51. A 52. A B C 53. C D 54. B C
55. A C 56. A B C D 57. C D 58. B C D
59. A B 60. A B C 61. A B C 62. A B C 63. B C
64. A B C 65. A C 66. B D 67. B D
68. B D 69. B C 70. A B C 71. B 72. C
73. B 74. B 75. A 76. C 77. C
78. B 79. C 80. C 81. D 82. B
83. C 84. B 85. C 86. C 87. C
88. A 89. B 90. B 91. A 92. A
93. D 94. A 95. C
96. ( A )  – P Q S , ( B )  – P Q S , ( C )  – P R S , ( D )  – P S
97. ( A )  – Q , ( B )  – Q , ( C )  – P , ( D )  – P R S
98. ( A )  – Q R S , ( B ) –  S , ( C )  – P , ( D )  – R
99. ( A )  – Q , ( B )  – P R , ( C ) –  S , ( D )  – P

100. ( A )  – Q , ( B )  – R , ( C )  – P , ( D )  – S

Review Exercises for JEE Advanced
1. 0 5. 1

11. 1  –  2 , 5 +  1 0 13. ( – 2 , 2 )

14. 





 


,
6

5
15. a  < –  

4

1

16. R  – { – 4 } 17. a  = 1 , 2

18. ( 4 b c  + a d ) 2 =
2

9
( b d  + 4 c 2 )  ( b 2 –  a c )

19. a  ( 0 , 1 )  ( 1 , 6 /5 ) 20. a   2

23. a   ( – , – 1 )   [ 3 /2 , )

24. ( a )  a   








 


2

3 37
,

( b )  a   












,

2

3 37

( c )  a   





 

2

5
,

2

7

( d )  a  
7 3 3 1 1 7 3

,
2 2

Ê ˆ- -
Á ˜Ë ¯

7 3 3 1 1 7 3
,

2 2

Ê ˆ+ +» Á ˜Ë ¯
( e )  a   ( 0 , 3 )

( f )  a   






 





 

2
7 31 1,

2
3 37

2
5,

2
7








 
2

7 31 1,
2

3 37

( g )  a   








 
2

3 37
,

2

7 31 1

25. a  (– 1 /2 , 0 ) (0 , 5 /5 ).

26. (– 2 , 1 ) [ 2 , + )

27. p   





 ,

4

3
31. 1 1

32. 2  ± i , 1 ±  2 i
33. (i) ry 3 –  q ( r  + 1 ) y 2 +  p ( r  + 1 ) 2 y  –  ( r  + 1 ) 3 =  0 ;

(ii) y 3 –  p y 2 +  ( 4 q  –  p 2 ) y  + ( 8 r  – 4 p q  + p 3 )  = 0 ;
a n d  4 q p  –  p 3 –  8 r

34. a  = 6 , b  = –  4

Target Exercises for JEE Advanced
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2. h  = ( 2 k  + 1 ), k  I 3. 5  < a   1 9 /3

4.  =  1 , 
4

7
 6. n o  v a lu e  o f a

7. k   













,

2

537

8. p   ( – , 3 –  2 2 ]   [ 3 +  2 2 , )
9.  =  1 ,  =  0

10. x 1  =  a , x 2 =  – 1  f o r a   ( – , – 1 ) ; x 1  =  a , x 3  =  – 2 a 2

f o r  a   (  – 1 /2 , 0 )

11. ( a ) a   ( – , – 1 )   ( 5 /4 , ),
( b )  a =  – 1 ,
( c )  a   ( – 1 , 1 )  { 5 /4 } ,
( d )  a =  1

12. k   ( 0 , 7 /6 ] 13. a   – 3 , a   –  1 .
14. – 3   a   3 15. –  <  a <  – 1  o r – 1  <

a  <
4

5

16.
5

6
17. [ 3 /4 , 3 ]

19. 8 0 25. x  = ±  3 , ± 4

27.
1c

c
,

c

1


, 1 –  c 29.

2

3
k,

2

1
k 

30.
2

5
h  31.

3 3 6

1
a0 

32. 7a,7a  33. p   ( – , 0 ]  








4

2 5

34. a   ( 0 , 1 )   ( 1 , 5 – 1 5 )   ( 5 +  1 5 , )

Previous Year’s Questions
(JEE Advanced)

1. – 4 , 7 2. 1 3. T 4. T 5. C

6. A 7. B 8. B 9. D 10. A

11. D 12. C 13. A 14. D 15. C

16. A 17.B 18. D 19. C 20. B
21. A 22. A B 23. C 24. A 25. D

26. B 27. C 28. B 29. B

30. C D 31. B

32. q ( r  – p ) 2 –  p ( r  – p ) ( s  – q ) +  ( s  – q ) 2 ; ( q  –  s ) 2

=  ( r  – p ) ( p s  – q r )

33. 




 




  ,

2 7

1
,

3

1
,

34.  35. a  > 1 36. 1 2 1 0

37. B 38. 2




